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Abstract The existence of three nontrivial solutions for a class of superlinear Schrédinger
equations is obtained by using variational theorems of mixed type due to Marino and Saccon
combined a Linking Theorem.
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1. Introduction

In this paper, we prove the existence of three nontrivial solutions for a class of semilinear
Schrédinger equations when a parameter approaches one of the eigenvalues of the leading operator
without assuming the Ambrosetti-Rabinowitz condition.

Going into details, we investigate the multiplicity of solutions for a class of semilinear equa-
tions of the form (Py) :

—Au—V(x)u+ M= f(z,u), =cRN,

where ) is a parameter, the nonlinearity f € C(RY xR, R), V(z) € C(RY,R) and lim ;o V() =

Uso, fOr some vs, € R. The Schrodinger operator S is defined as
Su(z) = —Au(z) — V(z)u(z), D(S) = H*RY). (1.1)

Next, we recall a few basic facts in theory of Schrédinger operators which are relevant to our
discussion [1].

(1) Since im0 V(2) = Voo, 0ne has oess(S) = [~Voo, 00).

(2) The bottom of the spectrum o (S) of the operator S is given by

2 _ 2
A=do= e AVEEZ V@
0£uEH2(RN) Ju

Therefore, we clearly have A < —v. If A < —v, then by using the Concentration Compactness
Principle of Lions, one shows that A is the principle eigenvalue of S with a positive eigenfunction
[OXS:

Sy = APy, B € H*(RY), &y > 0.
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(3) The spectrum of S in (—o0, —vs ), namely, o(S5) N (—00, —vs ), is at most a countable
set, which is denoted by
A:)\0<)\1<)\2<"',

where each Ay is an isolated eigenvalue of S of the finite multiplicity. Let E), denote the
eigenspace of S corresponding to the eigenvalue \;, and let H; 1 = ®r<;—1E), and HY = Ej,.
The main purpose of this paper is to use a critical point theorem of mixed type, one of
the so-called V-theorems, posed by Marino and Saccon [2], which permit to find multiplicity
results in a very beautiful way. These theorems have been successfully used in some different
contexts [3-12]. In particular, in our previous work [13], we established a multiplicity result for
problem (Py) by using this type theorem, assuming that f satisfies a growth condition of the
Ambrosetti-Rabinowitz type. Here we want to improve our previous work from one main aspect,
that is, we do not need the nonlinearity f satisfying the classical Ambrosetti-Rabinowitz type
condition (see our condition (Hz)).
Now, we state our main result. In this paper, we often suppose that lim|,|o V(2) = Voo,
A< voo, Voo < 0 and C, Cy and Cs are defined as various different positive constants. Let
fo x, s)ds. The conditions imposed on f(z,t) are as follows.
(Hl) There exists a(z) € C(RY), a(z) > 0 for all € RY and lim|;|_, a(z) = 0 such that
f(z,t)

\tHoo a(x)|t|

for some v € (1, (2* — 1)) (2* = 2%5);

(Hz) f(z,t) = o(]t]) as [t| — 0 uniformly on z € RY and limp_,o % = 400 uniformly

=0 uniformly on z € RY,

on any bounded subset of RY;
(H3) There exists max{%,v} < < 2* and a(z) in (H;) such that
f(z,t)t — 2F (x,t) > a(x)[t|’, Yz e RN, teR;
(Hy) For a(z) in (H;) and every r > 0, there exists a positive constant M, such that

ol

|t|<r |t|

for all z € RV,

Theorem 1.1 Assume that conditions (Hy )—(Hy) hold. Then, for any i > 2, there exists §; > 0

such that for ¥ — A € (A\; — d;, \;), problem (Py) possesses at least three nontrivial solutions.

Example 1.2 In case Of N = 3, 1et
f(z,t) = 1 t|2t, V(z,t) € R® x R
x X .
) 1 | |2 ) )

It is easy to see that it satisfies our conditions (Hy)—(H4). Here, vy = 12 and 8 =

The paper is organized as follows: In Section 2 we introduce some prehmmary knowledge
and technical lemmas. In Section 3 we give the proof of our main result. Finally, in Appendix

we introduce the important V theorem used to prove our main result.
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2. Preliminaries and technical Lemmas

The proof of Theorem 1.1 will be finished in several steps. On H!(R") we define the inner
product

(u, v)x 2:/VUVU+(/\*UOQ)/UU, u,v € HY(RY)

and the induced norm
|ul|? = (u,u) for all u € H'(RY).

It is easy to see that || - ||x is equivalent to the standard norm of H'(RY). Now regard the
functional I : H*(RY) — R defined by
1 1
I = 5llul} = 5 [Vie) = v - [ Flau)

From f € C(RY x R,R) and (H;) we know that I, is a C! functional on H*(RY). We want
to show that if there exists ¢ in N such that \;_1 < —XA < A\; < A\j11, and —) is sufficiently
close to A;, then the topological situation described in Theorem 4.1 (see Appendix) holds (with
X, = H;_1, Xo = H? and X3 = H;") and in particular that (/) (In, H;_1 © H;-,a,b) (see

Appendix) holds for suitable a and b.
To show that, we begin from the following notations. If ¢ < k and ¢ € N, then we denote:

Bi(R) = {u € Hi : [[ullx < R}
and
Fic1i(R) ={ue€ Hiy: |lullx < R} U{u € H; : [lulx = R},
Si(p) = {u e Hy : |ullx = p}. By (p) = {u € Hi : |lullx < p}.
Lemma 2.1 If\;_1 < \; and —\ € (\;_1, \;), then there exist R and p, R > p > 0, such that
sup I, (T;—14(R)) < inf I, (S}, (p)).

Proof From (H3), we know that F(tmg’t)

together with the first condition of (Hz), we have F(x,t) > 0 for all (z,t) € RV x R. So, for any
u€ H;—1 and —\ € (A\j—1, \;), we get

is increasing for ¢ > 0 and decreasing for ¢ < 0. This

I =5l - 5 [(V@) - o) - [ P
< ~Clul} <0, (2.)

where C' > 0.
Next, we claim that Iy(u) — —oo, as ||u|]|x — oo for all u € H;. Argue by the contradiction
that there exists a sequence {u,} such that
1 1
) = gl = 5 [ (V@) = v = [ Flosun) 2 C. (22)
Set v, = Tl Then {v,} is a bounded sequence in H;. Because dim H; is finite, there exists
v € H;\{0} such that

|vn —vllx =0, v, = wvae, zeRY,
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Thus, by the assumptions of V(z) and condition (Hs), for R > 0 large enough and n large
enough, from (2.2), we get

I(un) 1 %/(V(az) ~ Vo)V, /W
F(:L‘,Un)

1
llun 2
<1 - 1/ (V(z) — voo )v%dz + o(1) —/ — M ide
T2 2 JBgo Oo Br(0)  UA "

n

F(z,un
<Cp+o0o(1) — / lim inf Mvidx — —o0.
B

2
r(0) n—00 Uy,

This is a contradiction and our claim holds.
On the other hand, from (H;), (Hz) and (Hy), for any € > 0 small enough, there exists C' > 0
such that
Fla,t) < gﬁ + O, Y(z,t) eRY xR.

Hence, we have

| [Faw)] < Sl + Cluli, vae #@Y), (2.3)

For any u € H;-,, by (2.3), we get

I =5l - 5 [(Vie) = v = [ Faw

>Chl[ul} = Callul¥- (2.4)

In fact, we define the linear operator
L:H*RY) = L2RY) 1w — —Au — V(z)u + Iu

Then it is invertible since —X € (A\;—1, A;). Then, we have

a(u,v) := /|L|%U|L‘%’U
and the corresponding norm
lulla = Va(u,v).
Hence, from the equivalent property of the norm, there exists C; > 0 such that
ullz > Culfull3.-

Therefore, the last inequality of (2.4) holds. Thus, from (2.1), (2.2) and (2.4), there exist two
constants R > p > 0 such that

SupIA(Fi_l,i(R)) <1Hf[)\(SZ+_1(,D)) O

Lemma 2.2 Assume that (H;)-(Hy) hold. Then for any § € (0,min{X\;+1 — A, Ay — Ai—1}),
there exists €y > 0 such that for any —X € [\; — §, \; + 6], the unique critical point u of Ty is
constrained on H;_y ® Hi* such that Iy(u) € [—eq, €], is the trivial.

Proof Argue by the contradiction that there exist § > 0, =\, € [\; — J,A\; + 0], and {u,} C
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H; 1 @® H;-\ {0} such that

I ) = 51}, = 5 (V@) = it = [ Faaw) 0, (25)

(I, (Un),v) = (un,v)x, = /(V(ff) — Voo JUn¥ — /f(fmun)v =0, (2.6)

for any v in H;_; ® Hi. Of course, up to a subsequence, we can suppose —\, — —\ in
[Ai — 9, \; + 6], as n — oo. Taking v = u,, in (2.6), by (Hs) we get

21, (tn) — (T}, (1), 1) = / F (@ n) — 2F (2 ) > / a(2)|tun?.

By (2.5) and (2.6), the above expression implies that
/a(x)\un\ﬁ < C. (2.7)

Take v,, in H;_1 and w,, in Hf- such that w,, = v, + w, and choose v = v,, — w, in (2.6). Then

we have
J09wa = Vi + dlwal) = [(F0nf? = Vi@u + Afonf?)
= /f(Lun)(wn — Vp).

From the above equality, similar to the proof of (2.4), we have

Cllunl < [ 7o) = 02) (2.8)
Moreover, from (H;), we have

‘/f (@, un ) (Wn —vn)| < (/|f(96,un)|”ﬂ>”11(/|wn_vn|1+v>1+lw

Using Sobolev’s embedding theorem there exists a constant C' > 0 such that

o
Junlln < ([ 1#6 0 ) 7
On the other hand, from (Hy), (Hz), (Hy), (2.7) and Hélder’s inequality, we get
| [ @) on = wa)] < [ 156000~ wn)
< (e [ 1on = waP +C [ a@unP o~ wn)

< el e + O [[atwlul?) ([ a@hon w1 %) 7

< Crellvn — wn”i + Ca||vn — wyl|

= Crellunl} + Collunl,

where see (Hj3) for the restriction of 5. Hence, from (2.8) and the above inequality, we know that
{u,} is bounded in H*(RY). There is a subsequence of {u,,}, without any loss of generality, also
denoted by {u,}, and v € H'(R"Y) such that u,, — u weakly in H'(RY), u,, — u strongly in



312 Hongming XIA and Ruichang PEI
LY (RY), and u,(z) = u(z) a.e., z € RN, where 2 < p < 2*. By (2.5), (2.6) with v = u,, and

Fatou’s lemma, we obtain

0= lim (21, (un) — <I§\n (un),un)) = lim [ (f(x,up)u, — 2F (2, uy))

n—oo n—oo

> [ timind(7 o) — 26 () = [(Fa )= 26 (o, 0),

From (Hs) and (Hs), the above inequality means that u = 0.
If u, — 0 as n — oo in H'(RY), by (Hy), (Hs), (Hy), for any € > 0, we get

w
y+1\ 3+T
([15an ™) < el + Cllenl:

Thus, from (2.9) we have

o+t
1§hmof|f“7“”|”) T

n—oo [[unlx

This is a contradiction.
If there exists @ > 0 such that ||u,||x > «, from (H;) and Hy), for any € > 0, there exist
R, M1 > 0 such that

a(z) < efor |z| > R

and

|f (2, )] < alz)(Mp|t] + [t]), Y(x,t) € RY xR.

Thus, by u, — 0, for n large enough, we get

'y+l 1 #1\ 4T 21\ AT
(J1reu =) =( [ )T ([ )T
RN\ Bg(0) Br(0)

<Ce([Junllx + llunll}) + €

Hence, we have

n—0o0

a< limC /|fxun|1t” ”:0,

which also leads to a contradiction. The lemma is thus completely proved. O
For the following lemma, for given i € N, we denote by P : H}(RY) — H? and Q : H'(RY) —
H;_1 ® Hi the orthogonal projections.

Lemma 2.3 Assume that (Hy)-(Hy) hold, —\ € (A\i_1,\iy1) and {u,} in H*(RY) are such
that I (uy) is bounded, Pu,, — 0 and QI}(u,) — 0 as n — oo. Then {u,} is bounded.

Proof Arguing by the contradiction that {u,} is unbounded in H*(RY), we can suppose that
[[unllx — oo, (2.10)

as n — oo and that there exists u € H'(R") such that

Unp,
— u. 2.11
Tonlls 211)
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Let u, = Pu, + Quy. By (Hy), (Hz), (Hy), Hélder’s inequality and dim HY < 400, we get

‘/fxu"P“n /|f$unPun\
Se”Pu"’HizJFC(/“(iL’ﬂunlﬁ)g(/|pun,3‘*7)357

ol
<CrellPun i + CallPun s ([ ala)lun”)”.

where € > 0 small enough. Combining the above inequality and (Hs), we obtain
215 (un) — <QI$\(un)aun>

— /(f(:z:7un)un —2F (z,un)) + HPunHi - /(V(x) - voo)|Pun|2 — /f(x,un)Pun
> C(/a(f)\uMﬁ) +[[Pun|X — /(V(x) — Voo) [P |* — Chrel| Pun |3~

CallPuala( [ at@)unt?)”.

Thanks to 8 > v, dim HY < 400 and ||Puy,|[x — 0 as n — oo, dividing by |Ju,|/» in the two

sides of inequality above, we get

(f a(x)|ua|®)?

o] — 0 as n — oo. (2.12)
Un || X

As a consequence of (2.12), we also obtain u = 0. Now, from our assumptions and (2.10), we get

(u,) 1 1 —veo)uZ  F(z,u,
,\(U2):7_7f Voo Uy, ($U2)_>0,
Junlx 2 2 ||unH)\ [[un X
which implies that
F(x,u, 1
M — —asn — 0. (2.13)

l[un I3 2

On the other hand, again by (H;), (Hz) and (Hy), for € > 0 small enough, there exists C' > 0

such that 5
| [Pz [+ e( [a@hul?) b,

and by (2.12) we obtain a contradiction with (2.13). O

Lemma 2.4 Suppose that (Hy)—(Hy) hold. Then for any § € (0, min{\i+1 — A, \i — Ai—1}),
there exists ey > 0 such that for any —\ € [A\; — §, \; + 6] and for any €1, €2 € (0, €p) with €1 < €g,
the condition (V)(Ix, H;_1 ® H;-, €1, €3) holds.

Proof Argue by contradiction that there exists dg > 0 such that for all ¢ > 0, there exist
A €[N =8N + 0] and €1, €2 € (0,€0) with €1 < €2, the condition (V)(Ix, H;—1 ® Hi, €1, €2)
does not hold.

Let ¢ > 0 be as in Lemma 2.2. There exists a sequence of {u,} in H*(RY) such that
dist(upn, Hi—1 ® Hi") — 0,1\(uy,) € (€1,€2) and QI}(u,) — 0. By Lemma 2.3, we know that

|n||x is bounded. Hence, there exists a subsequence of {u,}, without loss of generality, also
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denoted by {u,}, and u € H'(RY) such that u,, — u weakly in H'(R™). From (H;) and (Hy),
similarly to the proof of Lemma 2.6 (see next context), we have u,, — u and u = 0 is a critical
point of I constrained on H;_1 & Hf by Lemma 2.2. But 0 < ¢; < Iy(u), which leads to a

contradiction. O

Lemma 2.5 Suppose that (Hz) holds. Then

limsup I (H;) = 0.
A—)—Ai

Proof Argue by contradiction that there exist A,, = —\;, {u,,} in H; and € > 0 such that
sup Iy, (H;) =1y, (u,) >e.

Note that I attains a maximum in H; by (Hs).

If {u,} is bounded, we can assume that w, — u in H;. Then we have
€ § I,)\i(u) S 0.

Hence, we can suppose that ||u,||x — oo. In this case, the condition (Hz) easily implies a

contradiction. O
Lemma 2.6 Assume that (Hy)—(Hy) hold. Then I satisfies (PS) condition for —\ € (XA;i—1, ;).

Proof Let {u,} C H'(RY) be a sequence such that {I)(u,)} is bounded and I} (u,) — 0. We
need to verify that {u,} possesses a convergent subsequence. We will show that {u,} is bounded
in HY(RY). Arguing by the contradiction, we can suppose that |u,||x — +oo.

Now, set u, = z, + h,, where 2z, € H;,_1 and h,, € Hf-_l for every i € N. From Holder’s

inequality, we have

[ a@lunlleal < ([ at@unt®)” 2l (214)

ol
B
[a@tunrin <c( [ a@lunl?)” s (215)
for some C > 0 and all n € N. Using (Hj3), we again obtain

L at@)ul?)?

n=oo lunlx

and so also (2.12) holds again. Now, from (Hy), (H2), (Hys) and (2.14), it follows

I2nllx0(1) =(I3(un), —2n) = —l2nll} + /(V(x) —Voo) 2y + /f(x,un)zn

=0, (2.16)

>Cllznll} = €llznllz = C1 /a(ﬂc)lun\”lznl

>Cllnl; = Ca [ a@unl®) .

From (2.12) and the above expression, we can imply that

i lx _ (2.17)

=00 [[unllx



Multiplicity of solutions for a class of nearly resonant semilinear elliptic problems 315

Similarly, we can also obtain that
h
o
=00 [[un||

(2.18)

Thus, from (2.17) and (2.18), we have

_ Nually o [zallx + Ay
lunllx = [lunlls

— 0, as n — o0,

which is a contradiction. So {u,} is bounded in H*(RY). Next, we prove that {u,} contains a
convergent subsequence.
In fact, we know that {u,} is bounded in H*(R"). Passing to a subsequence, we may assume

that u, — u in H'(RY). In order to establish strong convergence, it suffices to show that
[[unlx = llulx-

Since (I} (un), un, —u) — 0, we know that

0 < limsup(||un||3 — |Jul]3) = hm Sup/f T, Up ) (Up, — w). (2.19)

n—oo

By the condition (Hy), for € > 0 small enough and r > 1 large enough, we have

/| N £, un) (U — 1) < % (2.20)
Moreover, by (Hy4) there exists R > 0 such that
/ F () (un — ) < = (2.21)
Jun|<r3le| 2R 3
Finally, by (H;), using Lebesgue convergence theorem, we find that
/ F(@ ) (i — 1) < = (2.22)
jun|<rilz| <R 3’

for n large enough. Thus, from (2.20)—(2.22), we obtain

/f(x,un)(un —u) <e

for n large enough. So from above the inequality and (2.19), our conclusion holds. O

3. The proof of main result
Now, we give the proof of Theorem 1.1.

Proof of Theorem 1.1 The argument will be divided into two steps.

(a) Two critical points are obtained.

Take ¢’ > 0 and find €g as in Lemma 2.4. Denote €; < €3 < €y. By Lemma 2.5 there exists
d1 < & such that, if =\ € (A\; — &1, )\;), then sup I\(H;) < ez and by Lemma 2.4, \7(Ix, H;—1 &
H: €1, €) holds. Moreover, since —\ < \;, the topological strcture of Lemma 2.1 is satisfied.
By Theorem 4.1, there exist two critical points uy, us of Iy such that I(u;) € [e1,€2],4 = 1,2. In

particular u; and wus are nontrivial solutions of problem (Py).
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(b) The third critical point is obtained.
Since the classical Linking Theorem [14] and Lemma 2.6, it suffices to prove that there exist

d; >0, p1 > 0 and Ry > p; such that for any —X in (A; — ;, A\;)
sup I\ (L 41 (R1)) < inf I, (S} (p1)). (3.1)

Hence, there is a critical point u of Iy such that Iy(u) > inf I, (S;" (p1)).
In fact, from (2.3), we conclude that for any u € H;-
1 1
I =5l - 5 [ (Vie) = v = [ Faw

>Cllul} = Cillulli - (3-2)

By above the inequality, there exist p; > 0, « > 0 such that
inf I, (S; (p1)) > a.
On the other hand, using (Hz), we can obtain that
In(u) = —o0 as |Jul|y — oo, u € Hitq.
By Lemma 2.5, there exists §; > 0 such that for any —\ in (A\; — d;, \;), we get
sup I\ (H;) < o
Thus (3.1) holds. Hence u is different from the critical point w; (i = 1,2), since

In(u;) <supIz(H;) < a < I\(u). O

4. Appendix

In this section we recall one theorem belonging to a class of recent variational ones which
provide the existence of several critical points under a “mixed type” assumption on the functional,
in the sense that there are hypotheses both on the values of functional on some suitable sets and

on the values of its gradient. Theorems of this kind were first introduced in [2] as follows.

Definition 4.1 ([2]) Let X be a Hilbert space, let I : X — R be a C! function, let M be a
closed subspace of X, and let a,b € RU{—00,4+00}. We say that condition (V)(I, M,a,b) holds
if there exists v > 0 such that

inf{|| Py VI(u)|| |a < I(u) <b, dist(u, M) <~} >0,
where Py : X — M is the orthogonal projection of X onto M.

Theorem 4.2 ([2, (V)-Theorem|) Let X be a Hilbert space and X;, i = 1,2,3 three subspaces
of X such that X = X; & X3 & X3 and dim X; < oo for ¢ = 1,2. Denote by P; the orthogonal
projection of X onto X;. Let I : X — R be a CY! function. Let p, p', p’, p1 be such that
p1>0,0<p <p<p” and define

A={ue X ®Xslp <||Poul <p", ||Piul| < p1} and T = dx, e x, A,
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Sa3(p) = {u € Xo ® Xs| [Jull = p} and Bas(p) = {u € Xo & Xs] [|u] < p}.

Assume that
a’ =sup I(T) < inf I(S23(p)) = a”.

Let a and b be such that o’ < a < a” and b > supI(A). Assume (V)(I, X1 ® X3,a,b) holds
and that (PS). holds at any c in [a,b]. Then I has at least two critical points in I~'([a,b]).
Moreover, if

inf I(Bas(p)) > —oo and a; < inf I(Bas(p))

and (PS). holds at any c in [a1,b], then I has another critical level in [a1,a’].
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