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Abstract In this paper, we propose a new class of non-self mappings called p-proximal a-7-
B-quasi contraction, and introduce the concepts of a-proximal admissible mapping with respect
to n and («, d) regular mapping with respect to 7. Based on these new notions, we study the
existence and uniqueness of best proximity point for this kind of new contractions in metric
spaces with wo-distance and obtain a new theorem, which generalize and complement the results
in [Ayari, M. I. et al. Fixed Point Theory Appl., 2017, 2017: 16] and [Ayari, M. I. et al. Fixed
Point Theory Appl., 2019, 2019: 7]. We give an example to show the validity of our main result.
Moreover, we obtain several consequences concerning about best proximity point and common
fixed point results for two mappings, and we present an application of a corollary to discuss the
solutions to a class of systems of Volterra type integral equations.
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1. Introduction

It was Banach who proposed the first fixed point result for a self mapping in the framework
of a metric space in 1922 which was called Banach’s contraction principle. From then on, many
efforts have been devoted to studying fixed points in the setting of different spaces and for
various classes of mappings [1-5]. The concept of a best proximity point for non-self mappings
in a metric space has been put forward by Basha [6], and several best proximity point theorems
have been derived by proposing sufficient conditions to guarantee the existence and uniqueness
of best proximity points in recent years [6—12].

In 2012, the notions of a-y-contractive and a-admissible mappings have been introduced to
assure the existence and uniqueness of fixed points in complete metric spaces [13]. a-admissible
mappings and [-admissible mappings in Menger PM-spaces have been defined to obtain some
fixed point results [14]. Wu et al. have introduced the new notions of a-admissible mappings

with respect to 1 in single-valued and set-valued cases in Menger PM-spaces [15], in order to
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study the existence of fixed points under certain contractive conditions. Fixed point theorems
for generalized a-1-contractive type mappings have also been formulated [16].

On the other hand, best proximity point problems for generalized a-1-contraction have been
extensively investigated by many authors [17,18]. A new kind of contraction called generalized
a-fB-proximal quasi contraction has been introduced and some new best proximity point results
have been proved [19]. Recently, a new theorem on the existence and uniqueness of best proximity
points for proximal S-quasi contractions for non-self mappings S : M — N and T : N — M
has been presented [20], which generalize the results in [21]. As a consequence, an analogous
result on proximal quasi contractions has been obtained which was first introduced by Jleli and
Samet [22].

Recently, Kostié et al. [23] have put forward a new concept called wo-distance, which is a
special type of w-distance (for more details on w-distance [24-26]), and extend some theorems
of Tchier et al. in [27] involving best proximity points and simulation functions.

In this paper, inspired by [19] and [20], we introduce the new concepts of p-proximal a-n-3-
quasi contraction, a-proximal admissible mappings with respect to n and («, d) regular mappings
with respect to 7, which are more general than the ones presented in [12,19,20]. We then establish
some new best proximity point theorems in metric spaces with a wg-distance, which extend and
complement the results of [19] and [20] in metric spaces, and also generalize the main results
in [22]. Some best proximity point and common fixed point results are also obtained as easy
consequences. We provide an example and an application to illustrate the validity of the obtained

results.

2. Preliminaries

Throughout this paper, let (M, N) be a pair of nonempty subsets of a metric space (X, d).
We adopt the following notations:
d(M,N) :=inf{d(m,n) :m € M,n € N},
My == {m € M : there exists n € N such that d(m,n) = d(M,N)};
Ny :={n € N : there exists m € M such that d(m,n) = d(M,N)}.
Definition 2.1 ([6]) Let S: M — N be a non-self mapping. An element a* € M is said to be
a best proximity point of S if d(a*, Sa*) = d(M, N).
Note that if M = N, a best proximity point of a non-self mapping reduces to a fixed point

of a self mapping.

Definition 2.2 ([21]) Let S: M — N and T : N — M be two non-self mappings. (S,T) is
said to be a proximal cyclic contraction, if there exists a non-negative number ¢ < 1 such that
d(u,Sa) = d(M,N) and d(v,Tb) = d(M,N) imply d(u,v) < cd(a,b) + (1 — ¢)d(M, N) for all
u,a € M and v,b € N.

Definition 2.3 ([17]) Let T : M — N be a non-self mapping and o : M x M — [0,00)
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be a functional. We say that T is a-proximal admissible, if a(z1,22) > 1 and d(uy,Tz1) =
d(ug, Txo) = d(M, N) imply a(uy,us) > 1 for all x1,x9,us,us € M.

Definition 2.4 ([28]) Let 8 € (0,00). A B-comparison function is a map ¢ : [0,00) — [0, 00)
fulfilling the following properties:

(1) ¢ is nondecreasing;

(2) limy o0 @j(t) = 0 for all t > 0, where ¢} denotes the nth iteration of g and pg(t) =
@(Bt);

(3) There exists s € (0,00) such that Y77 | ©%(s) < oo.

We denote by @4 the set of all f-comparison functions ¢ satisfying (1)—(3) in Definition 2.4.
It is easy to see that such class of functions have the following property.

Remark 2.5 ([19]) Let o, 8 € (0,00). If a < 3, then g C D,,.

The next lemma is very useful in the proof of the main result of this paper.

Lemma 2.6 ([28]) Let 8 € (0,00) and ¢ € ®g. Then
(1) g is nondecreasing;
(2) p(t) <t forallt>0;
(3) Yooy @h(t) < oo forall t > 0.

Definition 2.7 ([20]) Let 8 € (0,00). A non-self mapping T : M — N is said to be a proximal
B-quasi contraction if and only if there exist ¢ € ®g and o; > 0 (i =0, 1,2, 3,4) such that

d(u,v) < p(max{apd(a,b),a1d(a,u), asd(b,v), asd(a,v), asd(b,u)})
for all a,b,u,v € M satisfying d(u,Ta) = d(M, N) and d(v,Tb) = d(M, N).

Definition 2.8 ([17]) Let T': M — N be a non-self mapping and o : M x M — [0,00) be a
functional. T is said to be (a,d) regular, if for all (x,y) such that 0 < «a(z,y) < 1, there exists
ug € My such that

a(z,up) > 1 and a(y,ug) > 1

Definition 2.9 ([23]) Let X be a metric space with metric d. Then a functionp : X x X — [0, 00)
is called a wy-distance on X if the following are satisfied:

(P1) p(z,2) < p(z,y) +p(y,2), for any z,y,z € X;

(P2) For any x € X, functions p(z,-),p(-,z) : X — [0, 00) are lower semi-continuous;

(P3) For any € > 0, there exists 0 > 0 such that p(z,x) < ¢ and p(z,y) < § imply d(z,y) < e.

Remark 2.10 ([23]) Note that the concept of wy-distance proposed in Definition 2.9 is more

general than the standard concept of a metric, but less general than the one of a w-distance.
Recall that a real-valued function f defined on a metric space X is said to be lower semi-

continuous at a point zg € X if either liminf, _,,, f(z,) = oo or f(zo) < liminf, ., f(xn),

whenever z,, € X and z,, — xg.

Remark 2.11 ([23]) Let (X,d) be a metric space, p : X x X — [0,00) a wp-distance on X, and
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let M and N be two non-empty subsets of X (which need not be equal). Also, for every z,y € X
let p(z,y) := max{p(z,y),p(y,x)}. It is easy to know that the function p: X x X — [0,00) has
the following properties (for all x,y, z € X)

(1) waz,y)=0=z=y;

(2) wp(z,y) = p(y, ), ie., p is symmetric;

(3) p(z,y) < plx,z) + p(z,y), ie., p satisfies the triangle inequality.

The following lemma will also play an important role in proving our main result, which has

been given in [26].

Lemma 2.12 ([26]) Let X be a metric space d and let p be a w-distance on X, let {x,,} and {y,}
be sequences in X, let {c,} and {f,} be sequences in [0, c0) converging to 0, and let z,y,z € X.
Then the following hold:

(i) Ifp(zn,y}t < an and p(x,,2) < B, for anyn € N, then y = z. In particular, if p(x,y) =0
and p(z,z) =0, then y = z;

(i) If p(xn,yn) < an and p(x,, 2) < B, for any n € N, then y,, converges to z;

(iii) If p(zp,xm) < ay for any n,m € N with m > n, then {x,} is a Cauchy sequence;

(iv) If p(y,x,) < o, for any n € N, then {z,} is a Cauchy sequence.

3. Main results

In this section, we shall present and prove the main results of this paper. Now, we start this

section by introducing some new concepts. We first propose the following notion.

Definition 3.1 Let M and N be two non-empty closed subsets of a complete metric space
(X,d), T: M — N be a non-self mapping and «,n : M x M — [0,00) be two functionals. We
say that T' is a-proximal admissible with respect to n, if a(x1,x2) > n(z1,22) and d(ui,Tz1) =
d(ug, Txo) = d(M, N) imply a(uy,us) > n(uy,us) for all z1,x,u,us € M.

Note that Definition 3.1 reduces to Definition 2.3 in Section 2 when n(z,y) = 1 for all
x,y € M. So the concept of a-proximal admissible mapping with respect to 7 (Definition 3.1) is
more general than the one of a-proximal admissible mapping (Definition 2.3).

Motivated by Definitions 2.7 and 2.8, we give the following two definitions, which will be

used in the proof of the main results.

Definition 3.2 Let M and N be two non-empty subsets of a complete metric space (X, d) with
a wy-distance p, and B € (0,00). A non-self mapping T : M — N is said to be a p-proximal a-
n-f-quasi contraction, if there exist a,m: M x M — [0,00), ¢ € Pg and a; > 0 (i =0,1,2,3,4),
such that

a(a,b)u(u, v) < n(a, b)p(max{aop(a,b), crp(a, u), aop(b,v), asp(a, v), asp(b, u)})
for all a,b,u,v € M satistying d(u,Ta) = d(M,N) and d(v,Tb) = d(M, N).

Definition 3.3 Let M and N be two non-empty subsets of a complete metric space (X,d),
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T : M — N be a non-self mapping, and «,n: M x M — [0,00) be two functionals. T is said to
be (o, d) regular with respect to n, if for all (x,y) such that 0 < a(z,y) < n(x,y), there exists
ug € My such that

a(z,up) > n(x,ug) and a(y,uo) = n(y, uo).

Note that Definition 3.3 reduces to [17, Definition 16] when n(z,y) =1 for all z,y € M. We

are now ready to give the main result of this paper.

Theorem 3.4 Let (M,N) be a pair of non-empty closed subsets of a complete metric space
(X,d) with a wo-distance p, such that My and Ny are non-empty. Let a,n: M x M — [0,00)
and o/, : N x N — [0,00) be four functionals. Let S : M — N and T : N — M be two non-self
mappings satisfying the following conditions:

(Cy) S(Mp) C Ng and T(Ny) C My;

(C3) S is a-proximal admissible with respect to n, and T is o'-proximal admissible with
respect to n';

(Cs) S is (a,d) regular with respect to 7, and T is (¢, d) regular with respect to n';

(Cy) There exist elements ag,a; € M such that d(ai,Sag) = d(M,N) and «a(ag,a1) >
n(ao,a1), there exist elements by,by € N such that d(by,Tby) = d(M,N) and o'(by,b1) >
7' (bo, b1);

(Cs) There exist 51,2 > max{ao, 2a1, 2aa, 2003, 204} such that S is a p-proximal a-n-f-
quasi contraction (say, ¥ € ®g, ) and T is a p-proximal o/ -1’ -Ba-quasi contraction (say, ¢ € P, );

(Cs) (S,T) is a proximal cyclic contraction;

(Cr) If{a,} is a sequence in M such that a(an, ani1) = N(an, apt1) and limy, o0 @, = ax €
M, then there exists a subsequence {ay, } of {a,} such that a(an,,as) > n(an,,as) for all k; if
{bn} is a sequence in N such that o/ (b,,bp+1) > 1/ (bp,bpy1) and lim, o0 b, = b, € N, then
there exists a subsequence {by,, } of {b,} such that o/ (by,,,b.) > 1'(bm,,bs«) for all k.

(Cs) One of the following two assertions holds:

(i) v and ¢ are continuous;

(ii) 51, B2 > max{ag, 201,209, ag, a4}

Then S has a unique best proximity point a, € M and 1" has a unique best proximity point
b. € N. Moreover, the best proximity points satisfy d(a.,b.) = d(M, N).

Proof By condition (Cy), there exist ag,a; € M such that
d(ay,Sag) =d(M,N) and a(ag,a1) > n(ag,a1).

Since S(Mp) C Ny, there exists as € My such that d(az, Sa1) = d(M, N). Since S is a-proximal
admissible with respect to n, noting that a(ag,a1) > n(ag,a1) and d(ay, Sag) = d(ag, Sa1) =
d(M,N), we get

d(az,Sa1) =d(M,N) and «(ay,a2) > n(ay,as).

Continuing this process, for a,, € My, we can find a,4+1 € My such that

d(ap41,San) =d(M,N) and «a(an,ant1) > 19(an, any1) for all n € NU{0}. (3.1)
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If a, = ant1, we get d(an, Sa,) = d(M,N), ie., a, is a best proximity point of S, which
completes the proof. O
Hence, we can assume that p(a,—1,a,) > 0 for all n € N. Since S is p-proximal a-1-31-quasi
contraction for ¢ € ®g,, and d(an+1, Sa,) = d(ay, San—1) = d(M, N), then by Definition 3.2 we
have
alan, an_1)p(ans1,an)
< n(an, an—1)P(max{aop(an, an—1), 1p(an, @ni1), a2p(an, an-1),

agu(an,an),a4u(an+1,an_l)}). (32)

Note that from (3.1) and (3.2), we have

(ant1,an)

< (max{aop(an, an-1),a1p(an, any1), a2p(an, Gn_1), a3ft(an, an), Capt(@ny1, an-1)})

)

< p(max{aop(an, @n-1),a11(an, ny1), @2pt(an, n_1), 203p(Any1, 0n),
afi(n i1, an) + aapi(an_1,an)})

< Y(max{aoh(an, an-1), 0174(ans Gns 1), A28{an, An-1), 20318 (an 1, an),
2cg max{p(ant1, an), w(an—1,a,)}})

< Y(Br max{pani1, an), plan—1,a,)})

= ¢61 (max{:u(an-i-laan)v//'(an—l;an)})' (33)

Now, if max{p(an+1,an), t(@n-1,an)} = p(ant1,a,), then by Lemma 2.6, it follows from (3.3)
that

p(ani1,an) < Ve, (u(@nt1,an)) < pl@ni1,an),

which is a contradiction. Thus, max{u(ant1,an), plan—1,a,)} = plan—_1,a,), and we have

/u'(an+h an) < wﬂl (N’(anfh an))

By applying induction on n and from Lemma 2.6, we obtain that

lant1,an) < g (par,ap)) < oo, Vn > 1. (3.4)

Using the triangle inequality and (3.4), for integers n < m, we get

m—1

M(an7GM) < Z akaak-‘rl Z 1?/3 a17a0 )

k=n
which implies that p(ayn, an) — 0asn, m — co. From Remark 2.11, we get lim,, 1,00 P(Gn, G ) =
0 and lim, oo P(Am,an) = 0. ie., for any € > 0, there exists N; € N, such that for all
m,n > Ny, we have p(an, ant1) < € and p(am,, ant1) < €. By (Ps) of Definition 2.9, we obtain

d(ay,am) <€ when m,n > Nj.

Thus, the sequence {a,} is a Cauchy sequence in M. Noting that M is a closed subset of a

complete metric space (X, d), the sequence {a,} converges to some element a, € M.



Best proximity point theorems for p-prozimal a-n-5-quasi contractions in metric spaces with wo-distance 101

Since T'(Ny) C My, by using a similar argument as above, there exists a sequence {b,} C Ny
such that d(b,,11,Tby,) = d(M, N) and &/ (by, bps1) > 7' (b, bps1) for each n € NU{0}. Since T is
a p-proximal o/-n’-fB2-quasi contraction for ¢ € ®g, and d(by+1,T0y,) = d(by, Tb,—1) = d(M,N),
we deduce from Definition 3.2 that
O/(bna bn—l)ﬂ(bn+1; bn)

S n/(bnv bn,l)qﬁ(max{aou(bn, bnfl)a allfl(bna bn+1)a 042/~L(bn7 bnfl)a aBN(b'ru bn)7 a4/14(bn+17 bnfl)})

Noting that o/ (b, bps1) > 7' (b, bpt1), we get

1(by41, )
< p(max{aop(bn, bn—1), 1/t(bn, i), 2pi(bn, br—1), azp(bn, bn), capp(bni1, bn-1)})
< ¢(max{aou(bn, bn—1), a1u(bn, bpt1), @21, br—1), 200311(bpt1, bn),
g fb(bns1,bn) + cape(brn—1,b,)})
< ¢(max{agp(bn, bn—1), a1/6(bn, bnt1), a2pt(bn, bn—1), 2a30(brt1, bn),
20 max{p(bn+1,bn), (1(bn—-1,bn)}})
< (B2 max{pu(bns1,bn), p(bn—1,bn)})
= ¢p, (max{p(brny1,bn), w(bp_1,b,)}).

Similarly, we deduce that {b,} converges to some b, € N.

(
)

Now we prove that a, and b, are best proximal points of S and T, respectively. By condition

(C6), the pair (S,T) is a proximal cyclic contraction, so we have
d(@p+1,bny1) < cd(an,bp) + (1 —c)d(M,N), 0<c<1. (3.5)

Taking the limit as n — oo, it immediately follows from (3.5) that d(a«,b.) < ed(as,bs) + (1 —
¢)d(M, N), which yields that
d(a,b.) < d(M, N). (3.6)

Combining the fact that d(M, N) < d(a.,b.) and (3.6), we get d(a«,b.) = d(M,N). Thus, we
conclude that a, € My and b, € Ng.
Since S(My) C Ng and T(Ng) C My, there exist u € M and v € N such that

d(u, Sa,) = d(v,Th,) = d(M,N). (3.7

On the other hand, since S is p-proximal o-n-B;-quasi contraction and 1 € ®g,, by Definition
3.2 and (3.7), we deduce that

o‘(ankva*)ﬂ(ank-i-lv u)
S ﬂ(ank ) a*)w(max{a()#(ank ) a*)v alﬂ(ank ) ank+1)7 O‘Zﬂ(a*a u)v Olgﬂ((lnk ) ’LL), 044/1(0,*, ank+1)})'
From (Cy), we get aan,,a«) > n(an, ,a.). Hence

:u(amﬁ-la u)

< ¢(maX{a0M(ank ) a*)? al:u(ankﬂ ank+1)7 a2u(a*7 u)7 QSM(ank’ u)’ a4“(a*7 ank+1)})' (3'8)
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Now, denote
p = p(ax,u)

and

Ank = max{ao/‘(ank ) a*)’ alﬂ(ank ) ank+1)7 a2;u'(a*7 u)a QBN(ank ) U)v a4lu'(a*7 ank+1)}'

From the above argument, we know that limy, ;0 P(an, @m) = 0 and limy, -0 P(am, arn) = 0.
This means that for any € > 0, there exists N, € N, such that p(a,,a;,) < € for all m >
n > N.. For a fixed n € N, the function p(a,,-) is lower semi-continuous. So p(an,as) <

liminf,;, oo P(@n, am) < €, and thus

lim p(an,a.) =0. (3.9)

n—oo

Similarly, we can derive that lim,_, s p(a@«, a,) = 0, which combined with (3.9) yields

lim p(ay,a,)=0.

n—oo
Noting that

(s ) < plan, a2) + p(as, w)
and

i@, w) < plan, u) + ppan, ax),

we get lim u(an,u) = p(as,u). Thus,

n— oo

lim A,, = max{as, as}p. (3.10)
k—o0 )

Now, we show that p = 0. Suppose that p > 0. From Definition 3.2 and (C5), we get §; >
max{as,asz}. Then there exist € > 0 and K € N, such that for all £ > K, we have

Ap, < (max{as,as} +¢€)p, and B; > max{ag,az} + €.

Therefore, it follows from (3.8) that

(11, 0) < B(An,) < p((max{an, 0z} + )p) = s, (

max{ag, az} + € )
———p .
B

Since 1 € ®g,, by Lemma 2.6 we get
p@ny+1,u) < max{as s} + ¢ EP <p
f

which is also a contradiction. Therefore, we have p(a.,u) = p = 0. From Remark 2.11 we obtain
that a. = u, and so from (3.7) we get d(a., Sa,) = d(M,N), i.e., a, is a best proximity point of
S. A similar argument shows that v = b, and hence by (3.7), we know that d(b., Tb,) = d(M, N),
i.e., b, is a best proximity point of the non-self mapping 7.

Next, we prove the uniqueness of the best proximity point. Suppose that a, and = are two
distinct best proximity points of T. Then s = p(a, ) > 0. Consider the following two cases:

Case 1. a(a.,z) > n(as, x). Since S is p-proximal a-n-fB1-quasi contraction, by Definition
3.2 we get

a(a*’ x)ﬂ(a*a I) < 77(@*, m)w(max{aou(a*v '75)’ al:u(x’ w)v aQM(a*v a*)’ O‘?nu(a*’ .Z‘), O‘4/"<a*7 CC)})
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Using the condition that a(a.,x) > n(a.,z), we have

N(a*v x) S Qﬁ(max{aoﬂ(a*, SC), alp’(xa IE)7 OZQ/L(CL*, a*)a aS,Uf(a*v x)a a4u(a*, .’E)})
< ¢(51M(a*,$)) = g, (,u(a*,x)) < ,u(a*,x),
which is a contradiction. So s = 0 and thus a, = z.

Case 2. afas, ) < n(a«, ). Since S is (a, d) regular with respect to 7, there exists ug € My
such that a(a., ug) > n(as, uo) and a(x,ug) > n(x,ug). On the one hand, S(My) C Ny, so
there exists u; € My such that d(uy, Sug) = d(M, N). On the other hand, since S is a-proximal
admissible with respect to 7, by using a(a.,up) > n(as,ug) and d(a., Sa.) = d(ur, Sug) =

d(M,N), we get a(as,u1) > n(a,ur). In a similar fashion, we can find w,, € My such that
d(tpy1,Suy,) =d(M,N) and a(as,u,) > n(ax, uy,), forall ne NU{0},
and we can also prove that {u,} is a Cauchy sequence in M. Assume that {u,} converges
to ux. € M. Using the fact that d(a., Sa.) = d(uny1,Su,) = d(M,N) and S is p-proximal
a-1n-f1-quasi contraction, by Definition 3.2 we get
(@ )00, 1)

< (@, up ) (max{ (s, un), 01 (@, Gy )y Qo (U, Un 1), 030 (A, Unt1), Qaft(Un, ax)}).
By induction, we know that a(as,uy,) > n(as, u,). Therefore, we have

(s Uny1)

< p(max{aop(as, tn), a1p(as, a.), az(iin, tn 1), a3f(an, tns1), Capiltin @)}, (3.11)

Next, denote ¢ = p(a., us) > 0 and

Up = max{aop(as, un), 01 pi(s, sy ), 02 ft(Un, Ung1), 03 00( Qs Uny1), Cafi(tn, ay) }-

In a similar fashion we get lim, oo p(an,u) = plas,u), and lm, oo p(@w, Un) = p(a, ).

Therefore, using triangle inequality we get

lim U,, < max{ag,2a1, 203, as, aq}o. (3.12)

n—oo
First, consider the case where the assertion (i) of (Cy) is satisfied, that is, ¢ is continuous. Then
taking the limit as n — oo in (3.11) and using (3.12) and Lemma 2.6, we obtain

0 <P(Bro) = s, (0) <o,

which is a contradiction. Now, assume that assertion (ii) of (Cg) holds. Then there exist € > 0
and Ny € N, such that for all n > Ny, we have

U, < (max{ag, 201,29, a3, a4} +€)o and B1 > max{ay, 21, 209, az, a4} + €.
Therefore, it follows from (3.11) that

(@, ung1) <P(Uyn) < p((max{ag, 200, 200, a3, a4} + €)0)
max{ag, 201, 202, a3, g} + €
=g, 5 o]-
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Since ¢ € ®p,, by Lemma 2.6 we get

max{ag, 201, 200, @3, g+ + €

A

M(U7l+1,a*) < o < 0-

Letting n — oo in the above inequality yields

o< max{ag, 2a1, 202, a3, a4} + €
- b1

which is a contradiction as well. Thus, we get ¢ = p(a., u.) = 0. Analogously, we can prove that

<o

T = Uy. S0, we get a, = x. Therefore, the best proximity point a, of S is unique. Similarly, the

best proximity point of T is also unique. This completes the proof. O
Example 3.5 Consider the space X = R? endowed with the metric

d(z,y) = |z1 — 22| + |y1 — y2|, forall x = (z1,y1),y = (x2,y2) € X.
Then (X, d) is a complete metric space. Define p by

p(x,y) = |z1 — 22| +y1 +y2, forall z=(z1,11),y = (z2,92) € X.

Then p is a wy-distance and we define p(z,y) = max{p(z,y),p(y,z)} for x = (x1,y1),y =
(z2,y2) € X.
Let us define
M:={(0,0) € X,0<0<1}and N :={(1,6) € X,0< ¢ < 1}.
Clearly, (M, N) is a pair of closed subsets of (X,d) with My = M, Ny = N and we have
d(M,N) = 1.
Define non-self mappings S: M — N and T : N — M by

5(0,0) = (1, f(0)) and T(1,£) = (0,9(¢)),

where ;

f0) =7 forall 0€ 0,1, and g(&) = % for all ¢ € [0,1].
Then it is easy to see that S(My) C S(M) C N = Ny and T(Ny) C T(N) C M = My. Therefore,
(C1) holds. Let

a<xay) = 3777(9579) =2 forall z= (3017y1)7y = (952,11/2) € Ma
and

O/(SU,y) = 3an/(x’y) =2 forall z= (55172/1),?/ = (332»y2) € N.

Then it is obvious that (C2), (Cs) and (C4) and (C7) hold.

Let ¢(t) = %, o(t) = 1%7 B1=02=6,a0=4,a; =1 (i =1,2,3,4). It is obvious that ¢ and ¢
are both continuous, so (Cs) holds. Noting that g, (£) = ¥(81t) = 2t and ¢, (t) = ¢(Bat) = 2t,
it can be shown that 1(t) = gt € ®g and ¢(t) = {5t € De.

Now we shall prove that S is a p-proximal a-n-f1-quasi contraction. In fact, let

u=1(0,0), v=1(0,&), a=(0,7), b=(0,0) e M
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such that
d(u, Sa) = d(v,Sb) =d(M,N) = 1.

It is easy to show that
d(u,Sa) =1<= 0= f(v)

and
d(v,Th) = 1 = ¢ = f(5).
Thus
o, b)) = 30 +€) = 2y +6) = Jula,b) < nla, D) (aon(a,b)
< n(a, by (max{aou(a, ), arju(a, u), azp(b, ), aspla,v), aapb,)}).
So S is a p-proximal a-n-B;-quasi contraction.

Similarly, for a,b,u,v € N, u = (1,0), v = (1,£), a = (1,7), b = (1,d) € N and d(u,Ta) =
d(M,N) =1=d(v,Tbh) implies 0 = g(v), £ = g(9).

o (a,D)a(u,v) =30+ €) = (7 +0) = Spu(ab) < ' (a, D) (ao(a, )
< ’7'(‘17 b)(b(max{ao,u(a, b)v O‘llu(av U)v a2ILL(b7 U)v a3:u(a7 ’U)v a4:u(bv ’U)})

So T is a p-proximal a’-n'-B2-quasi contraction. Therefore, (Cs) holds.
Since d(u, Sa) = d(M,N) and d(v,Tb) = d(M, N) implies that u = (0,0), a = (0,7y) € M
and v = (1,£), b= (1,0) € N, respectively, we have § = f(y) = J and £ = g(6) = g, and thus

)
duv) = 1416 = =1+ 7 - |

< 3[1 by =6 +1— i _ %d(a,b) (- i)d(M7N).
So (S,T) is a proximal cyclic contraction, which means that (Cg) holds.

By Theorem 3.4, S has a unique best proximity point a, in M and T has a unique best
proximity point b, in N, and d(a.,bs) = d(M,N). In our example, a, = (0,0) € M and
b. = (1,0) € N are the unique best proximity points of S and T, respectively, and d(a,b.) =
d((0,0),(1,0)) = 1 = d(M, N). Note that our result Theorem 3.4 can solve the problem in this
example, but the results in other literatures before (e.g., Theorem 4.1 in [22], Theorem 3.2 in [12]

and Theorem 3.1 in [19]) cannot solve it.

4. Consequent results

In this section, we derive some results as consequences of Theorem 3.4. First, setting a(z,y) =

n(z,y) =1 for all z,y € M in Definition 3.2, we get the following definition.

Definition 4.1 Let M and N be two non-empty subsets of a complete metric space (X, d) with
a wo-distance p and € (0,00). A non-self mapping T : M — N is said to be a p-proximal
B-quasi contraction, if there exist ¢ € ®5 and a; > 0 (i =0,1,2,3,4) such that

N(uv U) < (P(maX{QO/J(a’ b)a alﬂ<a7 u)v a2u(ba U)a O‘3U(a’ U)7 044/1(19, u)})



106 Mengdi LIU, Zhaogi WU, Chuanzi ZHU and et al.

for all a,b,u,v € M satisfying d(u,Ta) = d(M,N) and d(v,Tb) = d(M, N).

Based on this definition, we can get the following corollary which follows immediately from
Theorem 3.4 by taking a(x,y) = n(z,y) = 1 for all z,y € M and o'(s,t) = n'(s,t) = 1 for all
s,t € N.

Corollary 4.2 Let (M, N) be a pair of non-empty closed subsets of a complete metric space
(X,d) with a wog-distance p, such that My and Ny are non-empty. Let S : M — N and
T : N — M be two non-self mappings satisfying the following conditions:

(D1) S(My) C Ny and T'(Ny) C My;

(Ds) There exist 51, 82 > max{«g, 21, 2ag, 23, 204 } such that S is a p-proximal (1-quasi
contraction (say, ¢ € ®g,) and T is a p-proximal B2-quasi contraction (say, ¢ € ®g, );

(D3) (S,T) is a proximal cyclic contraction;

(D4) One of the following two assertions holds:

(i) v and ¢ are continuous;

(ii) B, B2 > max{ag, 2a1, 209, az, g }.
Then S has a unique best proximity point a, € M and T has a unique best proximity point
b. € N. Moreover, the best proximity points satisfy d(a.,b.) = d(M,N).

A special case of Definition 4.1 is the following one.

Definition 4.3 Let M and N be two non-empty subsets of a complete metric space (X, d) with
a wo-distance p. A non-self mapping T : M — N is said to be p-proximal quasi contraction, if
there exists ¢ € [0,1) and «; > 0 (i = 0,1,2,3,4) such that

w(u,v) < gmax{pu(a,b), p(a,u), u(b,v), pa,v), u(b,u)}

for all a,b,u,v € M satistying d(u,Ta) = d(M,N) and d(v,Tb) = d(M, N).
By taking ag =1, a1 = ag = a3 = ay = % and ¥(t) = ¢(t) = gt for ¢ € [0,1), we obtain
the following result, which is a generalization in [21, Corollary 3.3] to a metric space with a

wp-distance.

Corollary 4.4 Let (M,N) be a pair of non-empty closed subsets of a complete metric space
(X,d) with a wg-distance p, such that My and Ny are non-empty. Let S : M — N and
T : N — M be two non-self mappings satisfying the following conditions:

(E1) S(My) C No and T(Ng) C My;

(E;) S and T are p-proximal quasi contractions;

(Es) (S,T) is a proximal cyclic contraction.
Then S has a unique best proximity point a, € M and T has a unique best proximity point
b. € N. Moreover, the best proximity points satisfy d(a.,bs) = d(M, N).

In particular, setting M = N = X in Definitions 4.1 and 4.3, respectively, we have the

following two definitions.

Definition 4.5 Let (X,d) be a complete metric space with a wo-distance p and 8 € (0,00).
A self mapping T : X — X is said to be a p-B-quasi contraction, if there exist ¢ € ®z and
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a; >0 (i=0,1,2,3,4) such that

w(Ta, Th) < p(max{aou(a,b), arpu(a, Ta), asp(b, Th), asp(a, T), asp(b, Ta)})
for all a,b € X.

Definition 4.6 Let (X,d) be a complete metric space with a wp-distance p. A self mapping
T : X — X is said to be a p-quasi contraction, if there exists ¢ € [0,1) such that

w(Ta,Tb) < gmax{p(a,b), u(a, T'a), u(b,Tb), p(a,Th), u(b, Ta)}

for all a,b € X.
By taking M = N = X in Corollary 4.2, we obtain the following result, which is a common

fixed point result for two self mappings.

Corollary 4.7 Let (X,d) be a complete metric space with a wo-distance p. Let S,T : X — X
be two self mappings satisfying the following conditions:

(F1) There exist (1, 32 > max{«ag, 2a1, 2as, 23, 2c4 } such that S is p-f31-quasi contraction
(say, ¥ € ®g, ) and T is p-f2-quasi contraction (say, ¢ € ®g, );

(F3) For all a,b e X, d(Sa,Tb) < cd(a,b) for some c € (0,1);

(F3) One of the following two assertions holds:

(i) v and ¢ are continuous;

(ii) B1, B2 > max{ag, 201, 20, a3, g }.
Then S and T have a unique common fixed point in X.

By taking M = N = X in Corollary 4.4, we obtain the following common fixed point result.

Corollary 4.8 Let (X,d) be a complete metric space with a wo-distance p. Let S,T : X — X
be two self mappings satisfying the following conditions:

(G1) S and T are p-quasi contractions;

(Gs) For all a,b € X, d(Sa,Tb) < cd(a,b) for some c € (0,1).

Then S and T have a unique common fixed point in X.

5. An application

In this section, we apply Corollary 4.8 to discuss the solutions to a class of system of Volterra
type integral equations.
Let X = C([0,K]),R) be the Banach space of all continuous functions defined on [0, K]

endowed with the norm (called Bielecki norm, see [29])

|z||p = max |z(t)|e ™, z€ X, L>0.
t€[0,K]

The induced metric is

dp(z,y) = max |o(t) - y(®)le ™, z,ye X, L>0.
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It is easy to see that (X,dp) is a complete metric space. Furthermore, let

= t)|e Lt €X, L>0.
p(z,y) = tg[lgﬁllw()w()\e . T,y

Then p is a wo-distance and p(z,y) = p(x, y).

Now consider the following system of Volterra type integral equations:
fo (t,s,21(s))ds,
{ = fo Qa(t, s, 2(5))ds.

for all t € [0, K], where K > 0, z € X and Q € C([0, K] x [0, K] x X,R). We discuss the existence

and uniqueness of solutions to (5.1).

(5.1)

Theorem 5.1 Let (X,dg) be the complete metric space defined above, and Q; € C([0, K] x
[0, K] x X,R) (i = 1,2) be the functions satisfying the following conditions:

(1) 119%lloc = sup; sej0, k7, zec(0.5]R) [2(E; 5, 2(s))| < 00
(ii) There exists L > 0, such that for all a,b € X and all t,s € [0, K] with 0 < e” K <1,
we have
€0 (t, 5, a(s))[ + [ (t, 5, b(s))| < Lla(s) +b(s)|, ©=1,2;
(iii) There exists L > 0, such that for all a,b € X and all t, s € [0, K|, we have

(2,5, a(s)) = Qa(t, 5,b(s))| < Lla(s) — b(s)l,

then (5.1) has a unique solution in X.

Proof Define S,7: X — X by Sz (t fo Q1(t,s,71(s))ds and Tz (t fo Qa(t, s, x2(s))ds,
respectively. Then (5.1) has a unique solutlon in X is equivalent to the fact that S and T have
a unique fixed point in X.
Now, by (ii), for all a,b € X, we have
t t
u(Sa, Sb) = max ‘/ 04 (t, s,a(s))ds —|—/ Ql(t78,b(8))d3‘e_llt
0 0

t€[0.K]

t
< max]/ Q1 (L, s,a(s)) + Qi(t, s,b(s)) X DeL3ds
0
t
< Lu(a,b) max / e 0ds < (1 — e ) pu(a, b).
te[0.K] Jo
Similarly, we have u(Ta, Th) < (1 — e LE)u(a, b).
Noting that 0 < e %% < 1, we conclude that there exists ¢ = 1 — e 2% € [0,1), such that
1(Sa, Sb) < qu(a,b) < gmax{u(a,b), u(a, Sa), u(b, Sb), u(a, Sb), u(b, Sa)},
and
w(Ta,Tb) < qu(a,b) < gmax{u(a,b), u(a, Ta), u(b, Th), u(a, Th), u(b,Ta)},

which implies that S and T are p-quasi contractions, i.e., (G1) holds.
On the other hand, by (iii), for all a,b € X, we have

t
dp(Sa,Th) = max ’/ Q4 (¢, s, a( ds—/ Qo (t, s,b(s))ds|e L
tEOK 0
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t
< max / Ot 5, a(s)) — Da(t, 5, b(s)) XD e=Esds
te[0.K] Jo

< Ld(a,b) max /t P ds < (1 — e LX) d(a, b).
tel0.K] Jo

So there exists ¢ = 1 — e LK € (0,1), such that d(Sa,Tb) < cd(a,b) for all a,b € X, which

implies that (G2) holds. It follows from Corollary 4.8 that .S and T have a unique common fixed

point in X. Therefore, (5.1) has a unique solution in X. This completes the proof. O

6. Conclusions

We have studied best proximity point problems for a new class of contractions which is more
general than previous ones in the framework of a metric space with wy-distance. By proposing
the notions of p-proximal a-n-3-quasi contraction, a-proximal admissible mappings with respect
to n and («, d) regular mappings with respect to 1, we have proved the existence and uniqueness
of best proximity points of the mappings and have obtained many consequent results, which shed
some new light on the study of best proximity point as well as fixed point problems in a metric
space with wg-distance. It would also be interesting to investigate best proximity point problems
in the framework of other spaces for other kinds of mappings. These problems deserve studying

in the future.
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