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Existence of Nontrivial Solutions for a Class of Nonlinear
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Abstract This paper is concerned with the following fractional Schrédinger-Poisson system:

(=A)u+u+ ¢u = Af(u) in R?,
(—A)*¢ = u? in R?,
where s € (%, 1),a € (0,1),\ is a positive parameter, (—A)®, (—A)® are fractional Laplacian

operators. Under certain assumptions on f, we obtain the existence of at least one nontrivial
solution of the system by using the methods of perturbation and Moser iterative method.
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1. Introduction

In this paper, we consider the following fractional Schrodinger-Poisson system:

(—A)*u+u+ du = \f(u) in R3, (11)
(—A)*¢ = u? in R, '

where s € (3,1),a € (0,1),A > 0 is a real parameter. The (—A)*® is the fractional Laplacian

operator

(—A)su(x) — _C(‘z’ S) /RB U(JZ + y) +|Z|(f+2_sy) — 2“(.%) dy

for u : R — R belonging to the Schwartz space S(R?) of rapidly decaying C°°-functions in R?
1 —cos(x1)\ 1
O — ([ ooty
(3,9) /R N |zt

Fractional operators of elliptic type arise in a quite natural way in many different problems,

where

see for instance [1].

such as the thin obstacle problem, optimization, finance, phase transitions, stratified materi-
als, anomalous diffusion, crystal dislocation, soft thin films, semipermeable membranes, flame

propagation, conservation laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic
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flows, multiple scattering, minimal surfaces, materials science, water waves and so on. The inves-
tigations of the problems involving these non-local operators are interesting and important both
from pure mathematical research aspects and real-world applications; eg see [1,2] and references
therein.

For a general form of fractional Schrodinger-Poisson system

{ (—=A)*u+ V(z)u + ¢u = f(z,u) in RY, (12)
(—A)*¢ = u? in RY, .
many existence and multiplicity results have been obtained by using different variational methods.
If we only consider the first equation in (1.2), it reduces to a fractional Schrodinger equation
when ¢ = 0. Since this kind of problem is displayed on the whole space R, the main difficulty
for dealing with it by variational methods is the lack of compactness. To overcome this difficulty,
the author in [3] makes the following assumptions:

(V1) V € C(RN) and inf V(x) > 0;

(Vy) For any M > 0, there exists 1o > 0 such that

lim meas({z € RY : |z —y| <7, V() < M}) =0,

ly|—o0

where meas denotes the Lebesgue measure on the whole RY. These assumptions have been widely
used in the study of fractional Schrodinger-Poisson system in [4-8] for instance. The nontrivial
radial symmetric solution of the problem (1.2) has also been obtained under suitable assumptions
in the radial symmetric space H?(RY), where H:(RY) = {u € H*(RN),u(z) = u(|z|)}, because

the embedding of H:(RY) into the space LF(RY) (2 < p < 2% = 2¥-) is compact; see for

instance [9].
Recently, a new approach namely the perturbation method has been proposed in [10,11] to
deal with quasi-linear elliptic equations. In [12], a perturbation method is used to study the

Schrodinger-Poisson system

(1.3)

—Au+u+ ¢u = f(x,u) in R?,
(-A)2 ¢ =u? in R?,

where a € (1,2]. Under some conditions, the problem (1.3) possesses at least one nontrivial

solution. Then the author in [13] studied the fractional Schrédinger-Poisson system

{ (—A)u+u+ ¢u= f(z,u) in R3, (1.4)
(—A)*¢ = u? in R3,

where s, € (0,1],2ac + 4s > 3. The author proved that problem (1.4) possesses at least one
nontrivial solution under some assumptions on f.

In [14], the authors studied a class of superlinear elliptic problems —Awu = Af(u) under the
Dirichlet boundary condition on a bounded smooth domain in RY where the nonlinearity f(u)
is superlinear in a neighborhood of w = 0. Then the problem has solutions for all A sufficiently
large by using the Moser iterative method. The Moser iterative method is used to study the

supercritical situation recently; see for instance, [15,16] and [17,18]. Recently, the authors in [19]
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considered the following Schrédinger-Poisson system

{ —Au+V(z)u + ¢u = Af(u) in R3, (L5)

—A¢ =u? in R?, ’
and prove that the problem possesses a positive solution for large value of A without any growth
and Ambrosetti-Rabinowitz condition.

Motivated by the above facts, the main purpose of this paper is to consider the existence
of nontrivial solutions for problem (1.1). Since s € (2,1), we have 4 < 2. To state our main
results, we assume the following conditions.

ﬁ;
(f2) There is a 5 € (4,2%) such that hmmf|u‘_,0 |u|3 > 0, where F(u) = [} f
(fs) There is a p € (4,2%) such that uf(u) > pF(u) > 0 for |u| # 0 small.

(f1) There is a 7 € (4,2;) such that limsup,|_, % < 400, where 2% =

Theorem 1.1 Assume that assumptions (f;)—(f3) hold. Then problem (1.1) has at least one
non-trivial solution for all A sufficiently large.
The paper is organized as follows. In Section 2, we present some preliminary results. In

Section 3, we prove Theorem 1.1.

2. Preliminaries and the variational setting

This section is concerned with the variational framework for fractional Schréodinger-Poisson
system. Also, we collect some preliminary results.

As usual, [[u|lm = (fps lu|mdz)m, V1 < m < oo.

For any s € (0,1), we define D*?(R3) as the completion of C2°(R?) with respect to

(y)|2
—————~ dzdy.
= [

DS2(R?) = {u € L* (R®) : [u]s < o0}

Equivalently,

The fractional space H S(R?’) is defined by

)2
H*(R? L2(R?) : / / Ju(@) = w@)F g }
(R°) = ue o e |$_ ‘3+2S xdy < oo ¢,
equipped with the norm
[ullFre sy = [u]Z + [lull3 = /Rs(l(—A)%M2 + |uf*)da
We recall the following embeddings of the fractional Sobolev spaces into Lebesgue spaces.

Lemma 2.1 ([1]) Let s € (0,1). Then there exists a sharp constant S, = S(s) > 0 such that
for any u € D*?(R3)

[[u

%: < S*[u]g (2.1)
Moreover, H*(R3) is continuously embedded in LP(R3) for any p € [2,2%] and compactly in
LP (R3) for any p € [1,27).

loc
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In the following, we denote by C,C; the generic constant, which may change from line to
line.

Using Hoélder’s inequality, it follows from Lemma 2.1 that for every u € H*(R?), we have

3420 1
/ u?vdr < ( |u|3£ﬂ> ’ (/ |v|2adm) < Ollulle ||v]pers (2.2)
RS RS RS

where we used the embedding H*(R3) — L5 (R?) and the constant C'is not dependent on .
By Lax-Milgram theorem, there exists a unique ¢ € D*?(R?) such that

/Rav(—A)%ﬁdx:/ (—A)%Z(—A)%vdx:/ wvdz, veDU(RY). (2.3)

R3 R3

Hence, ¢ satisfies the Poisson equation
(~A)°65 = .

Moreover, ¢ has the following integral expression

u?(y)
by = Ca /RS mdy,

which is the Riesz potential [20], where
r(se)
73220 ()’
Thus ¢ > 0 for a.e. € R3. From (2.2) and (2.3), we have

o =

165 ]1pe < Cllul2s_ < Cllulie. (2.4)

It follows that

162z = [ w6t < a2 [632; < CllulP g |é2loms (25)
Then
65 lpes < Cllull®yy_. (26)

By conditions (f;) and (f2), there exist 0 < § < %, C1 > 0 and C5 > 0 such that

F(u) 2 Cilul?, F(u) < Colul (2.7)
and uf(u) > pF(u) > 0 for 0 < |u| < 20. For the fixed § > 0, we consider a cut-off function p(t)
satisfying

1, if|t| <
plt) = {0: if ::: > ia,
tp'(t) <0, and [tp/(t)| < 2.
Lemma 2.2 ([14]) Define F(u) = p(u)F(u) 4 (1 — p(u))Fa(u), where Fa,(u) := Cy|u|™. Then
wf(u) > 0F(u) >0

for all u # 0, where § = min{u, 7}, f(u) = F'(u).



166 Peng ZHANG and Zhiqing HAN
So we consider the following modified fractional Schrédinger equation
(=A)*u+u+ ¢%u = Af(u), =eR3 (2.8)
The energy functional I : H*(R?) — R corresponding to problem (2.8) is defined by
1 s 1 ~
In(u) = f/ (|(=A)2ul* + v?)dx + 7/ Poudr — )\/ F(u)dz. (2.9)
2 Jgs 4 Jrs R3
It is easy to see that I is well defined in H*(R3), I\ € C*(H*(R?),R) and
(Ij\(u),v) = / ((—A)%u(—A)%U + uv + P uv — )\f(u)v)dx, v e H*(R?). (2.10)
R3

We choose a potential V' (z) satisfying the following condition.
(V) V e C(R* R) satisfies inf,cgs V(x) > Vo > 0 and for every M > 0, meas{z € R? :
V(z) < M} < oo. Let
E=f{ue H' R / ((=A)5uf? + V(z)u2)dz < co}.
R3

Then E is a Hilbert space with the inner product and norm
s s 1
woe = [ (-8 u(-a)fo+ Vighuopde, [ule= (u0)}.
R3

It is known that F is compactly embedded in LP(R3) for 2 < p < 2* (see [3]).

For fixed o € (0, 1], we introduce the following inner product
(u,v) s z/ ((—A)%u(—A)%v + oV (z)uv)dz
R3

1
and the norm |lu|gs = (u,u)3.. Let E; = (E,||.||gs). Define the perturbed functional I,y :

EF — R:
o

Ioa(u) = In(u) + 2 ) V(z)u?dz, o€ (0,1]. (2.11)

3. Proof of Theorem 1.1

Firstly, we will prove that for every fixed A > 1, the problem (2.8) has at least one nontrivial

solution.

Lemma 3.1 For every fixed A > 1 and fixed o € (0, 1], there exist py > 0, 65 > 0 such that

inf IO.)A(u) > 0.
uEE,||ull E=px

Proof Tt is clear that F(u) < Calul|™.

1 . 1 .
Ipa(u) = 5/]RB(|(—A)§u|2+|u\2)dx+Z/R$ ¢3u2dx+%/Rs V(x)u2dx—/\/ F(u)dx

R3
1 1 -
%Hu”%—i— 5/ u2dx+1/ qb;“uzdx—)\/ F(u)dz
R3 R3 R3

o - o .
Sl = ACHulE = llullB (5 = ACulE™).

Y

Y



Existence of nontrivial solutions for a class of nonlinear fractional Schrddinger-Poisson system 167

Let px = (3&5)7 2. Then for [lullg = px, Ioa(u) > $p3 =0) > 0. O

Lemma 3.2 For every fixed A > 1, there exists e € E with |le||g > px such that I, x(e) < 0 for
fixed o € (0,1].

Proof By Lemma 2.2, there exists a constant C' > 0 such that
F(u) > C|ul|?, for |u| large. (3.1)
By (2.4) and (2.5),
[, stude = 1653 < Cluly. (32)

Choosing a fixed nontrivial function v € C§°(R?), we have

2 5 2, Ctr ~
Lpa(t0) = S0l + ol + = llolif =4 [ F(to)de
R3

12 2 ctt
Sl + Sl + == lllf: — O llolly = —oo

N

as t — 4o00. Let T' > 0 and define a path h: [0,1] = F by h(t) = tTv. For T > 0 large enough,

independent of o and A, we have
1.1
IADllz = (72)7= 2 pa, Loalh(1)) < 0.
By taking e = h(1), we complete the proof. O

Lemma 3.3 For every fixed A\ > 1, I, ) satisfies the Palais-Smale condition on E for fixed
o€ (0,1].

Proof Let {u, »} be a sequence in E so that I, »(uy, ) is bounded and I;A(um,\) — 0. Then

1
C/\ + CHun,)\H ZIO',/\(’U/’I’L,/\) - E(I(/;’)\<un,)\)7un,)\)
1 1 1 1

1 1
_ (- _ = 2 - = 2 - = a 2
=g = Pl + G = glunalf+ G =) [ 8, b adot
W EACEE VR
s 0
1 2
2(5 - é)U”un,/\”E'

Thus, {un} is bounded in E. Up to a subsequence, we can assume that u, — uy in E,
Upx — uy in LP(R3), 2 < p < 2%. Observe that
||un,>\ - u>\||%{; :(I;,A(Un)\) - Itlj',)\(u)\)’un,)\ —uy) — Hun,/\ - u>\H§—
[ 68 st = 60 s~ )z + A [ (Funa) = Fla) (s~ u)ds
R3 ’ R3

=Ji+Jo+ J3+ J4.

It is clear that J; — 0 and J; — 0 as n — co. By (2.6),

[0t tmans —un)de <o,
R3

un Al sz Mlun = uall 2z

*
@
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<Cll¢5, , Ipe2llun Al

<Clfun |l 13 ||UnA—UA||3+1§a

2zl —uall a

SCHumHEllun,A — w1z =0
Similarly, we have
/ By U (Un,x — ux)de — 0,
R3
thus J3 — 0 as n — oo. Since the cut-off function p(t) satisfies |p(¢)t| < 2, we have
[F(@®)] < Cle™,
hence
[ T = u)de <€ [ Juna s~ ua|da
RS RS
< Ollunallz ™ Hluna = uall-
< Clunallg Hlun s = ualls — 0.

Similarly, we have

f(uA)(un,,\ —uy)dz — 0,
RB

thus J4 — 0 as n — co. We see that
llun —urlle < llun,n = urllz: — 0,
therefore, I,  satisfies the Palais-Smale condition on E for fixed o € (0,1]. O
Lemma 3.4 For every fixed A > 1, let 0,, — 0 and {u, »} C E be a sequence of critical points

of 1, x satisfying I, )\(un A) = 0 and I, x(un,) < Cy for some C independent of n. Then,

up to a subsequence uy x — uy in HS(RS) asn — oo and uy, Is a critical point of I.

Proof By It/y”,x(“n,/\) =0 and I, x(up,n) < Ch, we have

1
Cx 215, A(Uun,x) — g(fén,x(un,A), Up,x)
11 , 1

_ 1 2
—(5 - *) + (5 - g)HUn,AHz"‘

L. / o, pe+ [ (2l s
R3

2(5— )

then up to a subsequence, we have u,, » — uy in H*(R?). Taking v € C§°(R?), by [21, Lemma
2.3, — ¢2 in D*2?(R3), then we have

u A U\
/ ¢, yuavdr — / b, urvde.
R3 w R3
By Holder inequality, it follows that

| [ = o] < 0, g

—ull gzl

)—>O

3+2a
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as n — 0o, where € is the support of v. Then,

’ / Pu,, \ UnavdT — / qﬁﬁxuwdx
’/¢LxunA_UAde‘+ /%M —u)vdz| — 0
as n — oo for all v € C§°(R?).
0 = (15, A(un);0) :/ (—=A)2up A (—A) 20 + uy \vda
R3
/ (4, tn, AV = fup 2)v)dz + oy, V(z)up rvde.

R3 ’ RN

We have

1
O'n/ V(z)up rvde < o (crn
R3

V(z)u2 Adz) E( V(x)vzdx) P < C’,\oé — 0,
R3 ' R3
as n — oo. Thus by density, we see that I} (uy)v = 0 for all v € H*(R?), uy is a critical point of

I,. 0O

Lemma 3.5 ([22]) Let B,(x) be the open ball in R? of radius r centred at z. If {u,} is bounded

in H*(R3) and for 2 < q < 2%, we have

S

sup / |up|de — 0 as n — oo,
<€k J B, (2)

then u,, — 0 in L (R3) for w € (2,2}).
By Lemma 3.2, we have for fixed v € C§°(R3?),

o P O 61116
Iy a(tv) < 5\\“”3 + 5”””2 ||U||Ha Ct’|lvllg — —o0

as t — oco. We denote

coin = 1o s Tor (60

where I' = {y € C([0,1], E) : v(0) = 0, I, A(7(1)) < 0}. Then we obtain

cox = Inf max I, z(v(t)) < max I; \(tTv)

v€l' t€[0,1] te[0,1]
2T2 t2T2 ~
< e (S0 ol + SE 3 + S el 2 [ Foreyas)
te[0,1] R3
277 t2T2 t? T
< max (S50l + S50l + S lolly - 37 [ Jolias)
tel0,1] 2 R3
<CA

where T' is given by Lemma 3.2, C' is independent of ¢ and A\. By Mountain pass theorem, ¢, x
is a critical point of I, x. Then, we can choose a sequence o, — 0, a sequence of critical points

{unr} C E satisfying
I A(unn) =0, Ip, a(uny) < CATF2, (3.3)
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By Lemma 3.4, uy is a critical point of Iy. It remains to show that uy # 0. We derive
0 :||un7,\||?{s(R3) + Un/ V(Z‘)Ufhkdx‘i_
RS

/ (bgn ;ui )\d]} -A f(un,/\)un,/\dx
RS o

R3

>[[un 77 @) — CAlun 7

>C|lun a7 = CAlJun A7
Hence, we have [Jun\|l- > (%)ﬁ If {upr} is vanishing, then |lu, x|l — 0 by Lemma 3.5,
which is a contradiction. Therefore, we can obtain the existence of nontrivial critical point of I
for every A > 1.

Next we shall study the L>°-estimates for solution uy of problem (2.8).
Lemma 3.6 Let uy € E be a weak solution of problem (2.8). Then uy € L (R?®). Moreover,
B—2%
ur]loo < CATE=DGE=D)
C is independent of \.

Proof Let u) be a weak solution of

{ (—A)*u+u+ ¢u = Af(u) in RS,

(—A)%¢ = u? in R3. (34)

For L > 0, set UNL = min{uA,L} and T(U)\) =Ty L(’LL)\) = u>\|u>\7L|2(’7*1) with n>1to be

s

determined later. Let ®(¢) = 3[¢|? and I'(t) = fOt(T’(t) 2. Then, if a > b, we have
¥(a = H)(T(a) - T0) = (a - H(X@) - T0) = (- 8) [ (O

> (/ba F’(t)d:c)2 = [T(a) = T()*.

If @ < b, we can use a similar argument to obtain the conclusion. It follows that
®'(a = b)(T(a) = T(b)) > [[(a) =T (D),
for every a,b € R, which implies that
T (ux(@)) = D(ua())]? < Tur(z) = ua()][(ualur,PO) (@) = (ualur, POD) (y)].

Choosing Y'(uy) as a test function in (2.10), we obtain
. [(=A) 2D (uy)|?dz + /RB u§\|u,\7L|2(’771)dz + /]R3 ¢3ku§\|u>\,L|2("71)d$

[ua(@) — ur(@)][(ualur D) (@) — (ualur,[*"D) (y)]
<L ).

o=y

dxdy+
[ P Ve [ 6 s s PO Vs
R3 R3

:/\/ ]E(u,\)u,\|u,\7L|2(’7_1)dx7
RS
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we get

/3 ‘(—A)% (uy)|*dz < C)\/ \u,\\T|u,\,L\2(n_1)dx.
R.

Since |I'(uy)| > %\uAHuA’LW’l, we have

2
a7 o C _
[Pz o [ near) 2 Gl
R3 R3 n s
Therefore,
Julua,|"! %S < an)\/ |7 ua 2|2 Dda.
R3
Let 75 = 2*2T+2 We have

||U,\\uA7L|"_1 % < an)\/ |U/\|T|U)\7L|2(n_1)dx
R3

<CoPA [ ual R fus 1P Vs
R

2
2 [ ksl )
R3

< O Mluall™ 2 luall32

<Chn

Using the Fatou’s lemma, letting L — oo, it follows that

1
22y < (CPAurl[7=2)27 [[ux]lyres -

[[ux
* * 2 42—
Define 1y 417F = 2%n,, where n =1,2,... and n; = =——. We have

1
20mp < (CN3A||un|[77%) 72

Hu)\ sm

1 1 L L
< (CMlual™=2) 2 2 2 [|u o -

By the elementary calculus, we know that

. m

D X
P/l m— 1771

=

2% -2

171

By iteration we have ||uy |00 < ONT= |uallz7. - Since uy is a weak solution of (2.8), by (3.3),

1 -
(I (Unn)stinn)) < CATF2,

luallzrs < liminfllun,xllﬂs < Cllo, A (unn) = 5L,

then we have ||uy||gs < CA”7=2. Thus,
_2*
lur]loo < C/\(z*—rm 7,
we complete the proof. O

Proof of Theorem 1.1 By Lemma 3.6, there exists A; > 1 such that for all A > A\q,

[urlloe <6,

where § is fixed in (2.7). Thus, u, is a nontrivial solution of the original problem (1.1). O
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