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Uniqueness of Meromorphic Solutions for a Class of
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Abstract In this paper, we mainly study the uniqueness of transcendental meromorphic solu-
tions for a class of complex linear differential-difference equations. Specially, suppose that f(z)
is a finite order transcendental meromorphic solution of complex linear differential-difference
equation: W1 (2)f'(z + 1) + Wa(z) f(z) = Ws(z), where W1(z), Wa(z), W3(z) are nonzero mero-
morphic functions, with their orders of growth being less than one, such that Wi (z)+ Wa(z) Z 0.
If f(2) and a meromorphic function g(z) share 0, 1, co CM, then either f(z) = g(z) or

f(2) +9(z) = f(2)9(2) or 2(2)(9(2) — 1) + *(2)(f(2) = 1)* = [f(2)9(2)(f(2)g(z) — 1) or
there exists a polynomial ¢(z) = az + bg such that f(z) = W:(—Zb)o—n’ g(z) = 11—;:%’
where a (# 0), ao, bo are constants with e®® # ebo,
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niqueness; finite order
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1. Introduction

In this paper, we assume that the reader is familiar with the standard notations and funda-
mental results of Nevanlinna theory in [1-3]. A meromorphic function f(z) usually refers to the
meromorphic function in the whole complex plane C. In a special case, if T'(r,a) = of{T(r, f)},
then the meromorphic function a(z) is called a small function of f(z2).

For meromorphic functions f(z) and g(z), a € CU{cc}. If the zeros of f(z) —a and g(z) —a
are the same with the same multiplicities (ignoring multiplicities), we often call that f(z) and
g(z) share the value a CM (IM). Especially, f(z) and g(z) are said to share the value oo CM
(IM) provided that the poles of f(z) and g(z) are the same with the same multiplicities (ignoring
multiplicities).

The uniqueness theory of meromorphic functions plays a significant role in complex analysis.
The research of meromorphic solutions of complex differential-difference equations has become
a subject of great interest in the last decades, due to the application of Nevanlinna value distri-

bution (difference analogue) theory in complex differential-difference equations. Moreover, the
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uniqueness theory of meromorphic functions is an important part of Nevanlinna theory. The
following results are the classic five-value theorem and four-value theorem established by Nevan-

linna.

Theorem 1.1 ([3,4]) Let f(z) and g(z) be nonconstant meromorphic functions and let a; (j =
1,2,3,4,5) be five distinct complex numbers in the extended complex plane. If f(z) and g(z)
share the values a; (j = 1,2,3,4,5) IM, then f(z) = g(z).

Theorem 1.2 ([3,4]) Let f(z) and g(z) be nonconstant meromorphic functions and let a; (j =
1,2,3,4) be four distinct complex numbers in the extended complex plane. If f(z) and g(z)
share the values a; (j = 1,2,3,4) CM, then f(z) = g(z) or f(z) =T(g(%)), where T is a Mébius
transformation.

In recent years, many scholars have devoted to studying whether the conditions for shared
values can be relaxed, the number of shared values can be decreased, or shared values can be
replaced by shared sets or small functions. In this direction, we recall two related situations.
On the one hand, one study the case when a meromorphic function and its shift, or difference
operator share some values such as [5-9]. On the other hand, with the rapid development
of theoretical research on complex differential equations, difference equations and differential-
difference equations, the uniqueness problems are often combined with meromorphic solutions of
the equations as well as [5,10-15]. Chen and Shon [16] considered the growth of meromorphic
solutions of the following difference equation:

Pa(2)f(z4n)+--+ P(2)f(z+ 1) + Po(2)f(2) = F(2), (L.1)

where F(z), P,(2), Py(z) are polynomials such that F(z)P,(z)Py(z) £ 0. They proved the

following result.

Theorem 1.3 ([16]) Let F(z), P,(z), Po(z) be polynomials such that F(z)P,(z)Py(z) # 0,
satisfying P, +---+ Py £ 0. If f(z) is a finite order transcendental meromorphic solution of the
equation (1.1), then it satisfies A\(f) = o(f) > 1. Here, the order o(f) and the exponent A(f) of
convergence of zeros of f(z) are defined in turn as follows:

logt T log* N (r, 35)
o(f) = limsup og S\ JRE)) (r f(z)), A(f) = limsup = e
r—00 IOgT r—00 IOg’/‘

Later, Cui and Chen [11] investigated the uniqueness of meromorphic solutions of the equation

(1.1) in the case of n = 1 and obtained the following conclusion.

Theorem 1.4 ([11]) Suppose that a1(z), ag(z) are nonzero polynomials such that a1 (z)+ag(z) #

0. Let f(z) be a finite order transcendental meromorphic solution of difference equation
a1(2)f(z+ 1)+ ao(2)f(z) = 0. (1.2)

If f(2) and a meromorphic function g(z) share 0, 1, oo CM, then f(z) = g(z) or f(z)g(z) = 1.
In [12], Cui and Chen generalized the homogeneous difference equation (1.2) to the non-

homogeneous difference equation, and proved the following theorem.
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Theorem 1.5 ([12]) Let a1(2), ao(z), F(z) be nonzero polynomials such that a;1(z)+ ag(z) # 0.
Let f(z) be a finite order transcendental meromorphic solution of difference equation
ar(2)f(z +1) +ao(2) f(2) = F(2). (1.3)
If f(2) and a meromorphic function g(z) share 0, 1, co CM, then one of the following cases holds:
(i) f(z) =g(2);
(i) f(z) +g(z) = f(2)g9(2);
(iii) There exists a polynomial $(z) = az + by such that f(z) =
176/3(2)

1761’07“0 )

Recently, Li and Chen [13] extended polynomial coefficients of the equation (1.3) to rational

1765(2) o
eB(=) (ea0—b0—1)’ g(Z) =

where a (# 0), ag, by are constants with e® # eb.
coefficients, and discussed the case that f(z) and g(z) are both meromorphic solutions of the
same difference equation. In fact, they proved the following theorem.

Theorem 1.6 ([13]) Let Ri(z) # 0, Ra(2), R3(z) # 0 be rational functions, and let f(z) and

g(z) be two finite order transcendental meromorphic solutions of difference equation

Ri(2)f(z+1) + Ra(2) f(2) = Ra(2). (1.4)
If f(z) and g(z) share 0, co CM, then either f(z) = g(z) or f(z) = %((Zg)(e“l“'ao + 1) and
g(z) = 21}{’2((22) (em®#7% 4 1) where ay, ag are constants such that e”% = e** = —1, and the

coefficients of the equation (1.4) satisfy Ri(z)R3(z + 1) = R3(z)Ra(z + 1).

Based on the above results, a natural inquisition would be to investigate the case when the
difference equations (1.2)—(1.4) are replaced by a more general form of the differential-difference
equation with meromorphic coefficients. In this paper, we shall investigate the whole situation,

where the following main result is established.

Theorem 1.7 Let Wi(z), Wa(z), W3(z) be nonzero meromorphic functions such that their
orders of growth are less than one, satisfying Wi(z) + Wa(z) # 0. Let f(z) be a finite order

transcendental meromorphic solution of differential-difference equation
Wi(2)f'(z + 1) + Wa(2) f(2) = Wa(z). (1.5)

If f(2) and a meromorphic function g(z) share 0, 1, co CM, then one of the following cases holds:
(i) f(z) =g(2);
(ii) f(z) +g(z) = f(2)g(2);
(iii) f2(2)(g(2) = 1)* + g*(2)(f(2) = 1) = f(2)g(2)(f(2)g(2) — 1);
(iv) There exists a polynomial ¢©(z) = az + by such that f(z) = W‘:ﬁ)‘)*l)’ g(z) =

1_699(2)

T—eto=ag» Where a (#0), ag, by are constants with e # ebo.

Example 1.8 The finite order transcendental entire function f(z) = e* + 1 is a solution of
differential-difference equation f’(z 4+ 1) — ef(z) = —e. For g;(z) = e* + 1, obviously, ¢1(z) and
f(2) share 0, 1, co CM, satisfying f(z) = g1(z). For g2(2) = e™# 4 1, obviously, g2(z) and f(2)
share 0, 1, oo CM, satisfying f(z) + g2(2) = f(2)g2(2). For g3(z) = e?* + 1, obviously, g3(z)

and f(z) share 1, oo CM. However, none of the four cases in Theorem 1.7 holds. This example
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illustrates that the cases (i), (ii) in Theorem 1.7 may occur and the number of sharing values

cannot be less than 3.

Example 1.9 The finite order transcendental entire function f(z) = 1+
is a solution of differential-difference equation f'(z + 1) + B2 f(z 72 For g(z) = 1 +
e*In2 ezl g(2) and f(2) share 0, 1, co CM, satisfying f2(z )( (2) =12+ 2(2)(f(2) — 1) =
f(2)g(2)(f(2)g(2) — 1). This example illustrates that the case (iii) in Theorem 1.7 may occur.

Example 1.10 The finite order transcendental entire function f(z) = ezﬂ%:ll) is a solution of

differential-difference equation f’(z + 1) + e 1f(z) = e(e 7y~ For g(z) = L—c’"! it is evident
that g(z) and f(z) share 0, 1, co CM. This example illustrates that the case (iv) in Theorem 1.7

l—e—17
may occur.

Example 1.11 The finite order transcendental meromorphic function f(z) = ez+1 is a solution
of differential-difference equation %f’(z +1) — 2f(2) = —1£=. For g(z) = ¢ H , obviously,
g(z) and f(z) share 0, 1, co CM, satistying f(z) = g(z). This example illustrates that the case

(i) in Theorem 1.7 may occur when f(z) is a transcendental meromorphic function.

Remark 1.12 The ideas for this work come from [11,12].

2. Some lemmas
In order to prove our result, we need the following lemmas.

Lemma 2.1 ([12]) Let ¢¥(2) = anz™+an_12""t+--+ag and o(2) = by 2" +bp_12" "L+ +bg
be polynomials, where a,, (#0),an—_1,...,a0, by (£ 0),by_1,...,by are constants, and n (> 1) is
an integer. Then deg(¢(z+1) —¥(2)) = deg(p(z+1) —¢(z)) =n—1 and deg((z+1) + p(2) —
Y(z) —p(z+1)) <n-1

Lemma 2.2 ([17]) Let f(z) be a meromorphic function such that its order of growth o = o(f)

and 0 < 400. Let n be a nonzero constant. Then for each € > 0,

T(r, f(z +m) = T(r, f(2)) + O(r7~1*%).

Lemma 2.3 ([3]) Let f(z), g(z) be nonconstant meromorphic functions, and let the order of
growth of f(z) be o(f), and the lower order of growth of g(z) be u(g). If o(f) < u(g), then

T(r,f)=0{T(r,g9)}, r— 0.

Lemma 2.4 ([3]) Let f;(z)(j =1,2,...,n) be meromorphic functions, and g;(z) (j = 1,2,...,n)
be entire functions, satjsfying the following conditions:

() Y, fi(2)ew) = 0;

(ii) When 1< j <k <mn, g;j(2) — gr(2) is not a constant;

(iii) When1<j<n,1<h<k<n,

T(r, fj) = o{T(r,e" 9%)}, r— o0, r & E,
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where E C (1,00) is of finite logarithmic measure. Then f;(z) =0 (j =1,2,...,n).

3. Proof of Theorem 1.7
Now we give the proof of Theorem 1.7 in this section.

Proof Because of f(z) and g¢(z) sharing 0, 1, co CM and by applying to the second main

theorem for g(z), we get

T(r.9) < Nir.g) + N(r, ) + N, —) + S(r,9)

1
1 1
= N(r, [) +N(Ta?) +N(T7ﬁ) +5(r,9)
< 3T(r, )+ 5(r, 9).
Similarly, we obtain T'(r, f) < 3T'(r,g) + S(r, f). Then S(r,g) = S(r, f) and g(z) is also of finite
order since f(z) is of finite order.
From the condition that f(z) shares 0, 1, co CM with g(z), we see that

9(2) _ )

o : (3.1)
9(z) =1 _ s
e -1 22

where 9(z) and §(z) are nonzero polynomials.
If e¥(2) = 9(2) then from (3.1) and (3.2), we know f(z) = g(z). So the case (i) holds.
If e¥(?) % ¢9(2) then by (3.1) and (3.2), we have
1—ef®)

If 9(z) and 6(z) are nonzero constants such that e¥ # e, then we see that f(2) is a constant
from (3.3). This contradicts that f(z) is transcendental.

Next, suppose that one of ¥(z) and d(z) is not a constant at least. We discuss the following
three cases.

Case 1. Assume that ¢(z) is a constant and d(z) is a nonconstant polynomial. Then we can
let e¥(*) = m(# 0) be a constant.

If m =1, then from (3.1) we know f(z) = g(2). So the case (i) holds.

If m # 1, then we may rewrite (3.3) as

— 9(2)
fe) =S (34)
Differentiating (3.4), we can easily obtain
, 1—e93) =835 (2)(m — e2(3)) — (1 — 2(3))(—ed(2))§(2)
fi(z) = (m — o2 = (m — e6(z))2
_ @5 (2)(e¥® —m+1—eE))  E§(2)(1 —m) (3.5)

(m _ 65(2))2 - (m _ e5(z))2
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Then substituting (3.4) and (3.5) into the equation (1.5), we know
Ura(2)e2GETDF0G) 4 115(2)e23) 4 Uya(2)e®® + Uy (2)e ) = 0, (3.6)
where ho(z) =0 and
Ura(z) =Wa(z) — Ws(2),
Uiz (2) =((1 — m)Wy(2)d' (2 + 1) + 2m(Wa(2) — Wa(z)))e?FFD=0() 4
(mWs(z) — Wg(z))g(é(z%-l)—é(z»’
Ura(2) =((m* — m)W1(2)8' (2 + 1) + 2m(Wa(z) — mWs(2)))e’ =T =0¢) 4
m?(Wa(z) — Ws(2)),
U1(z) =m?*(mWs(z) — Wa(2)).

From Lemma 2.1, we get deg(d(z + 1) — 6(2)) = degd(z) — 1. Because of the order of e?(*)
being of regular growth, then T'(r, e?*+1)=0()) = o{T (1, ()}
According to Lemma 2.3, for j = 1,2, 3,4, we get

T(r,Ur;(2)) = o{T(r, 6‘5(2))}

T(r,U;(2)) = o T(r,e?=F )},

T(r, Urj(2)) = of T(r, X EHD )}
T(r, Urj(2)) = of T(r, e =+ D+ ),

Using Lemma 2.4 on (3.6), we have Uy;(2) =0 (j = 1,2,3,4). By U11(2) = 0 and U4(2) =0,
we obtain m?(m—1)W3(z) = 0. So either m = 0 or m = 1 or W3(2) = 0, which is a contradiction.

Case 2. Assume that 6(z) is a constant and ¢(z) is a nonconstant polynomial. Then we can
let e%(*) =n (#0) be a constant.

If n =1, then from (3.2) we can get f(z) = g(z). So the case (i) holds.

If n # 1, then (3.3) can be rewritten as

1—-n
f(z) = ) — (3.7)
Taking the derivative in both sides of (3.7), we can easily have
1—n (n — 1) (2)e?®)
! _ [
Then substituting (3.7) and (3.8) into the equation (1.5), we obtain
U24(Z)62w(2+1)+w(2) + U23(Z)€2w(z) + U22(Z)ew<z) + U21(Z)eho(2) =0, (3.9)

where ho(z) = 0 and
Usa(z) =W3(2),
Uas(2) =((1 = )Wy (2)Y/ (2 + 1) — 2nWs(z))e GTD—¥(=) ¢
(n—1)Wa(z) — nWB(Z))g(w(erl)fw(Z)),
Usa(2) =((n? — n)(Wi(2)¥' (2 + 1) — 2Wa(2)) + 202 W3 (2))e?GFTD=v() 4 n2Wy(2),
U1 (2) =n?(nWo(z) — Wa(z) — nWs(2)).
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From Lemma 2.1, we see deg(t(z + 1) — 1)(2)) = deg () — 1. Because of the order of e¥(*)
being of regular growth, then T'(r, e?TD=%()) = o{T(r,e¥(*))}.

According to Lemma 2.3, for j = 1,2, 3,4, we can know

T(r, Uss (2)) = ofT(r, ")},
T(r,Usj(2)) = o{T(r,e* =)
T(r,Usj(2)) = O{T(r,e Y(z4+1)—9(2 ))}7
T(r,Usj(2)) = o{T(r, *¥FFDTU))1

Using Lemma 2.4 on (3.9), we have Us;(2) = 0(j = 1,2,3,4). From Uss(z) = 0, we know
Ws5(z) = 0, which is a contradiction.

Case 3. Assume that t(z) and §(z) are nonconstant polynomials satisfying e?(*) # ¢%(2).

Taking the derivative in both sides of (3.3), we can easily have

1—e9) 9@ (2)(e¥(3) — e9(2)) — (1 — 2B)) (¢ (2)e?(*) — §(2)e’(*))

f'(2) :(ew(z) — o)) T (e¥(2) — (2))2
)8 (2) (2 — ¥ ) + (2 — (' (2)e??) — §'(2)e’*))
_ Fo = 65(2))2 . (3.10)
Then substituting (3.3) and (3.10) into the equation (1.5), we can get
ZMk M) =, (3.11)
where
M13(Z) = Wg(Z),
Mlg(z) = WQ(Z) — W?,(Z),
Mll(Z) = Wg(Z),
Mio(z) = Wa(z) — Wa(z),
My(z) = 2(W3(2) — Wa(z)) + Wi(2)(@'(z +1) = &' (2 + 1))
Ms(z) = Wi(2)(6"(z + 1) = ¢'(z + 1)) — 2W3(2)
M7 (2) = Wi ()Y (2 + 1),
Mg(2) = =W (2)¢ (2 + 1),
Ms(z) = =Wi(2)d' (2 + 1),
My(z) = Wi(2)d' (2 + 1)
M;s(z) = =Wa(z),
MQ(Z) = QWQ(Z),
Ml(z) - _WQ(Z)7




338 Hongjin LIN, Junfan CHEN and Shuqing LIN

e Niz(z) = 2¢(2 + 1) +1(2),

Nia(z) =2¢(z + 1) + (2),

N11(2) =26(z + 1) + ¢¥(2),

Nio(z) =26(z 4+ 1) 4+ 4(2),
No(z) =9¢(z+1)+d(z+ 1) + (),
Ng(z) =9(z+ 1)+ 6(z+ 1) + 9(2),
Nz(z) = (2 +1) +9(2),
Ne(z) = (2 +1) +0(2),
N5(z) = 0(z +1) +¢(2),
Ny(z) =6(z+ 1) + (=),
N3(z) = 2¢(z + 1),
No(z) =9¢(z+1) + (=2 + 1),
Ni(z) =26(z +1).

We divide the degrees of the polynomials ¥ (z) and §(z) into the following three cases.
Subcase 3.1. If degy(z) > degd(z) > 1, then by (3.11) we have

U34(Z)62¢(z+1)+w(z) + Ugg(z)ew(z) + Ugg(z)ew(z) + U31(Z)6h0(z) = 0, (312)

where hg(z) =0 and

e Maaa(z) = Mio(2), [ Naga() = 200(z+ 1) = () + 8(2)
Ms33,3(2) = Ms(2), N333(2) =9(2+1) —9(2) +6(2 + 1),
Ms32(2) = Mz(z2), N332(2) = ¢(z+1) — (),
M3z3,1(2) = M3(z), N331(2) = 2(¢(2 + 1) — ¥(2)),
and Ms..5(2) = M11(2), N3 os5(2) =20(z+ 1),
M3 5.4(2) = My(2), N324(2) =9(2+1) —9(2) + (2 + 1) + d(2),
Ms32,3(2) = Mg(2), N323(2) = ¢(2+1) —(z) +6(2),
M3 59(2) = Ms(2), N3o22(2) =0(z+1),
M3z5,1(2) = Ma(2), N3pa(2) =9¢(2+1) —(z) + (2 +1).

From deg(z) > degd(z) and deg(¢(z + 1) — ¢(2)) = deg®(z) — 1, we can obtain deg(¢(z +
1) — (2) +6(2)) < dege(2). Because of the order of e¥(*) and e?(*) being of regular growth,
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then 7T'(r, eé(z)) = of{T(r, e z))} T(r, e (z+1)—v(2) ) = of{T(r, e¥ (2 )} T(r, ew(z+1)—w(z)+6(z+j)) —
o{T(r,e?*))} and T(r,e?ETDHIE)) = o{T(r, ¥} (j = 0,1).

By Lemma 2.3, we have

T(r,Usj(2)) = o{T(r,e*@)},
T(r,Us;(z)) = of{T(r,e WH))}’
T(r,Us;(2)) = of T(r, eI =0)},
T(r,Usj(z)) = of{T'(r, e2¢(2+1)+w<z>)}_

Using Lemma 2.4 on (3.12), we see Us;(2) =0 (j = 1,2,3,4). From Us4(z) = 0, we get W3(z) =0,
which is a contradiction.
Subcase 3.2. If deg d(z) > degt(z) > 1, then (3.11) can be rewritten as

U44(Z)€25(Z+1)+6(z) + U43(Z)€26(Z) + U42(Z)€6(Z) + U41 (Z)eho(z) = 07 (313)

where ho(z) =0 and

Usa(z) = Mio(2),
Uss(2) = Yoy Mug(z)elNoon(e),
Usa(2) = Spy Mo k(2)eNs2r(),
Usi(2) = Myg(2)e2¥GETDHYG) f Mo (2)e¥GHDT0() L My (2)e2¥ 3+
e Mysaz) = Mu(), [ Naga(s) = 200+ 1) - 6(2) + 6(2)
My 33(2) = Mg(2), Niss(z)=0(z+1)—0(2) +¢(2+1)
My 3.2(2) = My(2), Nyso(z) =0(z+1) —0(2),
My 31(2) = My(z), Nisi(z) =2(0(z+1) — (%)),
wnd My 5(2) = Mia(2), Nyos(z) = 2¢(2 + 1),
Ma.4(2) = Ms(2), Napa(z) =06(z+1) = 6(2) +¢(2 + 1) + (),
My 3(2) = Mg(2), Nup23(2) =9(2 + 1),
Ma22(2) = Ms(2), Nig2(2) =6(z+1) = 6(2) + ¥(2),
Myp,1(z) = Ma(z), Nipa(z) =0(z+1) = 6(2) + (2 + 1)

From degd(z) > degt(z) and deg(d(z + 1) — d(z)) = degd(z) — 1, we obtain deg(d(z + 1) —
8(z) +1(z)) < degd(z). Because of the order of e¥(*) and e’(*) being of regular growth, then
T(r, DEHD=5E)Y — of T(r, 5)) Y, T(r, ea<z+1>—6(z>+w(z+j)) — o{T(r, 5D)}, T(r, 20 (+D+0())
o{T(r,e’)} (j =0,1) and T(r,e?¥*)) = o{T(r,e**)}.

According to Lemma 2.3, for j = 1,2, 3,4, we know

T(r,Usj(2)) = o{T(r, e5(z))}
T(r, Usy(2)) = of T(r, e+D)),

T(r,Us;(2)) = o{T(r, e HD=0))}
T(r,Uyj(2)) = o{T(r, G IONY
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Using Lemma 2.4 on (3.13), we get Us;(2) =0(j = 1,2,3,4). From Uy (z) = 0 we have

Vig(2)eGTUHG) Ly (2)e® () =, (3.14)
where

Via(z) =W3(2),
Vin(2) =i () (2 + 1)e D=0 _ 7y () 20D ().

Similar to the previous discussion, for j = 1,2, we can see
T(r,Vaj(2)) = o{T(r,e*EHI=¥()1

Using Lemma 2.4 on (3.14), we get Vi;(2) = 0(j = 1,2). By Via(z) = 0 we know Ws(z) = 0,
which is a contradiction.

Subcase 3.3. If deg §(z) = deg¥)(z) = n > 1, then we can let ¥(2) = a, 2" +a,_12"" 1+ - -+ao,
and 6(2) = b,2" + b, 12" + -+ + by, where a,, (# 0),an_1,...,00,bn (# 0),bp_1,...,by are
constants.

Subcase 3.3.1. If a,, # by, an # 2bn, 2a, # by, 3a, # 2b,, and 2a,, # 3b,, then (3.11) can

be rewritten as

i: e =0, (3.15)
where
Us7(z) =Mio(2),
Use(2) =Mi3(z
U:Ez; :M1?EZ;;2(§(z+1)6(z))+ hs7(z) = 26(z + 1) + 6(2),
My (2)e? GHD=#()+5(4+1)=5(2) Zse(Z) 20(z + 1) + ¥(z),
Usa(z) =My (z)e2@EHD—9(2) h55(2) 20(2) + ¥(2),
My (2) b HD =) +o(41)=3(2), 54(2) = 2¢(2) +0(2),
Uss(2) =Mq(2)e?FHD70) 4 My (z)e? (D=0 hss(2) = 20(2),
Usa(2) =Mg(2)e?GTD V) 4 My (2)ed D004 hsa(2) = ¥(2) +4(2),
Mo (2)e HD=$()+0(+1)=0(2), hs1(z) = 20(z).
Us1(2) :M4(Z)65(z+1)*6(z) + Ml(z)62(§(z+1)—5(z))7

From a,, # by, an # 2b,, 2a, # by, 3a, # 2b,, and 2a,, # 3b,, we have
deg(20(z+1)+0(2) —2¢(2+ 1) —¥(2)) = deg(26(z + 1) — §(z) — ¥(2))
=deg(0(z +1) = ¢(2)) = deg(20(z + 1) + (2) — 2¢(2)) = deg(26(z + 1) — ¥(2))
= deg(20(z +1) — 0(2)) = deg(v(z + 1) — 8(2)) = deg(2¢(z + 1) — ¥(2) - 5(2))
= deg(2¢(z + 1) — 9(2)) = deg(2¢(z + 1) — 6(2))
=deg(2¢(z 4+ 1) + ¥(2) — 2§(z)) = degd(z) = deg(z) =
According to Lemma 2.1, we get deg(v(z + 1) — 9(z)) = deg(d(z + 1) — d(2)) = n— 1 and
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deg(v(z+1)
T(r,Usj(2)) =
T(r,Us;(2)) =
T(r,Usj(z)) =
T(r,Usj(2)) =
T(r,Usj(2)) =
T(r,Us;(2)) =

T(r,Usj(z)) =

Using Lemma 2.4 on (3.15), we get Us;(2)

—(z)+0(2+1)
o{T(r, p20(z+1)+8(2)— Qw(erl)*d)(z))}’ (r,
o{T(r,e 20(z+1)—6(2)— ¢(Z))} T(r, U5](Z))
o{T(r, X+ D+3()=20(2) )1 T(r,Usj(2)) =
o{T(r, 2V T —¥()=3()y T(r,Us;(2)) =
o{T(r,e?¥=H—v())1 T(r,Us;(2)) =
o{T(r,e 2¢(2+1)+¢(2)— 26(2))} T(r, U5J(z))
o T(r, e*)}.

W3(z) = 0, which is a contradiction.
Subcase 3.3.2. If a,, = 2b,,, then (3.11) can be rewritten as

=0(j =1,2,3,4,5,6,7).

—40(z)) <n—1. By Lemma 2.3, for j = 1,2,3,4,5,6,7, we obtain

ofT ( o= 5(2))}
o{T(r, e 6(241)— w(z>)}
of T(r,e?ETH=0B)y,
o{T(r,e?¥

(r,

o{T

(2+1)—0(= ))}
N},

b

From Usg(z) = 0 we see

25: )ehei =) =, (3.16)
where
Uss(2) = Mas(2),
Usa(2) = Yoy Mg ai(2)eNean(),
Uss(2) = Mia(2)e2WEHD)=%() 4 Mg (z)e? GHD—9(2)+3(+1)—0(2)
Usa(2) = ey Moz (2)eNo2+(2),
Ust (2) = Ma(2)edEHD=8() 4 M, (2)e2((+D=0(2),
and
hes(2) = 20(z + 1) + ¥(2),
hea(z) = 20(2) + ¥(2),
hes(2) = 2¢(2) +4(2),
he2(2) = 1(2) +6(z),
he1(z) = 20(z),
where
Mg a.4(2) = M1 (2), Ne,4(2) = 2(6(z +1) — 6(2)),
Mga,3(2) = My(2), Neas(z) =0(z+1) = 6(2) + (2 + 1) — ¥(2),
Me,1,2(2) = M7(z), Noaz2(2) = ¢(2 +1) — 26(2),
Meg.a1(2) = Ms(z), Neai1(z) =2¢(z+1) —(z) — 20(2),
and
Ms.2.4(2) = Mao(2), No2a(z) =20(z+ 1) — ¢(2),
Mg 2,3(2) = Ms(2), Ne2,3(2) = ¢(z +1) —¢(2),
Me2.2(2) = Ms(2), No22(2) =0(z+1) —d(2),
Ms2,1(2) = Ma(z), Ne2,1(2) =6(z+1) —0(2) +¥(z + 1) —¢(2).




342 Hongjin LIN, Junfan CHEN and Shuqing LIN

From a,, = 2b,,, we know

deg(¢p(z +1) = 6(2)) = deg(2¢(z + 1) — ¥(2) — 6(2)) = deg(2¢(z + 1) — (2))
=deg(2¢(z 4+ 1) + ¢(2) — 20(2)) = degd(z) = deg(z) =n

According to Lemma 2.1, we get deg((z + 1) — 9(z)) = deg(d(z + 1) — 6(2)) = deg(¢p(z + 1) —
Y(z)+(z+1)—6(2)) =n—1and deg(vp(z+1) —20(2)) = deg(2¢(z+1) —(2) —26(2)) < n—1.
By Lemma 2.3, for j = 1,2,3,4,5, we obtain

T(r,Us;(2)) = of T(r, eV ETDTENY T (r,Ugj(2)) = of T(r, 2V HD 7020

T(r, Usj(2)) = o{ T(r, 2V O} T(r, Usj(2)) = of T(r, 2V EHDHHE =200y

T(r,Us;(2)) = o{T(r,e**))}, T(r,Us;(2)) = o{T(r,e?™)}.
Using Lemma 2.4 on (3.16), we have Us;j(2) =0(j =

Ws5(z) = 0, which is a contradiction.
Subcase 3.3.3. If 2a,, = by, then we can rewrite (3.11) as

5
Z )ehi () =, (3.17)

Jj=1,2,3,4,5). Because of Ugs(z) = 0, we see

where
Urs(2) = Myo(2), .
(2)e2(0(=41)=0(2)) 4.
My (2)e?(FHD)=w(z)+0(=+1)=d(2)
Urs(2) = My (2)e?GHD=v() 4 My (z)e2((+D)-v(2)

Ura(2) = SSh_, My o p(2)eNr2n(2), haa(z) = ¢(2) + 6(2),
Uni(2) = Sp_y My p(2)eNT1r(), hr1(z) = 26(2),
where
Mz 2,4(2) = Mg(2), Nr24(2) = ¢(2 +1) = ¥(2),
Mz 2,5(2) = Ms(2), N723(2) =6(2+1) — (),
Mz 25(2) = Ma(2), Nroo(z) = (2 4+ 1) —p(2) +6(z + 1) — 6(2),
Mz 2,1(2) = Mi3(2), Nr21(2) = 2¢(2 +1) = 6(2),
and
Mz 1.4(2) = My(z), N7z14(2) =0(z+1) —6(2),
Mz15(2) = Mi(2), Nr713(2) =2(6(2 + 1) — 6(2)),
Mz 1 2(2) = Mi2(2), Nz12(2) =2¢(z+1) —d(2),
Mz14(2) = Ms(z), N7ia(2) =¢(z+1) +6(z + 1) +1(2) — 26(2).

From 2a,, = b,, we see
deg(26(z + 1) —d(z) —¥(2)) = deg(20(z + 1) + d(2) — 2¢(2)) = deg(20(z + 1) — ¥(2))
= deg(26(z + 1) — 6(2)) = degd(z) = degv(z) = deg(v(z) — 6(2)) =
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According to Lemma 2.1, we have deg(¢(z+ 1) —¢(2)) = deg(d(z+ 1) — 0(2)) = deg(vo(z + 1) —
P(2)+0(z+1)—0(2)) =n—1and deg(2¢(z+1) —0(2)) = deg(¢(z+1)+¢(2)+5(2+1)—2(2)) <
n — 1. By Lemma 2.3, for j = 1,2, 3,4,5, we obtain

T(r, Urj(2)) = o{ T(r, X D@ =VEN L - D, Uy (2)) = of T(r, 2 GHDHE 200
T(r,Urj(2)) = o T(r, e =FD V), T(r, Urj(2)) = of T(r, P HD=0()) )
T(r,Ur;(2)) = of T(r, ")}, T(r,Uz;(2)) = o{T(r, )},

T(r,Usr;(2)) = o T(r,e? &2},

Using Lemma 2.4 on (3.17), we know Uz;(2) =0(j = 1,2,3,4,5). From Uzs(z) =0, Uzra(2) =0,

and Uzs(z) = 0, we see

Wi(2)Y'(z + 1)6¢(Z+1)7w(2) _ Wg(z)eQW(z“)“”(z)) =0, (3.18)
4
> My p(z)eN2+ ) =0, (3.19)

If n > 2, then (2 +1) —¢(2) =n—1>1. So T(r, Wi (2)¢' (2 + 1)) = o{T(r, TV =¥())} and
T(r,Wa(2)) = o{T(r,e?E+tD=¥())1 Using Lemma 2.4 on (3.18), we obtain Ws(z ) = 0, which
is a contradiction. Hence n = 1.

We can let (z) = az + ap and §(z) = 2az + by, where a (# 0), ag, by are constants. Now
(3.18) and (3.19) can be rewritten as

Wi (2)ae® — Wa(2)e** =0, (3.21)
—Wi(2)ae® — 2W1(2)ae®® + 2Wy(2)e3® + Wy(z)e2et2e0—bo — (3.22)

This together with (3.20) gives that
2 Wy (z)(e?®0~ % — 1) = 0. (3.23)

If e20=b0 = 1, then €9(*) = €2¥(*). Thus combining (3.1) with (3.2), we have gz(z) = gl2)-1
that is,

(f(2)g(2) = (f(2) + 9(2)))(f(2) — g(2)) = 0.
So either f(z) = g(z) or f(z) + g(z) = f(2)g(z). This proves that either the case (i) or the case
(ii) holds.
If e290=b0 =£ 1, then from (3.23), we know Wy(z) = 0, which is a contradiction.
Subcase 3.3.4. If 2a,, = 3b,,, then (3.11) can be rewritten as

6
Z Jelsi(2) =, (3.24)
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where

Use(2) =Mi3(z),

Uss(2) =My (2)e20GE+D=0() ¢
My(z)e? D=V EHIEHD=00), hs(2) = 2= +1) +¥(2),

Usa(z) =My (z)e2@EHD—9(2) hss(2) = 26(2) + (2),
Mg (z)e?GH =1 () +8(z41)=8(2) hss(z) = 24p(2) + 6(2),

Uss(z) =Mz( )e? GTD—v(2) 4 M3(2)62(w(z+1)—w(2))+ hgs(z) = 2ip(z),
My(z)e?FHIHOE)=20(), hsa(2) = ¥(2) +6(2),

Usa(2) =Mg(2)e? FFD=YE) 4 £y (2)ed =D =00) 4 hsi(2) = 26(2)
M2(Z)ew(z—H)—w(z)+6(z+1)—6(z)7

Us1(2) :M4(Z)66(Z+1)—6(Z) + Ml(z)e2(6(Z+1)—6(Z)),

From 2a,, = 3b,,, we know

deg(¥(z +1) = 6(2)) = deg(2¢(z + 1) — ¢(2) — 6(2)) = deg(2¢(z + 1) — ¥(2))
= deg(2¢(z + 1) — 6(2)) = deg(2¢(z + 1) + ¥(2) — 20(2)) = deg(26(z) — ¥ (2))
=degd(z) =degv(z) =n
According to Lemma 2.1, we get deg(1(z + 1) — 9(2)) = deg(d(z + 1) — 6(2)) = deg(¢p(z + 1) —
P(z)+0(z+1)—6(2)) =n—1and deg(26(z+ 1) + () — 2¢(z)) < n— 1. From Lemma 2.3, for
7=1,2,3,4,5,6, we have

T(r,Usj(2)) = o{T(r, e¢(z+1)*5(z))} T(r,Us;(2)) = o{T(r, 621/)(z+1)7¢(z)75(z))}’
T(r,Us;(z))=o{T(r, e2¥(z+1)— )}, T(r,Us;(2)) = o{T(r, 62¢(Z+1)*5(Z))}’
T(r,Usj(2)) = o{T(r, € (Z+1)+¢(z)—26(z))}7 T(r,Usj(2)) = of T(r, ™)},
T(r,Us;(2)) = of{T(r, 626(2)_w(2))}, T(r,Us;(2)) = o{T(r, ew(Z))}

Using Lemma 2.4 on (3.24), we obtain Ug;j(z) = 0(j = 1,2,3,4,5,6). From Ugs(z) = 0 we see

W3(z) = 0, which is a contradiction.
Subcase 3.3.5. If 3a,, = 2b,, then (3.11) can be rewritten as

6
Z )ehoi () =, (3.25)

where

POCED =) L o ()b GHD—9()+5(+1)—3(2),

ot

I

I

=

—
—~ o~

N
— ~— ~~—

2@ (z+1) =1 (2)) + Mg(z)e ¢(Z+1)*¢(Z)+5(Z+1)*5(2)’
V)Y (2 )+M3( Je 2(Pp(z+1)—(z ))’

)

(2)
(2)eP AN V) 4 M (2)e8AD=8) 4 py () eV (+HD V() +o(+1)=0(2)
( )eé(z+1)—6(z) +M1(Z)e2(6(z+1)—6(z)) +M13(Z)eQw(z-l—l)-l—w(z)—Qé(z)’
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and hos(z) = 20(z + 1) 4+ 0(2),
hos(2) = 20(2) +¥(z),
hoa(z) = 2¢(2) + 6(2),
hos(z) = 2¢(2),
hoa(2) = ¥(2) +6(2),
ho1(z) = 26(z2).

Because of 3a,, = 2b,,, we see
deg(20(z+1) —d(2) —¥(2)) = deg(d(z+ 1) — 1(2)) = deg(20(z + 1) 4+ 6(2) — 2¢(z))
=deg(20(z+ 1) —9¥(z)) = deg(20(z + 1) — 6(2)) = deg §(z) = deg(2)
— deg(20(2) — 6(2) = n.
According to Lemma 2.1, we get deg((z + 1) — 1(z)) = deg(d(z + 1) — 6(2)) = deg(v(z + 1) —

Y(z)+d(z+1)—0d(2)) =n—1 and deg(2¢(z + 1) + ¥(2) — 20(2)) < n — 1. By Lemma 2.3, for
j=1,2,3,4,5,6, we obtain

T(r,Ug;(2)) = o{T(r, 626(z+1)*6(z)*¢(z))}’ T(r, Ug;(2)) = o{T(r, 66(z+1)7w(z))}
T(r, Uy (2)) = of T, eCHDHE-20CN ) Ti(r, Uy (2) = of T, 2D}
T(r,Ugj(2)) = o{T(r, 626(Z+1)_6(Z))}, T(r, Usj(2)) = o{T(r, eé(z))}7
T(r,Ug;(2)) = of T(r, e ™)}, T(r,Uy;(2)) = o T(r, )}

Using Lemma 2.4 on (3.25), we have Ug;(z) =0(j = 1,2, 3,4,5,6). From Ug3(z) =0, Ug1(2) =0,

Ugs(z) = 0, and Ugg(z) = 0, we see

Wi(2)Y'(z + 1)6’”(2‘“)*“2‘) _ WZ(Z)QQW(ZH)*WZ)) =0, (3.26)

Wl(z)§’(z + 1)66(z+1)75(z) — Wy (2)62(5(z+1)75(z)) + Ws (Z)e2w(z+1)+w(z)725(z) _ 0’ (327)
My (2)e2OGEHD=0) 4 pp, ()¢ (=)= H0(=+1)=0() _ (3.28)

WQ(Z) — Wg(z) =0. (329)

If n > 2, then ¢(z4+1) —9(2) =n—1> 1. So T(r, W1 (2)¢' (2 + 1)) = o{T(r,e?Z+D=¥())} and
T(r,Wa(2)) = o{T(r,e?TD=¥())}. Using Lemma 2.4 on (3.26), we get Wa(z) = 0, which is a
contradiction. Hence n = 1.

We may let ¢(z) = 2az + ag and 6(z) = az + by, where a (# 0), ao, by are constants. Now
we rewrite (3.26)—(3.28) as

2 2 4
Wl(z)gaeia — Wh(2)ez® =0, (3.30)
Wi (2)ae® — Wa(2)e2® + Ws(z)es @302k — o (3.31)
2 5
Wa(2)e?® + (2W3(2) — Wi(2)a + Wi (2)=a — 2Wa(2))e3® = 0. (3.32)

3
By (3.29), (3.30) and (3.32), we get
et = 8. (3.33)
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From (3.29)—(3.31), we have
e%“Wg(Z)(ge%a — €3 4 ¢Bao—2b0) =, (3.34)
Substituting (3.33) into (3.34), we obtain
24y (2) (=1 + e3a0=200) — . (3.35)

If e300=200 — 1 then €2°(*) = ¢3¥(*). Thus combining (3.1) with (3.2), we get )gcz(é; = g?gzgjgz
So

[F2(2)(9(2) = 1)* + g*(2)(f(2) = 1)* = f(2)9(2) (£ (2)9(2) = D](f(2) = g(2)) = 0,
that is, f(z) = g(2) or f2(2)(9(2) — 1)* + g*(2)(f(2) — 1)? = f(2)g(2)(f(2)g(2) — 1). Therefore,
either the case (i) or the case (iii) holds.
If e370=2%0 £ 1 then from (3.35) we obtain W5(2) = 0, which is a contradiction.
Subcase 3.3.6. If a,, = by, then (3.11) can be rewritten as

U1072(Z)626(Z+1)+6(z) + U1071(Z)65(z)+w(z+1) -0, (3.36)
where
{ Uio2(2) = 22:1 Mig o,k (z)eN020(2)
Uio,1(2) = Zzzl Mg 1,5 (2)eN01x(2),
where
Mio2,6(2) = Miz(z), Nioz2,6(2) =2(¢(2 +1) = 0(z + 1)) + ¢(2) — 6(2),
Mio2,5(2) = Mia(2), Nio25(2) =2(¥(2 +1) — 6(z + 1)),
Mio2,4(2) = Mii(2), Nio2,4(2) = ¥(z) — 6(2),
Mo 2,3(2) = Mio(2), Nio,2,3(2) =0,
Mio2,2(2) = My(2), Niop22(2) =¢(z +1) = (2 + 1),
Mio,2,1(2) = Ms(2), Nioz2,1(2) =¢(z+1) = 6(z+ 1) +¥(2) — 6(2),
and
Mio,7(2) = Mr(2), Nio1,7(2) = (z) = 6(2),
Mio,6(2) = Mg(2), Nio,1,6(2) =0,
Mio,1,5(2) = Ms(2), Nio,5(2) =(z) —¥(2 +1) + (2 + 1) — 6(2),
Mio,1,4(2) = My(2), Nio,1,4(2) = 0(2 +1) = (2 + 1),
Mio,1,3(2) = M3(2), Nio,1,3(2) = ¢(z + 1) — (),
Mio1.2(2) = Ma(2), Nig12(z) =0(z+1) —d(2),
Mio1,1(2) = Mi(2), Nioaa(z) =26(z +1) = 6(2) —¥(z +1).

According to Lemma 2.1 and a,, = b, we know deg(¢(z+ 1) —¢(2) +d(z+ 1) = 6(2)) =n — 1,
deg(20(2 + 1) — (2 + 1)) = n, deg(¥(z +14) — (2 +j)) <n—1(i,j = 0,1), deg(26(2 + 1) —
§(z) —(z+1)) <n—1and deg(¢p(z + 1) = d(z+ 1) —¢(2) + 6(2)) < n — 1. From Lemma 2.3,
for j = 1,2, we have

T(r,Uro;(2)) = o{T(r,e20G+D=v+
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Using Lemma 2.4 on (3.36), we get Uyg j(2) =0(j = 1,2). Because of Ujp,1(2) =0, we know
7
Z Mg, (2)eMNon+3) = . (3.37)
k=1

If degi(z) =n > 2, then deg(¢p(z + 1) —¢¥(2)) =n—1> 1.
If deg(v)(z +1i) — 6(z 4+ 5)) <n—2(i,j = 0,1), then by Lemma 2.3, T(r,e?(>+)=0(z+7)) =
o{T(r, 66(z+1)*5(z))}(2"j =0,1), T(r, 66(z+1)76(z)71p(z+1)+¢(z)) = o{T(r, 65(z+1)76(z))}’ More-

over, we can rewrite (3.37) as
‘/‘10,2(2)65(Z+1)76(Z) -+ V1071(Z)eh0(z) =0, (338)

where ho(z) =0 and

V1072(Z) = Ml(Z)eé(z_H)_d}(z_H) + MQ(Z),
Vioa(z) = Zzzl Kio1,5(z)elronr(z)]

where
Ki0,1,5(2) = Mz(2), Lio,1,5(2) = ¥(z) = 6(2),
Ki0,1,4(2) = Me(2), Lio1,4(2) =0,
Ki0,1,3(2) = M5(2), Lip13(2) =d0(z+1) =6(2) +¥(2) —¢(z + 1),
Ki0,1,2(2) = My(2), Lyo12(2) =0(z+ 1) —9(z + 1),
Ki0,1,1(2) = M3(2), Lio,1(2) = ¢(z+1) —6(2)
According to Lemma 2.4 and (3.38), we know Vig j(2) =0(j = 1,2). By Vig2(2) =0, we get

(=Wa(2)e? A ¥ (EHD=0(2) 4 oy, () = 0. (3.39)

Similarly to the previous discussion, using Lemma 2.4 on (3.39), we have W5(z) = 0, which is a
contradiction.

If deg(¢)(z +1i) — (2 +j)) =n—1(i,j = 0,1), then from (3.37) and Lemma 2.4, we deduce
Wa(z) = 0, which is a contradiction. Hence n = 1.

We may let ¢(z) = az + ag and 6(z) = az + by, where a (# 0), ap and by are constants such
that e % £ 1. By (3.3), we know

1—ef®) 1—ef® 1—ef®
f(z) = () — eb(x) 82 (e¥()8() — 1)  ed(x)(em—bo — 1)’

From (3.1), we see
(1 — 52 1 _ e8) 1 — ¢8(2)

— o¥(®) - — -
9(z) = "7 f(z) = eV(2) — 8(z) T 1 — d(2)—¥(2) T 1 — egbo—ao"

So the case (iv) holds.
This completes the proof of Theorem 1.7. O
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