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Abstract Let A and B be two factors with dim. A > 4. In this paper, it is proved that a
bijective map ¢ : A — B satisfies ¢([A, B] ¢ C) = [¢(A), p(B)] ® ¢(C) for all A, B,C € A if and
only if ¢ is a linear *-isomorphism, or a conjugate linear *-isomorphism, or the negative of a
linear *-isomorphism, or the negative of a conjugate linear *-isomorphism.
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1. Introduction

Let A and B be two *-algebras and ¢ : A — B be a map. We consider that ¢ preserves
the mixed triple product if ¢([A,B] e C) = [¢(A),#(B)] e ¢(C) for all A,B,C € A, where
[A,B] = AB — BA is the Lie product and A ¢ B = AB + BA* is the Jordan *-product of A
and B. Recently, some authors have considered the mixture of (skew) Lie product and Jordan
s-product [1-11]. For example, Yang and Zhang [1] proved the nonlinear maps preserving the
mixed skew Lie triple product [[A, B, C] on factors. Zhao et al. [2] proved the nonlinear maps
preserving mixed product [A e B,C] on von Neumann algebras. Yang and Zhang [3] proved
the nonlinear maps preserving the second mixed Lie triple product [[4, B], C]. on factors. In
this article, motivated by the above results, we will obtain the structure of the nonlinear maps
preserving the mixed triple product [A, B] ¢ C' on factors.

As usual, R and C denote respectively the real field and complex field. A von Neumann
algebra A is a weakly closed, self-adjoint algebra of operators on a Hilbert space H containing
the identity operator I. A is a factor means that its center only contains the scalar operators.
It is well known that the factor A is prime, that is, for A, B € A, if AAB = {0}, then A =0 or
B=0.

Choose an arbitrary nontrivial projection P, € A, write P, = I — P;. Denote A;; = P; AP,
i,j,= 1,2. Then A = 22 A;;. For every A € A, we can write it as A = 22 A;j, where

i, j=17" i,j=1
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A;; denotes an arbitrary element of A;;.

Lemma 1.1 ([6]) Let A be a factor and A € A. Then AB + BA* = 0 for all B € A implies
that A € iRI (i is the imaginary number unit).

Lemma 1.2 ([9]) Let A be a factor, for any T;; € A;; with i = 1,2, if Ay T = TagAsy for all
A21 S ./421 or T11A12 = A12T22 for all A12 S A127 then Ty, + 1oy € CI.

Lemma 1.3 ([12, Problem 230]) Let A be a Banach algebra with the identity I. If A,B € A
and A\ € C are such that [A, B] = M, where [A, B] = AB — BA, then A = 0.

2. Additivity
Our first theorem is as follows:

Theorem 2.1 Let A and B be two factor von Neumann algebras. Suppose that ¢ is a bijective
map from A to B with ¢([A, B]eC) = [¢(A), #(B)]ed(C) for all A, B,C € A. Then ¢ is additive.

Proof We will complete the proof by proving several claims.
Claim 1. ¢(0) =0, ¢(CI) =CI.
Since ¢ is surjective, there exists A € A such that ¢(A) = 0. Then we obtain

¢(0) = ¢([0,0] & A) = [$(0), $(0)] @ ¢(A) = 0.

It is easy to verify that 0 = ¢([AI, AJeB) = [¢p(A]), p(A)]ep(B) for every A, B € Aand A € C.
By applying the surjectivity of ¢ and Lemma 1.1, we obtain [¢p(A]), ¢(A)] € iRI. Tt follows from
Lemma 1.3 that [¢p(\]), ¢(A)] = 0. Thus ¢(A\) € CI for every A € C. By considering ¢, we
obtain that ¢(CI) = CI.
Claim 2. qf)(All + A22) = (]5(1411) + (]5(1422) for all A1 € A1 and Aoy € Ags.
Choose X = Z?,j:l Xi; € A such that ¢(X) = (A1 + Aa2) — ¢(A11) — ¢(A22). Since
[Py, Ayi] @ P, = 0,1 < k,i <2 by applying Claim 1, we obtain
[0(Pr), p(A11 + A22)] @ (Pr) = ¢([Pr, A11 + Azz] @ Pr)
= ¢([Pr, A11] ® Pr) + ¢([Pr, Azz] ® Py)
= [0(Pr), ¢(A11) + ¢(Az2)] @ G(Py).
Thus [¢(Pk), p(X)] ® ¢(Pr) = ¢([Pr,X] ® P;) = 0. By the injectivity of ¢, we obtain that
[Pk,X} L4 Pk = 0, and so X12 = X21 =0.
For every By € Ay, since [By, Pj] ® Apr, =0, k # I, we obtain

[6(Bri), (Pr)] @ p(A11 + Azz) = ¢([Bri, P @ (A1 + Az2))
= ¢([Brr, Pr] @ Au) = ¢([Bri, P @ A11) + ¢([Bri, Pi] @ A)
= [¢(Br1), o(P1)] @ (¢(A11) + ¢(A22)).

Thus [¢(Bki), ¢(P)] @ (X ) = &([Byi, P)® X) = 0, and so [By;, P;] ¢ X = 0, which indicates that
B Xy, = 0 for every By € Ag;. Since A is prime, we have X;; = 0, 1 = 1,2, and so X = 0.
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Consequently, ¢(A11 + Aaz) = ¢(A11) + d(Aga).
Claim 3. ¢(Agp + A21 + A11) — ¢(A2) — ¢(A21) — ¢(A11) € CI and ¢(Aq; + Ajp + Ago) —
(;5(1411) — (,Z5(A12) — ¢(A22) € CI for all A;; € A11,A12 € A12, As1 € Aoyp and Agg € Ago.
Choose X = 37| X;; € Asuch that ¢(X) = ¢(Azz+As1+ A1) —$(A2) —d(A21) —d(An1).
It follows from Claims 1 and 2 that
[A(Pr), p(Azo + Aoy + A11)] @ ¢(Pr) = ¢([Pr, A2z + A1 + A11] @ Pr)

= ¢([Pr, A21] ® Py) = [¢(Pr), ¢(A22) + d(A21) + ¢(A11)] @ ¢(Pr),

which indicates that [Py, X] @ P, = 0. Thus we get X715 = X9 = 0.

For every Bs; € A, since [Bag, A21] @ P = 0, from Claim 2, we obtain

[0(B21), ¢(Aaz + A21 + A11)] @ ¢(P1) = ¢([Ba1, Aaz + Ao1 + A11] @ Pr)
= ¢([Ba1, Az2 + A11] @ Pr) + ¢([Ba1, Aa1] @ P1)
= ¢([Ba1, 9(A22) + ¢(A21) + ¢(A11)] & ¢(P1).
Thus [Ba1, X] @ Py = 0, this indicates that Ba; X113 = Xa2Bgy for every Bay € Agp. It follows
from Lemma 1.2 that X711 + Xo2 € CI, and so X € CI. Since ¢(CI) = CI, we have ¢(Aaz +
Aoy + Ayp) — ¢(Aaz) — d(A21) — ¢(Aq1) € CI. In the second case, we can similarly prove that
the conclusion is valid.
Claim 4. ¢(A11r + A1z + Aop + Agz) — (A1) — ¢(A12) — ¢(Az1) — p(Aze) € CI for all
A € Ai1, Arg € Ajg, Ao € Agy and Agp € Aas.
Let X = Y7 .| Xi; € Asuch that ¢(X) = ¢(A11 + A1z + Ag1 + Agz) — ¢(A11) — ¢(A12) —
¢(A21) — ¢(Az2). For k # 1, it follows from Claims 1 and 3 that
[6(Pr), ¢(A11 + A1z + Aoy + Asz)] @ ¢(Pr)
= ¢([Pr, A1 + A1z + A9y + Ago] @ Py) = ([ Py, Ai] @ Py)

= [p(Pr), p(A11) + ¢(A12) + ¢(Az21) + ¢(A22)] ® ¢(Py),

this indicates that [Py, X] e P, = 0. Thus we get X12 = X917 = 0.

By Claim 3 again, we obtain

¢

—~

Bo1), p(A11 + Aig + Agr + Ag)] @ ¢(Pr)
([Ba1, A1 + Ara + Agr + Agz] @ Py)
&([Ba1, A11 + A12 + Agz] @ P1) + ¢([B21, A21]  P1)
¢([B21, 9(A11) + ¢(A12) + ¢(A21) + ¢(A22)] @ $(F1)
for every Bo; € Agy. Thus [Bay, X] e P; = 0, which indicates that Boy X171 = Xa2Ba for every
By € As;. 1t follows from Lemma 1.2 that Xq1 + Xgo € CI, and so X € CI. By applying Claim
1, we obtain ¢(A11 + A1s + Aoy + Ass) — ¢(A11) — @(A12) — d(A21) — $(Azs) € CI.

Claim 5. Let 4,j € {1,2} with i # j. Then ¢(Ay; + Bi;) — d(Ayj) — &(By;) € CI for all
Aij, Bij € Aij.
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Let X = le 1 Xij S A such that ¢(X) = ¢(A” + B”) - ¢(A2]) - QS(B”) We obtain

[¢(Pi), 6(Aij + Bij)] @ ¢(Fi) = ¢([Pi; Aij + Bij] @ ;)
= ([P, Aij] o Pi) + o([P;, Bij] o P)
= [0(P), ¢(Aij) + ¢(Bij)] @ (Fy),
which indicates that [P;, X] e P; = 0. Thus we get X;; = 0.
By Claim 4, we obtain
[¢(Aij + Bij), ¢(P;)] @ (P;) = 6([Aij + Bij, Pj] @ Pj)
= G([Ps + Ais, Py + Byl o )
= [6(Pi) + &(Aij), ¢(Pj) + ¢(Bij)]  ¢(P))
= [6(P:), 6(Bij)] @ ¢(P;) + [¢(Asj), ¢(P;)] @ 6(P;)
= [¢(Aij) + &(Bij), 6(P;)] @ ¢(F)),
this indicates that [X, P;] e P; =0, and so X;; = 0.
It is easy to verify that

[0(Cij), 9(Aij + Bij)] @ ¢(P;) = ¢([Cij, Aij + Bijl @ Pj)
= ¢([Cij, Aij] @ Pj) + ¢([Cij, Bij] o P)
= [0(Cij), 6(Aij) + 6(Bij)] & 6(P))

for every C;; € A;j. Thus [Cy;, X] @ P; = 0, which indicates that C;;X,; = X;;C;; for every
Cij € Ajj. Tt follows from Lemma 1.2 that X;; + X;; € CI, and so X € CI. By applying Claim
1, we obtain ¢(A” + BZJ) — (i)(A”) — (ZS(B”) e ClI.

Claim 6. d)(A” + Biz’) - (,ZS(A”) — (;5(3”) € CI for all Ay;,B;; € Ay, 1 =1,2.

Choose X = Z Xij € A such that (b(X) = ¢(A” + B“) — (b(A“) — ¢(B”) For k = 1, 2,
we obtain

i,j=1

[0(Pr), p(Asi + Bii)] @ ¢(Pr) = ¢([Pr, Asi + Bii] ® Py)
= ¢([Pr, Aii] ® Pr) + ¢([Py, Bii] ® Pr.)
= [¢(Pr), 9(Aii) + &(Bii)] ® ¢(Pr.),

this indicates that [Py, X] @ P, = 0. Thus we get X15 = Xo; = 0.
It follows from Claims 4 and 5 that

[0(Aii + Bii) — ¢(Aii) — ¢(Bii), #(Cij)] ® ¢(Pj)
= ¢([Ai; + Bii, Cij] @ Pj) — ¢([Ais, Cij] @ P;) — ¢([Bii, Cyj] @ Pj)
= G(AuCyy + BiiCij + CL AT + CBL) — ¢(AnCiy + O AL) — 6(BuCij + CLB) € CI

14

for every C;; € A;;. This indicates that [ X, C;;] e P; = X;;Ci; — Ci X5+ Ch X5 — X505 € ClL
and so X;;C;; — C3;X;; = 0. By Lemma 1.2, we obtain X;; + X;; € CI. Thus X € CI. By
applying Claim 1, we obtain ¢(Ay; + By;) — ¢(Ayi) — ¢(By;) € CI.

Claim 7. ¢ is additive.
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By applying Claims 4-6, for every A, B € A, we obtain ¢(A+ B) — ¢(A) — ¢(B) € CI. Thus
there exists a map h : A x B — CI such that h(A, B) = ¢(A + B) — ¢(A) — ¢(B). For every
A,B,C,D € A, we obtain

[6(C), #(D)] @ h(A, B) = [¢(C),p(D)] & (p(A + B) — ¢(A) — ¢(B))
= ¢([C,D] e (A+ B)) — ¢([C, D] A) — ¢([C, D] » B) € CI,
which indicates that
[6(C), #(D)|h(A, B) + h(A, B)[6(C), ¢(D)]" € CI.

Thus h(A, B)[¢(C),#(D)] € CI for every A, B,C,D € A. If there exist A,B € A such that
h(A,B) # 0, then [¢(C),¢(D)] = 0 for every C,D € A, which is a contradiction because B is
not abelian, and so h(A4, B) = 0 for every A, B € A. Thus ¢ is additive. O

3. Linearity
Our main theorem is as follows:

Theorem 3.1 Let A and B be two factors with dim A > 4. Suppose that ¢ is a bijective map
from A to B with ¢([A,B] e C) = [¢(A),d(B)] ® ¢(C) for all A,B,C € A. Then ¢ is a linear
x-isomorphism, a conjugate linear x-isomorphism, the negative of a linear *-isomorphism, or the
negative conjugate linear %-isomorphism.

We will prove Theorem 3.1 by the following lemmas.
Lemma 3.2 For any A, B € A, [¢(A),¢(B)] =0 if and only if [A, B] = 0.

Proof It is easy to verify that

0=¢([A, Bl e C) = [¢(A),¢(B)] & $(C) (3.1)

for every A, B,C € A with [A4, B] = 0. It follows from (3.1) and Lemma 1.1 that [¢(A), ¢(B)] €
iR/, by Lemma 1.3, we obtain [¢(A), ¢(B)] = 0. By considering ¢!, we obtain that [¢(A), #(B)] =
0 if and only if [A, B] = 0 for every A,B € A. O

Lemma 3.3 For any A, B € A, we have
(1) ¢(iA) = 0(i)¢(A) € CI;
(2) o([A, B]) = €[¢(A),p(B)] and ¢([A*, B*]) = e[¢(A)", ¢(B)*], where € € {1, —1}.

Proof (1) From Lemma 3.2 and Theorem 2.1, ¢ is an additive bijection that preserves commu-
tativity in both directions. It follows from [10, Theorem 3.1] that

$(A) = af(A) + £(4)

for all A € A, where a € C is a nonzero scalar, § : A — B is an additive Jordan isomorphism,
and £ : A — CI is an additive map with £([A, B]) = 0 for every A, B € A. It is easy to get that
O(il) = +il.



302 Fangjuan ZHANG and Xinhong ZHU

For every A € A, we obtain
¢(id) — 0(i1)p(A) = af(iA) + £(1A) — 0(i)p(A)
= af(il)f(A) + £(1A) — 0(il)¢(A)
= 0(I)(ab(A) +£(A)) +E(1A) — 0(N)E(A) — 0(T)p(A)
= £(14) — 0(i)¢(A) € CI.
(2) For every A, B € A, we obtain
¢([A, B] = [A", B™]) = ¢([A, Bl  I) = ¢(I)([¢(A), 6(B)] — [¢(A)", ¢(B)7)). (3-2)
By Lemma 3.3 (1), we obtain
¢(ilA, B]) — 0(1)o([A, B]) = £([14, B]) — 0()¢([A, B]) =

for every A, B € A. Replacing A by i4 in (3.2), from the above equation and Lemma 3.3 (1), we
obtain that

0(il)¢([A, Bl +[A%, B']) = ¢([i4, B] - [(14)", B"])
= ¢([i4, Bl o I) = ¢(I)([¢(14), ¢(B)] — [¢(14)", 6(B)"])
= 0D o(I)([6(A), 9(B)] + [¢(A)", 6(B)"])

for every A, B € A, this indicates

o([A, Bl + [A7, BY]) = ¢(I)([¢(A), 6(B)] + [¢(A)", 6(B)"]). (3-3)
From (3.2) and (3.3), we obtain
¢([A, B]) = o(1)[¢(A), 6(B)] (3-4)
and
o([A%, B7)) = ¢(I)[p(A)", 6(B)"] (3.5)
for every A, B € A. By (3.4) and (3.5), we have
[6(A%), o(B)] = [6(A)", ¢(B)’] (3.6)
for every A, B € A. From (3.4), we obtain
#([[4, B], C]) = ¢(1)*[[¢(A), #(B)], 6(C)] (3.7)

for every A, B,C € A. By (3.7), we have
¢(C[A, B] — C[A", B"]) = ¢([A, B] « C) — &([[A, B], C1)
= (1= o(1)*)[6(A), 9(B)]¢(C) — ¢(C)[d(A)*, ¢(B) "]+
$(1)°6(C)[6(A), ¢(B)]
for every A, B,C € A. Replacing A by iA in the above equation, we obtain
¢(C[A, B + C[A*, B]) — (1 — ¢(1)*)[¢(A), ¢(B)](C)—
$(O)e(A)*, 6(B)*] = o(1)*¢(C)[¢(A), ¢(B)] € CI
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for every A, B,C € A. This indicates that

¢(C[A, B]) = (1= ¢(1)*)[¢(A), ¢(B)Ig(C) — &(1)*6(C)[6(A), (B)] € CI (3.8)

and

¢(ClAY, BY]) — o(C)[6(A)", 6(B)"] € CI (3.9)
for every A, B,C € A. From (3.6), (3.8) and (3.9), we have
(1= o(I)*)[6(A), ¢(B)], 6(C)] € CI (3.10)

for every A, B,C € A. By (3.10), ¢(CI) = CI and the surjectivity of ¢, we obtain ¢(I)? =
I. Hence there exists ¢ € {1,—1} such that ¢([A4, B]) = €[¢(A),p(B)] and ¢([A*, B*]) =
e[¢(A), ¢(B)*]. O

Remark 3.4 Let ¢ = ep,e € {1,—1}. From Theorem 2.1 and Lemma 3.3 (2), we have ¢ : A — B

is an additive bijective map preserving the mixed Lie triple product and satisfies

P([4, B)) = [¢(A), ¢ (B)]
and
[Y(A7), $(BY)] = ¢([A", BY]) = [{(A)", ¢ (B)"] (3.11)
for every A,B € A. By [11, Theorem 2.1], there exists an additive map f : A — CI with
f(JA,B]) =0 for all A, B € A such that one of the following statements holds:
(i) YP(A) = p(A) + f(A) for every A € A, where ¢ : A — B is an additive isomorphism;
(i1) YP(A) = —p(A)+f(A) for every A € A, where ¢ : A — Bis an additive anti-isomorphism.

Lemma 3.5 The statement (ii) does not occur.

Proof If ¢ = —p + f, where ¢ : A — B is an additive anti-isomorphism and f : .4 — CI is an
additive map with f([A4, B]) = 0 for every A, B € A, then

U([A, Bl e C) = [¥(A),¥(B)] e ¥(C) = [p(A), p(B)] » (=¢(C) + f(C))
for every A, B,C € A. On the other hand, from (3.11), we obtain
V([A, Bl e C) = (—p+ [)([A,B] e C)
= —¢([A, B|C) + ¢(C[A", B"]) + f([A, B] ¢ C)
= @(O)lp(A), p(B)] = [¢(A)", 0(B)"]e(C) + f([A, B] « C)
for every A, B,C € A. Then
(0(C) = F(ON)([p(A), o(B)] + [p(A), o(B)]") + ([p(A), o(B)] + [¢(A), o(B)]")¢(C) € CI (3.12)
for every A, B,C € A. Replace ¢(A) by ip(A) in (3.12) that
((C) = F(O)([p(A), (B)] = [p(A), (B)]") + ([p(A), (B)] = [¢(A), o(B)]")(C) € CI (3.13)
for every A, B,C € A. From (3.12) and (3.13), we obtain

(p(C) = F(C)DIp(A), p(B)] + [p(A), p(B)]p(C) € CI (3.14)
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for every A,B,C € A. Let P be a non-trivial projection in A. Then ¢(P) is a non-trivial
idempotent in B. Taking C' = P in (3.14), we have

(p(P) = f(P))p(A), o(B)] + [¢(A), p(B)lp(P) € CI. (3.15)
Multiplying (3.15) on the right-hand side by ¢(P~) and on the left-hand side by ¢(P), we obtain
(I = [(P)p(PH[B, AIP) = (I = f(P))p(P)[p(A), p(B)lp(P+) =0

for every A,B € A. Let A € A be such that P-AP # 0. Since A is prime and ¢ is a bijective

map, we have

@(PH[P+, A]P) = p(P+AP) # 0.

Thus, f(P) = I for any non-trivial projection P € A, from (3.15), we have
P(P)[p(A), p(B)]p(P) € Co(P)
for every A, B € A and any non-trivial projection P € A. Hence
P[A, B]P € CP and P*[A, B|P* € CP*
for every A, B € A and any non-trivial projection P € A. Then
[PAP,PBP] = 0 and [P- AP+, PtBPY] =0

for every A, B € A, from this, we obtain

PAP = CP and P AP+ = CP™.
This is a contradiction with dim.A > 4. O
Lemma 3.6 1 is an additive *-isomorphism.

Proof From Remark 3.4 and Lemma 3.5, we obtain ¢ = ¢ + f, where ¢ : A — B is an additive
isomorphism and f : A — CI is an additive map with f[A, B] = 0 for every A, B € A. Then

V([A, Bl e C) = [¥(A),¥(B)] e ¥(C) = [p(A), p(B)] ® (¢(C) + f(C))
for every A, B,C € A. From (3.11), we obtain
¥([A, Bl e C) = ¢([A, B]C) — ¢(C[A", B*]) + f([A, B] « C)

= [p(4), o(B)lp(C) — (O)p(A)", 9(B)*] + f([A, B] « C)
= [p(A), p(B)] @ p(C) + f([A, Bl « C)

for every A, B,C € A. From this, we have

F(O)[p(A), p(B)] + [p(A), p(B)]") € CI

for every A, B,C € A. This indicates that

F(O)p(A), p(B)] =0

]
]
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for every A, B,C € A. From this, we get that f(C) = 0 for every C € A. Thus, ¥ = ¢ is an

additive isomorphism. From (3.11), we obtain
o([A, B]") = [p(A),o(B)]" = ¢([A, B])" (3.16)
for every A, B € A. From (3.16), we have
(A7) = p(Aij)"
for every A;; € Ajj,% # j. From this and ¢ is an isomorphism, we obtain
@(Aij)*SO(AZ:) = @((AiiAij)*) = @(Aij)*@(An)*
and
P(Aji)"p(A5) = ((Aiid;ji)") = 0= p((AiiAji)" = o(Aji)"(Ai)"
for every A;; € Ay, Aji € Aj;, 1 <i# j <2. This indicates that
AT =0and A;,T =0

for every A;j € Ajj, Aji € Ajii # jand T = ¢~ (p(A%)—p(A;)*). Then BT =0 and P;T = 0.

Since A is prime, we have T' = 0. Thus p(A%) = ¢(A;)*, and @(A*) = p(A)* for every A € A.

Therefore, 1 = ¢ is an additive *-isomorphism. O

Proof of Theorem 3.1 From Remark 3.4 and Lemma 3.6, we obtain that ¢ = eip and ¢ : A — B

is an additive *-isomorphism. Then

Y(AI) = £il, ¢(ql) = qf

for any rational number ¢, and v is order preserving.
Let A € R. Choose sequences {a,} and {b,} of rational numbers such that a,, < A < b,, for

all n and lim,, o a, = lim,_.s b, = A. From a,, I < A\ < b, I, we obtain
anl < ¢(NI) < byl
Taking the limit, we have ¢(AI) = AI. This indicates for any « = a +1ib € C,
Y(al) =(al) +(Abl) = (a £ ib)I = ol or al.
Then for every A € A, we obtain
p(ad) = d((al)A) = $(al)3(A) = ad(A) or GH(A).

Therefore, 1 is a linear *-isomorphism or a conjugate linear *-isomorphism. O
By Theorem 3.1 and the fact that every ring isomorphism between type I factors is spatial,

we obtain the following corollary.

Corollary 3.7 Let A and B be two type I factors acting on a complex Hilbert spaces H with
dimH > 2. Then a bijective map ¢ : A — B satisfies

¢([A; Bl C) = [6(A), ¢(B)] ® ¢(C)
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orall A, B,C € A if and only if there exists € € {1,—1} such that ¢(A) = eUAU* for all A € A,

where U is a unitary or conjugate unitary operator.
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