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Bounded Weak Solutions to a Class of Parabolic Equations
with Gradient Term and L"(0,7; LY(2)) Sources
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Abstract We consider a class of nonlinear parabolic equations whose prototype is

we— Au= b (2,t) - Vu+7|Vul? — divE (2,8) + f(z,1), (2,t) € Qr,
U(l’,t):(), (m7t) €l'r,
u(x,O) = u0($)7 x € €,

where the functions |€>(oc7 )3, |?(:r,t)\2, f(z,t) lie in the space L"(0,T; L4(Q)), v is a positive
constant. The purpose of this paper is to prove, under suitable assumptions on the integrability
of the space L"(0,T; L1(Q2)) for the source terms and the coefficient of the gradient term, a priori
L estimate and the existence of bounded solutions.

The methods consist of constructing a family of perturbation problems by regularization,
Stampacchia’s iterative technique fulfilled by an appropriate nonlinear test function and com-
pactness argument for the limit process.
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1. Introduction

Let Q be a bounded open set of RY with N > 2, and 09 be the smooth boundary. T' > 0 is
a finite number, Qp = Q x (0,7) is the cylinder, and I'y = 9Q x (0,T) is the lateral boundary.

Consider the following parabolic equation:

uy — div(a(x,t,u, Vu)) + H(z, t,u, Vu) = —div?(m,t) + f(z,t), (z,t) € Qr,
u(x,t) =0, (z,t) € T'p, (1.1)
u(z,0) = up(x), x €.

We assume that
(H1): The Carathéodory function a(x,t,s,€) : Q7 x R x RY — R satisfies: for almost every
(z,t) € Qp, for every s in R, &, ¢ in RY with & # ¢/,

a(a,t,5,€) - € > al¢f?, (1.2)
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la(z,t,5,E)| < b(|s])I€], (1.3)
[(I(’I,t, Sag) - a(z,t, Sagl)] : (E - 5/) > 07 (14)

where a > 0, b : [0, 4+00) — (0, +00) is a continuous function.
(H2): The Carathéodory function H : Qr x R x RY — R satisfies the growth condition

[H(2,t,5,6)] < | T (2, £)][€] + €], (1.5)

for almost every (x,t) € Qp and for all s € R, £ € RY | where v > 0 is a constant.

(H3): The initial value function uo(x) € (). | B (z, )2, | (z, t)|%, f(z, ) € L"(0, T; L)),
with
l—l—ﬁ:l—gl 0<p <1, (1.6)
r o 2q
and N )
qe€ [m,oo], re [q,oo]. (1.7)

Problem (1.1) with v = 0 has been investigated in [1]. Without natural growth condition
with respect to the gradient, the authors established the estimate of max |u| and the maximum
principle. When H = 0, [2] studied a class of non-coercive parabolic equations with a divergence
term fdiv(ﬁu). Under the assumption |ﬁ|2 € L™(0,T; L9(Q)) with  + % < 1, the authors
introduced a new test function and proved the existence of bounded solutions.

The main feature of Problem (1.1) is that the nonlinear first order term has natural growth
condition (the appearance of v|Vu|?), meanwhile the square of the coefficient |€>(33, t)|?, the free
terms |?($, t)|? and f(z,t) lie in L"(0,T; L9(Q2)). Now we explain that all these characteristics
prevent us from directly observing the existence result. Let us look at the prototype of Problem
(1.1) for the sake of clarity. On one hand, if we define A(u) = —Au — 7($,t) - Vu, then, as
pointed in [3], the operator A is lack of coercivity. On the other hand, it is obvious that the
L7(0,T; L(92)) source is more complicated than the case of r = ¢. With the natural growth
condition, this kind of integrability has a great influence on the existence of bounded solutions.

In the stationary case, in order to have the L estimate, [4] added an extra sign condition
on the gradient term. Boccardo, Murat and Puel introduced a nonlinear test function with
exponential form in [5], which makes the Stampacchia’s method adapt to the natural growth
problem. For more detailed and systematical analysis on the bounded solutions of the elliptic
equations, the readers may refer to monograph [6] and the references therein.

We absorb some ideas from elliptic equations to solve the parabolic case. Nevertheless,
compared with the elliptic equations, the parabolic framework forces us to deal with some new
technical issues, most of which are completely different from the stationary case. For instance,
the presence of L™(0,T; L9(2)) sources and the trick to handle the lower order term in the present
paper. In the process of obtaining the necessary estimates and various results on the convergence,
it should be remarked that some elementary functions will be employed as test functions in the
evolution setting, such as exponential function el (e*®l —1)sign(x) and hyperbolic sine function
sinh(Az), which simplify the calculations and the estimates.

The definition of a weak solution to Problem (1.1) is given in the following way [7,8].
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Definition 1.1 A measurable function u € L2(0,T; H}(Q)) N L>(Qr) is a weak solution
to Problem (1.1), provided that u; € L*(0,T; H-1(2)) + L' (7); u(z,0) = ug(x) a.e., in ;
H(x,t,u,Vu) € L'(Qr); and the equality

T

/(ut, dt+// a(z, t,u, Vu) - V¢dxdt+//H ,t,u, Vu)¢dadt
T
O// (z,t) V¢dzdt+//fxt¢dxdt (1.8)

holds for every ¢(x,t) € L*(0,T; H3(Q))NL>(Q7). Here, u; = aM) +a? € L2(0,T; H-*(Q)) +
LY (), is understood as

T

/<ut» @)t :=(ue, &) L2(0,7: 51 () + L1 (), L2 (0, T3 HE ()L ()

0
T
/ W, 6) 10,11 () dt+// @ pdadt.
0 0

The bracket (-,-) stands for the duality pairing between H 1 (2) + L'(Q) and Hg(2) N L>=().

2. Existence result
Now we give the existence result.

Theorem 2.1 Suppose that (H1)-(H3) hold, then there exists at least one bounded weak
solution u € L*(0,T; H} () N L>°(Qr) to Problem (1.1).
This section is devoted to proving the existence of bounded solutions.
2.1. Regularization
For Eq. (1.1), let us consider the following approximate problem:
s divy(ap (1, b, tn, Vi) + Ho (2, £, 1, Vi) = —divE (3,8) + f(2, 1), (2,1) € O,
Up(z,t) =0, (z,t) € I'p,
Un(l’,O)ZUQ(I’), x €,

with a,(x,t,5,€) = a(x,t,T,(s),€), Tk(s) = min(|s|, k)sign(s), and

_ H(I,t,S,g)
H,(z,t,8,§) = T Ll s ) (2.2)

It follows from the parabolic theory in [1,9,10] that, for every n € N, Problem (2.1) has a
weak solution u,, € C(0,T; L?(Q)) N L2(0,T; H}(Q)).

2.2. Uniform L°° estimate

In this subsection, our goal is to prove that {u,}>2 ; is uniformly bounded in L>*(Qr). We

modify the exponential test function in [5] in order to ‘cancel’ the natural growth with respect
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to the gradient. The method combines the technique to handle with the first order term and the
trick to deal with the L"(0,T’; L9())) sources.

Define t(s) = esl(eMlsl — 1)sign(s) with A = 2.

[e3

Let k > [luollpe=(a), Gr(s) = (|s| —
k)ysign(s); and denote by x4 the characteristic function of a set A. If we take 1[G (un)]X[0,7]
as a test function in Problem (2.1), then by (1.2), (1.5), (2.2) we have

Ao

T T

/(%,w[Gk(un)])dt—i—)\a/ / VG (1) PN O )l gt

0 0 Ak(t)
Ay

T

S/ / \?(x,t)|\vgk(un)|6A|Gk(un)l(exlck(un)\ — 1)dadt +

0 Ag(t)

Az AS
//2)\\?(:&t)|\VGk(un)|62’\‘G’“(“")|dxdt+/ / |f(x,t)|2MCeldqedt,  (2.3)
0 Ak(t) 0 Ak(t)

where Ap(t) = {z € Q: |uy(z,t)] > k}.
Denote (s) = Jy ¥(r)dr. First, we consider the time derivative term Ag. Since k >

l|luo |l o< () and P(s) = el — 1 —2eMsl] = L (eMsl — 1)2, the integration by parts in [11]

helps us get that

Ay = / G (tun())]dz — / JGi(uo))dz

:/J[Gk<un(7—>)]dl’ = %/(e’\‘Gk(un(T))l —1)2da.
o)

Q

We estimate 4; (i = 1,2,3), by Cauchy’s inequality with e, as follows:

T

Alg/ / |?|\vek(un)|e%\Gk<“n>\dzdt

0 Ap(t)

T 1 7
0 Ak(t) 0 Ak(t)

T 1 T
Ay 32/ / ‘VGk(un)‘262/\\Gk(un)|dxdt+ 276/ / 4)\2‘?‘QezA‘Gk(un)ldxdt.
0 Ag(t) 0 Ag(t)
Furthermore, applying the inequality A% < 2(A —1)? + 2, we have

T

1 T
A1+A2 SG/ / ‘VGk(un)‘2€2>\|Gk(u")|dxdt+?/ / (|€>|2_|_4)\2‘?‘2)62)\\Gk(uw,)‘dxdt
€
0 Ak(t) 0 Ak(t)
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T

f 1
ge/ / WGk(un)|zezx|ck(u”>|dxdt+2/ /(|—b>|2+4)\2|7|2)(6A\ck(un)|_1)2dmdt+

0 Ag(t) 0 Ak(t)
/ / (172 + 402 F|?)dedt;
0 Ag(t)
and . .
As §2/ / | £](eMNCrun)l —1)2dxdt+2/ / | f|dadt.
0 Ak(2) 0 Ak()

Choosing € = 7, substituting the above estimates for A; into (2.3), and taking the supremum
for 7 € [0,t1] in it, we deduce that
L

2 i G (un ()] _ 132 AGr(un)l _ 12
% min{l, o} {esssup/(e k 1) dx+fj\V(e b 1)] dzdt]

re[om]Q O,
I 1P
t1 t1
g/ / D(e’\‘Gk("")‘—l)Qdacdt—&—/ / Ddxdt, (2.4)
0 Ay(t) 0 Ag(t)

é
where D = %(| b2+ 40%2\?\2) + 2|f], t1 will be chosen later.
Define |’U|Qt = ||’U||Loo(0,t;L2(Q)) + ||VU||L2(Qt), Q, =Q x [0, 7], then

L> %|6A\Gk(un)| 2

., -

Denote o = % Gg =241+ 0), 7 =2r"(1+ ), ¢ is the Holder conjugate exponent of
q. Tt follows from (1.6) that 2 + ﬂ = ﬂ Therefore, by means of Holder’s inequality, based on
parabolic embedding L°°(0, t1, LZ(Q))QLQ(O, t1; HE(Q)) = L7(0,t1; L9(€2)), we have an estimate

for I:

G (un
I <||Dlg.rqu, iy Nl — Ul3gr 20,00, ()

;o1 g
MG (un st 27 27 (14 0)
<IDllgre, oy [N =1 5014 5) 20 (140002, (/|Ak(t)|“ d’f) }
0

2

=[1Dllg,r, 00, 0 | =102 5 0, [(R)) T
<UPllg.rqp, BN =118, (1Q]78:) 7,
where Q:, (k) = {(x t) € Qx ( t1) : |Ju(z,t)] > k}, B = B(N) is the embedding constant,

= [7"|Ax(t)]7dt, and
By Holder’s inequality,

= q, is used.

SN

1
o 2(1+0)
-

Bz <Dy 110009 = [Pl ([ 1417 aE) 7 < D] )
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Taking into account the estimates L, I1, [ in (2.4) together, we obtain

[0 . u 20 2TQ (uw
Bmm{l,aHeMGk( =113, <IDlgrq., w8217t NI —1)3 +

2(1+0)

IDllg,r.0rlp(k)]

Choosing t; so small that

20 22 o,
||D||q,r,Qtl(k)ﬁ2|Q it < 5nmn{l,a}, (2.5)

and utilizing the inequality e* — 1 > x, Y > 0, as a consequence, one has
(1te)

NG (un)lg,, < MO0 —1)g < Clu(k)] ™, (2.6)

%
where o = 22 > 0; and the constant C' depends on a,7, ||| b |||,z |||F|2

|q77'7QT7 ||f |q,7',QT'

Now we are in a position to apply the Iteration Lemma in [1] to (2.6), and we obtain
esssup [[uy (2, 1)|| L= (q,,) < C. (2.7)
n

If the time interval [0,T] is partitioned into a finite number of subintervals [0, 1], [t1,t2], . - .,
[ts—1,ts = T], meanwhile for each subinterval, a condition of the form (2.5) is fulfilled, then
analogous arguments are valid for the cylinder Q;, = Q x (t;—1,t;), ¢ = 1,2,..., and finally we
arrive at

lun(z,t)] < C, (2.8)
for all n and almost all (z,t) € Qr.
2.3. Almost everywhere convergence of u,,
Now we focus on the energy estimate. The test function is related to sinh(z), which is used

n [7,12].1 Taking sinh(j\un))([oﬁf] with A = 215 a5 a test function in (2.1) gives

1 “ 1 o N .
5 /[cosh()\un(T)) —1)dz — 5 /[cosh()\uo) —1]dz + A jj cosh(Auy, )|V, |2dzdt
Q Q Q-

Jl J2

<[ 1% (2 0) || V| sinh(Au,)|dedt + {[ [ Vun | sinh(Au,,)|dedt +
Q. Q.
J3

A H |7 (2, )] cosh(hun) [V |dedt + ﬂ | (, 8)]| sinh(Auy ) |dzdt, (2.9)
Q, Q,

where 7 € [0,T].
Note the properties of sinh(z), cosh(x) stated in the footnote, by virtue of Cauchy’s inequality

and the uniform L°° boundness of u,,, Ji, J2, J3 are estimated as follows:

1 R L = .k
h<y ﬂ [V | sinh (A |dadt + Sﬂ 5|2 sinh(Au,,)|dzdt

1.sinh(z) := ezfze_m, cosh(z) := % It is clear that sinh(0) = 0, cosh(0) = 1; sinh’(z) = cosh(z),

cosh’(z) = sinh(z); |sinh(z)| < cosh(z); and cosh(z) > 1, Vx € R.
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1 5 T, .. % -
Si jf |V, |? cosh(Auy, )dzdt + §|| sinh(Aun ) || o () Il © |2||L1(QT),
Q
Ja <y If |V |2 cosh(Auy, )dzdt,
o

a : 3 S
J3 §7 if cosh(Auy)|Vuy|“dedt + %0 if cosh()\un)|?| dxdt

Ao . h) .
§7 gf cosh()\un)|Vun|2dxdt + £|||F|2||L1(QT) || cosh(Awy,)[| oo () -

These calculations help us estimate (2.9). Taking the supremum for 7 € [0, T, recalling that
cosh(z) > 1,Vz € R and the definition of ), we have

i ess sup /[COSh(j\’U,n(T)) — 1]dz + jf |V, |?dedt
A r€0,T] J o

1t Lo -
< [ sinh(Xn) | o= @) | fll 2 @) + 5 || sinb () [ o= @) ] B 22 20)+

A . 1 .
%”‘?‘2”[/1(97,)”Cosh()\un)”Lao(QT) + i /cosh()\uo)dx,
Q
which shows that
{u,}2°, is bounded in L*(0,T; Hg(Q)). (2.10)

From (2.10) and (2.8), there exist a subsequence of {uy}52;, not relabeled, and a function
u € L2(0,T; H}(Q)) N L*°(Q7), such that

u, — u weakly in L?*(0,T; Hi(Q)); (2.11)
Vu, — Vu weakly in (L*(Q7))V; (2.12)
up, = u weakly® in L°(Qr). (2.13)

We infer from (2.10), (2.8), (1.5) and (1.3) that the term div(a,(z, ¢, u,, Vu,)) is bounded
in L2(0,T; H=1(Q)), while H,(z,t,u,, Vuy,) is bounded in L!'(Qr), thus the equality

% = div(an(z, t, un, Vun)) — Hy(2,t, ty, Vug,) — div?(:mt) + f(z,t)
implies that
{(un)¢}S2, is bounded in L*(0,7; H 1 (Q)) + L' (Qr). (2.14)
For r < %, there hold
{(un)¢}S2, is bounded in L*(0,T; W ~+"(Q)) (2.15)
and
HE Q) 8B £2(Q) = WL (). (2.16)

Combining (2.10), (2.15), (2.16) with Simon’s Compactness Theorem in [13], we deduce that

u, — u strongly in L?(0,T; L*(Q)).
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Extracting a subsequence of {u,}52,, still denoted by {u,}52, for simplicity, we have the

almost everywhere convergence of u,,:
Up — u a.e., in Qp. (2.17)
2.4. The strong convergence of Vu,
Subtracting (2.1),, from (2.1),, we have

(U, — Um)t — div]an (Un, VUg) — Gm(Um, Vg, )]+

H, (upn,Vup) — Hp(Um, V) =0, (x,t) € Qr, (2.18)
(ty, — ) (2, 1) = 0, (z,t) € Tp, '
(upn, — upm)(z,0) =0, r €,

where ay,(s,€) = an(x,t,5,€), Hy(s, &) := H,(x,t,5,£) for the sake of brevity.
Denote o(s) = %(eﬂs‘ —1)sign(s), with A = 'YT'H, then (s) = [, o(r)dr = %(e;\|5|7175\|s|).
It is obvious that o(s) > 0, o(0) = 0.

The use of o(u, — ;) as a test function in (2.18) yields

I
/5(un — up)(T)dz + jf[an(un, V) = @m(Um, V)] - (Vg — Vi, )o! (uy, — wy, )dadt
Qr
i 12
< fj |Hp, (i, Vug) — Hypy (Ui, V) || (ty, — ty,)|dzdt . (2.19)
Qr

For I1, let n,m > esssup,, |[un||z~(q,), then
11 :jf[a(un, Vi) — a(tm, V)] - (Vi — Vi, )o! (ty, — ty,)dodt
Qr
= jj A(una um)U/(Un — Um)dl‘dt,
Qr

where A(u,v) := [a(u, Vu) — a(v, Vv)] - (Vu — V).
For 12, by the hypotheses (1.5), (1.2) and Cauchy’s inequality, 12 is estimated in the following

manner:

_>
12 < [{ 1B ([Ven] + Vit o (= wpn) dadt + [ (Vatn]? + Vit )0 (1t — ) dadt
Qr
Qr

Qr
1 -, i i

1 9 v+1
§§ Jf | b |%|o(tn — ty)|dedt + T Jf a(tp, Vg - Vug|o(uy — )| dedt+
T T

v+1

" ff a(Um, V) - Vg |o(ty — upy)|dedt
Q

T
1 9 y+1
<3 Jﬂ b o (un — o) |dadt + 1 Jf A(ttn, um) |0 (tn — wpm)|dzdt+
T T
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v+1

ff a(Un, Vi) « Vg |o(tn — up,)|dedt+
Qr

y+1

ffa(um, V) - Vup|o(uy — ty,)|dadt.
Qr

From the estimates I1, 12, and that o'(s) — Mo(s)| = 1, Vs € R, (2.19) is estimated as:
1 9
[ Al wm)daat <3 {18 2lo(un — wm)|dwdt+
QT QT

v+1

jf a(tn, Vi) - Vg |o(uy, — ) |dedt+

y+1
" jfa(um,Vum) Vg |o(ty — ty,)|dzdt.

By the uniform L* bound of u,, (1.3) and (2.12), we claim that a(uy, Vuy,) is bounded in
(L?(7))N. Thus one may assume that a(u,, Vu,) — ¢ weakly in (L2(Qr))Y. For fixed n,
letting m — oo, we have

ff a(tn, Vuy) - Vu,dzdt — JI a(un, Vuy,) - Vudadt—
Qr Qr

jf ¢ - Vu,dzdt 4 lim sup fj (U, Vit ) - Vi dadt

m—r oo

<= ff |0 2|0 (w, — u)|dadt + T Jf a(tn, Vuy,) - Vulo(u, — u)|dzdt+

7 + ! jf ¢ - Vuy|o(u, — u)|dedt, (2.20)

where we employ (2.8), (2.12), (2.17), the Vitali Theorem (see Theorem 3.2 in page 14 in [6])

and the Lebesgue Dominated Convergence Theorem to the limit.

Now letting n — oo in (2.20), we obtain

lim sup fj a(tn, Vuy) - Vu,dedt < jf{ Vudzdt.

n—o00
From (1.3), (2.8), (2.17) and the Lebesgue Dominated Convergence Theorem it follows
a(tn, Vu) = a(u, Vu) strongly in (L3(Q7))N

Thus we get

lim sup jj a(tn, Vuy) — aluy, Vu)] - (Vu, — Vu)dadt < 0.

n—oo
It follows from (1.4) and the result in [14] that
Vu, — Vu strongly in (L*(Q7))V. (2.21)

2.5. Passing to the limit
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Let ¢ € L?(0,T; H () N L>(Qr) be a test function in Problem (2.1). Then

T
/ (Qun )t + [[ an(w,t,un, Vuy) - Vodadt + [{ Hy(w,t,un, Vup)pdadt
Q Qr

ot’

0 T
= [[ Fa.t) Vodrat + [[ f(a. tysdzdt. (2.22)
QT QT
By (2.17), (2.21), (1.5), (2.2) and the Vitali Theorem, we have that
H, (2, t,up, Vuy,) — H(x,t,u, Vu) strongly in L*(Qr). (2.23)

In view of the Lebesgue Dominated Convergence Theorem and the boundedness of u,,, (2.12),

(2.23) and (2.17) permit the limit process in (2.22).

By virtue of (2.10) and (2.14), we know that {u, }2°, is bounded in W1(0,T; H=*(f)) with

s>%+1,thus

u, = u strongly in C([0,T]; H*(Q2)).

Therefore, the initial value has meaning and u(x,0) = ug(z). O
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