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Abstract In this paper, we study the finite rank product, commutators and semi-commutators
of little-Hankel operators with quasihomogeneous symbols on the cutoff harmonic Bergman s-
pace b2. We obtain the conclusions that the commutator and semi-commutator of little-Hankel
operators with qusihomogeneous symbols are finite rank operators.
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1. Introduction

Let D be the open unit disk in the complex plane C' and dA be the normalized area measure
on D. L*(D,dA) is the Hilbert space of Lebesgue square integrable functions with respect to
dA on D with the inner product

(f.9) = /D F(2)3(2)dA2).

The classical Bergman space L2 consists of all L2-holomorphic functions on D. It is a reproducing
function space with reproducing kernel

1

K. (w) = A—zw)2’

z,w € D.

Harmonic Bergman space L3 (D) is the closed subspace of L?(D,dA) consisting of the harmonic

functions on D. It is clear that

Li(D) = L3(D) + 2L%(D).
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Moreover, L%L is a reproducing space, and its reproducing kernel is denoted by R, (w). From the
above relationship, we have
R.(w) = K,(w) + K,(w) — 1.

For a fixed positive integer n, it is clear that {Z,z%,...,2"} C 2L2. We define
Wn = {27227 e 72”}\/7

in which {-}V denotes the linear closed space spanned by {-}. The cutoff harmonic Bergman

space b2 is defined by
=LEPW.. (1.1)

From the relationship of (1.1), we know that b2 is a reproducing Hilbert space, and its kernel

is denoted by Rg"), and given by
R(" = )+ Z i+1)(zw)

Let P denote the orthogonal projection from L?(D) onto LZ(D). Then for any f € L?(D)

Pf(z) = (f, K>.).
Let @ be the orthogonal projection from L?(D) onto LZ (D). Then

Qf(z) = (f,R.), V[felL”

Let P, denote the orthogonal projection from L?(D) onto W,,, and Q,, = P& P, be the pro-
jection from L?(D) onto b2. It is clear that

Qnf(z) = (f,RM), Vfe L*D).

Let U : L?(D,dA) — L?*(D,dA) be the unitary operator defined by U f(z) = f(z), where f
belongs to L?(D,dA). For ¢ € L>=(D), the little-Hankel operator h,, : b2 — b2 with symbol ¢
is defined by

hof(2) = QuU(pf) = / F(@)o(@) R (w)d A(w).

In the classical Hardy space H%(T'), Brown and Halmos [1] proved that if 74T, = 0, then
either f or g must be identically zero. In the Bergman space, Ahern and Cuckovié [2] obtained
the result is analogous to Brown and Halmos’s result about two Toeplitz operators with harmonic
symbols. Furthermore, it was shown in [3] that if T;T, = 0, where f is arbitrary bounded and g
is radial, then either f =0 or ¢ = 0. Those zero product results have been generalized to finite
rank product result in [4]. Cuckovié and Louhichi characterized finite rank product of several
quasihomogeneous Toeplitz operators on the Bergman space of the unit disk in [5]. Moreover,
Yang and Lu [6, 7] studied finite rank product of quasihomogeneous Toeplitz operators on the
harmonic Bergman space and cutoff harmonic Bergman space, respectively.

For the finite-rank commutator or semi-commutator problems, Axler [8] and Ding [9] have
solved it on the Hardy space. On the Bergman space the problem seems to be far from solution.

On the Bergman space of the unit disk, Guo, Sun and Zheng [10] completely characterized the
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finite rank commutator and semi-commutator of two Toeplitz operators with bounded harmonic
symbols. Ding [11] characterized the finite rank commutators of Toeplitz operator with bounded
harmonic symbols on the cutoff harmonic Bergman space.

For the Hankel operator and little-Hankel operator, many researchers have studied them and
have obtained many results for them [12-16].

For two little-Hankel operators h, and hy, the commutator and semi-commutator are defined
by

(s hp) = hohy — hophg, (R, Bg] = hey — By
In this paper, we mainly study the commutators and semi-commutators of little-Hankel

operators with quasihomogeneous symbols. Meanwhile, the zero-product problem for little-

Hankel operators is also discussed.

2. Preliminaries

It is necessary to introduce the Mellin transform of the tradial function before we state our

works.

Definition 2.1 Let ¢ € L([0,1],rdr). The Mellin transform ¢ of a function ¢ is defined by

2 = [ o(rrar

It is clear that ¢ is well defined on the right half-plane {z : Re z > 2} and analytic on {z : Re z >

2}.
Let p € Z, ¢ € L*(D,dA) is called a quasihomogeneous function of degree p if ¢ has the

expression as below
p(re') =™ f(r),

where f is a radial function. The main reason for studying Toeplitz operators with quasihomo-

geneous symbols is that any function f in L?(D,dA) has the polar decomposition
fre®) =) ™ fi(r),
kez

where fj, are radial functions in L2([0, 1], rdr).

Lemma 2.2 Let p > 0 and ¢ be a bounded radial function. Then we have

(1) For hgipe (%)

If p >n,

heivo ,(2%) =0, Vk > 0.
Ifp <n,
X 2k +p+1)P(2k +p+2)2k*P 0<k <n-—p,
heip(?(p(z ) -
07 k >n—p.
(2) For hy-ie,(2")
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2(p —k+1)@(p+2)2P 7", 0<k<p,
he-inop(2) = 2(k —p+ 1)P2k —p+2)Z* P, p<k<p+n,
0, k>p+n.

(3) For heipew(zk)
Ifp > n,
0, 1<k<p-—n,
heino 5 () = ~ =rspen
2p—k+1)p(p+2)zP7* p-n<k<n.

Ifp<n,

heipesa (fk) =

2(p—k+1)@(p+2)z" 7", 1<k<p,
2k —p+1)p(2k —p+2)zFP, p<k<n.

(4) For h-io,(Z")

he-ivo o (Z°) = 2(k + p+ 1)@(2k +p + 2)2"7, V1 <k <n.

3. Finite rank product of little-Hankle operators

We will discuss the finite rank product of little-Hankel operators with quasihomogeneous

symbols in this section.

Theorem 3.1 Let p1,...,pm € Z7|J{0} and ¢1,...,om be bounded radial functions. Then
heivmog,, -+ heinyoy,, is the finite rank operator.
Proof We denote by S the product of little-Hankel operators heivmo, , « -« heirroy,, -

For any z¥ € b2 (1 < k < n), it is clear that {S(z*)|1 < k < n} has finite rank, and its rank
is less than n.

For {S(z*) : k > 0}, by Lemma 2.4 we know that

(1) Whenpy +po+-+pn<nand 0<k<n-—(p1+p2+- -+ pm), we have

S(*) Zheirmo,, - heinog, ()
=2k +p1+ - pm+ D)Pm(2k +2p1 + -+ 2py—1 + P +2) -
2(k 4+ p1 + 1)@1(2k + py + 2)gF TPt P,
(2) For the other cases S(2*) = 0.
From above tow cases, we obtain that
{S(z") k>0 C{S("):0<k<n—(p1+pat - +pm)pr+p2t-+pm <n}
— span{ZEPPE AP 0 <k <n (pr 4 pa e+ p)),

this means the rank of {S(z*) : k > 0} is at most equal to n. So we know that the rank of S
must be finite. O
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Corollary 3.2 Letps,...,pm € Z and @1, ..., o, be bounded radial functions. Then h,—ipe

he-ivi6,, must have the finite rank on b2.

4. Finite rank Commutator
In this section, we investigate the commutator [Aire,, heisoy] and [heive,, he—isoy].

Theorem 4.1 Let p,s be non-negative integers and at least one of them is nonzero. For any
integrable radial functions ¢ and v such that heie, and heise,, are bounded operators, the
commutators [Neips,, heizo,] must be finite rank on b%. Especially, if p and s satisfy one of the

next conditions:
(1) s>2n,p>2n;
(2) s>2n,n<p<2n,s—p>n-—1;
(3) s>2n,p<n;
(4) p>2n,s<p<2n,p—s>n-—1;
(5) p>2n,s<n,
the operators heivo,, and heise,, are commutable.
Proof Let S denote the commutator [hipe, heiso,], by direct calculation we have

(1) fs>n, p>n,

S(z¥) =0, Vk>0.

(2) Ifs>n,p<n,s—p>n,

0, 0<k<s—mn-—p,
S(2F) = —2(k+p+1)2(3—k—p+1)@(2k+p+2)$(5+2)zs_k_p, s—n—p<k<n-np,
0, k>n—p.

(3) Ifs>n,p<n,s—p<n,

2k +p+ 125 —k—p+ 1Pk +p+2)P(s +2)2°F P 0<k<n-—p,
07 k>7’l—p

4) Ifs<n,p>n,p—s>n,

0, 0<k<p—n-s,
SEF) =S2k+s+120p—k—s+ D)0k +s+2)P(p+2)22 k5 p-n-s<k<n-—s,
0, k>n-—s.

(5) Ifs<n,p>n,p—s<n,

S(H) {2(k+s+ D2(p—k—s+ D)2k +s+2)p(p+2)z P, 0<k<n-—s,
z =
0, k>n-—s.

om "



386

6) fs<n,p<n,p>s,p—s>n—p,

(7) IfSSnvanap>Sap_S§n_p7

(8) IfSS’anSnapSSa 3_p§n_37

9) Ifs<n,p<n,p<s, s—p<n-—s,

By the above expressions, we have

1)

(2)

2k +s+1)20p—k—s+ 12k + s+ 2)@(p + 2)zPF—*
—2k+p+1)2(k+p—s+1)P(2k+p+ 2)%(2k + 2p — s 4+ 2)2F TP s,
S(2%) = {20k + s+ 1)2(p — k — s + )D(2k + s + 2)5(p + 2)77F %,

2k +s+1)2(k+s—p+ 12k + s + 2)F(2k 4 25 — p 4 2)2F 7P,

0,

0,

0,

0,

If s>n, p>n,

If s>n, p<n,

If s>n, p<n,

If s<mn, p>n,

S(2%) Cspan{z' : 0 <1 < p — s} Uspan{z!

If s<n, p>n,
If s<n,
If s<m,

S(2*) Cspan{z' : 0 <1 < p — s} Uspan{z!

2k +s+1)2(0p — k — s+ 1)P(2k + s + 2)F(p + 2)z~F~*
—2k+p+1)2k+p—s+1)P(2k +p+2)d(2k + 2p — s + 2)2F TP,
S( ky )2k +s+1)2(k+5—p+ 1)P(2k + s + 2)P(2k + 25 — p + 2)2F P
) = —2k+p+ 12k +p—s+1)P2k+p+2)%(2k + 2p — s + 2) 5P,
2k +s+1)2(k+5—p+1)P(2k + s + 2)P(2k + 25 — p + 2)2F+5 7P,

2k+s+1)2(k+s—p+ D)P(2k + s+ 2)B(2k + 25 — p + 2)2F TP
—2(k+p+1)2(s —k —p+ 1)B2k +p+ 2)D(s + 2)7°F?,
S(2%) = { —2(k+p+1)2(s — k — p+ DB2k + p + 2)0(s + 2)z°F 7,
—2k+p+1)2k+p—s+1)P(2k+p+2)%(2k + 2p — s 4+ 2)2F TP 5,

2k +s+12k+s—p+ D)2k + s + 2)P(2k + 25 — p + 2)zF P

—2(k+p+1)2(s — k —p+ DBk +p + 2)d(s + 2)7° 7P,

S(zk) 2kt s+1)2k+s—p+ 1Pk + 5+ 2)@(2k + 25 — p+2)2F TP
—2k+p+1)2k+p—s+1DF2k+p+2)(2k +2p — s +2)28tP—s,

—2k+p+1)2k+p—s+1)P2k +p+2)d(2k + 2p — s + 2)2FTPs,

S(z¥) =0, Yk >0.
S(z*) Cspan{z' : s —n <1 < n}.
S(z*) Cspan{z' : s —n <1< s—p}.
S(2%) Cspan{z' : p —n <1< n}.

S(z*) Cspan{z' : p—n <1< p—s}.

p<n,p>s, p—Ss>n—p,

p<n,p>s, p—s<n—p,

Jingyu YANG, Yufeng LU and Huo TANG

0<k<n-p,
n—-p<k<p-s,
p—s<k<n-—s,
k>mn—s.

0<k<p—s,

p—s<k<n-—p,
n—p<k<n-—s,
k>n—s.

0<k<n-—s,
n—s<k<s—p,
s—p<k<n-—p,
k>n—p.

0<k<s—p,

s—p<k<n-—s,
n—s<k<n-—p,
k>n—p.

:0<i<n—s}

:0<i<n—s}h
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8) Ifs<mn,p<n,p<s, s—p<n-—s,
S(zk) Qspan{fl 0<I< s—p}Uspan{zl :0<l<n-—p}
9) Ifs<n,p<n,p<s, s—p<n-—s,
S(zk) Qspan{fl 0<I< s—p}Uspan{zl :0<l<n-—p}

From these we know that {S(z*) : k& > 0} must have finite rank, especially, when s > n,p > n
the rank of {S(2*) : k > 0} is equal to zero.

Next, we give the expression of S(z¥). Firstly, we give the expressions of heinLpheisew(zk)
and heisoyheive ,(ZF) as below.

Casel. s>n, p>n

(1) If s > 2n,

Reino yheisoy(Z¥) =0, V1 <k <n.
(2) Ifp>s, p—s+k>n,
heins pheisoy(Z7) =0, V1 <k <n.
(3) Ifp>s, p—s+k<n,
< _
PrsshenslZ) = {; 2o s 4 D4 DBl o S,
(4) Ifn<p<s,
< _
ey () = {g(s —k+1)2(p— s+ k+ 1)0(s + 2)H(p + 2)2PHE, i _ : ; Z < :Ll
(5) If p=2n, s =2n,

0, 1<k<n,

Rgino ,hgis 75 = ~
ophery (Z7) {4(n—|—1)21/1(2n—|—2)@(2n+2)z", k=n.

(1)) If p> 2n,

heisewheipew(zk) =0, V1<k<n.
(2) Ifs>p, s—p+k>n,

heisoyheino,(Z°) =0, V1< k <n.

3) Ifs>p, s—p+k<n,

—k 0, 1<k<s—n,
heisewheipesa(z ) = ~ N e E
20 —k+1)2(s—p+k+1DY(s+2)p(p+2)z5 Pt p—n<k<n.
(4) Ifn<s<np,

k 0, 1<k<s—n,
heisewheipélsa(z ) = ~ N —s—p+k
2p—k+1)2(s —p+k+D(s+2)B(p+2)z , p—n<k<n.
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(5) If p=2n, s=2n,

0, 1<k<n,

hyisoyheine o (ZF) = ~
rwhenny () {(n+1) 20(2n + 2)3(2n +2)7",  k=n.

Case 2. s>n, p<n
(1) fs—k>p,

ho: ho: (Ek)_ 0, 1<k<s—n,
erfplleisfy T )2s—k+1)2(p—-s—k+ 1)12(5 +2)5(2s —2k —p+2)2°" P, s—n<k<n.

(2) fs—k<p,

& 0, 1<k<s—n,
heipewheisew(z ): ~ stk
20s—k+1)2(p—s+k+1(s+2)p(p+2)zP5tF  s—n<k<n.
(") Ifp<n, s>p+n,
h,ezsewhezpe ( )—0 V1<k<n
(2) If p<n, n<s<p+n, but not satisfy s —p+k < n,
he159whezp9 (z )—0 V1<k<n.

(3) Ip<n,n<s<p+nand0<s—p+k<n,

2p—k+1)2(s—p+k+Dh(s +2)P(p+2)z= Pk, 1<k <p,
0, p<k<n.

heiSQwheinW(zk) = {
Case 3. s<n, p>n
(1) fs<mn, n<p<s+mn, but not satisfy p — s + k < n,

Reivo yheisoy(Z¥) =0, V1< k <n.
(2) Ifs<n,n<p<s+n 0<p—s+k<n,

Y s —k+1)2(p—s+k+Dp(s+2)p(p+2)z° >+, 1<k<s,
heipsvheisew(z ) =
0, s<k<n.
(3) Ifs<n, p>s+n,
heivopheisoy, (%) =0, V1 <k <n.
(") Ifs<n, p>n, p—k <s,

_k 0, 1<k<p-—n,
h is6 h ip6 (Z ) = ~
ety lleie 2p—k+1)2(s —p+k+D(s +2)B(p+2)7° P, p-n<k<n

(2) fs<n, p>n, p—k>s,

—k 0, 1<k<p-—n,
h is6 h ip6 (Z ) == ~
e 0yiietrfp 2p—k+1)2(s —p—k+1)p(2p — 2k —s +2)B(p+2)zP*7°, p—n<k<n.

Case 4. s<n, p<n
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(1) Ifs<mn, 1<p<s, p>s—k,
20s —k+1)2(s —k —p+ 1)P(s + 2)P(2s — 2k — p + 2)z°~F+P

hez-pe@heisew(zk) =425 —k+1)2(p— s+ k+ 1)P(s +2)@(p + 2)zP . 1<k<s,
2k —s+1)2(p—s+k+1)P(2k —s+2)3(2k —2s —p+2)z° T s< k< n.

(2) IfSSn7 1§pS57pSS_k7

Boio Tt (,k)_ 20s—k+1)2(s —k—p+ 1)P(s + 2)P(2s — 2k — p + 2)z°~F+P, 1<k<s,
er0pler 0y Z) = ) ok — s+ 1)2(p — s+ k+ DBk — s + 2)P(2k — 25 — p+ 2T, s <k <n.
(3) Is<n,s<p<nand 1<p+k—s<mn,

Boive hisoy () = 2(s —k+1)2(p — s+ k + (s + 2)3(p + 2)z7 T, 1<k<s,
etPfpllersfy T )2k—s+1)2(p—s+k+ 12k —s+2)p(2k —2s —p+2)zP°F s <k <n.

(4) Ifs<n, s<p<n,but 1<p+k—s<mnisnot satisfied

2s —k+1)2(p—s+k+ (s +2)@(p+2)77 7, 1<k <s,

heive ,hgis zF) =
il 91/,( ) {0, s < k<n.

(1) Ifp<n, s<p, s<p-—k,

haioyhgins o (2%) = 20— k+12(p — s — k+ 1)ip(2p — 2k — s + D@(p +2)z" 77, 1<k <p,
etafyllenty T )2tk—p+ 12k —p+s+ DBk —2p+ s+ P2k —p+2)FF P p<p<n
(2) If p<m, s<p, but s<p-—k is not satisfied

hyieoyhgivs, (Z5) = 20p—k+ 1)2(s — p+ k+ 1)P(s + 2)3(p + 2)2° P TF, 1<k<p,
etsfepltetrfep T )2k —p+1)2k—p+s+14+1)0(2k—2p+s+1)F(2k —p+2)FFPTI <k <n.

(3) Ifs<n,p<s<nand 1<k—p+s<n,

—k 2p—k+1)2(s —p+k+ )P(s + 2)B(p + 2)7° P, 1<k <p,
heisgwh/eipg (Z ) - -~ —~ —k—p+s
@ 2(k —p+1)2(k —p+s+1)Y(2k —2p+ s+ 1)P(2k —p +2)Z , p<k<n

(4) fs<n, p<s<n,but 1<k—p+s<n isnot satisfied

{Q(p —k+1)2s—p+k+1)P(s+2)P(p+2)z° P, 1<k <p,

h/eis heip Ek =
oyl (Z7) 0, p<k<n.

From the above calculations, we have expression of S(z*) as below
(1) If s >2n, p > 2n,
SEM =0, V1<k<n.

(2) s>2n, n<p<2n,s—p>n—lorp>2n, n<s<2n, p—s>n-—1,
S(zF) =0, V1<Ek<n.
3) Ifs>2n, p<norp>2n, s<n,
S(z*) =0, V1<k<n.
(4) Ifs>2n, n<p<2n, s—p<n-1,
S(Ek):fheis%heipeq,(ék) Cspan{z':s—n<l<n+s—p}
(5) fn<s<2n, p>2n, p—s<n-—1,

S(Z") = heivo yheisoy,(2°) Cspan{z' :p—n <1< n+p-—s}.
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6) fn<s<2n, n<p<2n, s>p, s—p+k>n,
S(z%) = heip%heisew(fk) Cspan{Z' :p—n<Il<n+p-—s}.
() fn<s<2n, n<p<2n, s>p, s—p+k<n,
S(zF) = heipé)soheissd)(Zk) — heiSQwheinQD(zk) Cspan{z' :p—n<Il<n+s—ph
(8) If n<s<2n, p<mn,
S(Z%) = heivopheisoy, (¥) — heisoyheino ,(Z7) € span{z' : 0 <1 < s}.
(9) Ifs<n, n<p<2n,
S(ZF) = heire pheisoy, (Z°) — hgisoyheive ,(Z) C span{z' : 0 < 1 < p}.
(10) Ifs<m, p<n, p<s,
S(Z%) =hins yheiso y(Z°) — heisoyheive 5 ()
Cspan{z' : 0 <l <n+s—p}Uspan{z' : 0 <1 < s+ p}.
(11) Ifs<mn, p<n, s<p,
S(Z*) = hewspheisoy (2°) = hetsoyheins ()
Cspan{Z':0<l<n+p—s}Uspan{z':0 <l <p—s}.

From the above analysis, we can see that S has the finite rank on b2. Furtheremore, heivo,
and hise,, commutate when s > 2n, p > 2nors>2n,n<p<2n,s—p>n-—1ors > 2n,

p<morp>2nn<s<2n p—s>n-—1orp>2n,s<n. This completes the proof. O

Corollary 4.2 Let s be non-negative integers and at least one of them is nonzero. For any
integrable radial functions ¢ and v such that h, and h.ise,, are bounded operators, the commu-
tators [hy, heiso,] must be of finite rank on b2. Especially, if s > 2n, the operators hy, and heisoy

are commutable.

Theorem 4.3 Let p,s > 0 and at least one of them is nonzero. Let ¢ and v be two integrable
radial functions on D such that hgipe,, and he-ise,, are bounded operators. Then commutator
[heire 5y he—iso,,] must have finite rank. Furthermore, hipo
p > 2n.

o and he—ise,, are commutable when

Proof Let S denote the commutator [heire,, he—iso,]. We first give the expression of
) ) k ) ) —k ) . k ) ) <k
helpespheﬂsew(z ), helpegpheﬂsew(z ), heﬂsswhezpsgp(z ), heﬂsswhezpstp(z )
For the expression of heipSLphefisSw(Zk), we have
(1) Ifp>n,

0, 0<k<s,

0, s<k<p—-n+s,
2(k—s+1)2(p—k+s+1)121\(2k—s+2)$(p+2)2p7k+5, p—n+s<k<n+s,
0, k>n-+s.

heipewhef'isew(zk) -
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Especially, if p > 2n, heip9<ph87i59,¢,(zk) =0.

(2) p<n,
2s —k+1)2(s —k+p+ 1)%(s + 2)F(2s — 2k + p + 2)z°*F7P, 0<s—k<n-—np,
0, n—p<s—Kk,
heip%he_issw(zk) = 2k—s+1)2(p—k+s+1)D(2k — s+ 2)3(p + 2)z° 5+, 0<k—s<p,
2k —s+1)2k—s—p+ 1Pk —s+2)F(2k —2s —p+2)zF"*"P, p<k—s<n,
0, k—s>n.

For hy—isoheive (%), we have

(1) Ifp>n,
he—isoyhgino,(2%) =0, Yk > 0.
(2) Ifp<n,
_ A By _ J2(k+p+1)2(s+k+p)D(2k+2p+s+2)3(2k +p+2)"PF 0<k<n-—p,
he-isopheive,(27) = 0, k>n—p.

For the expression of heizﬂtphefisﬂw(zk), we have
(1) Ifp > n,

Reivo phe—isoy, (Z°) =0, V1 <k <n.
(2) Ip<n,p+s+1>n,

heipevhe—isew(zk) =0, V1<k<n.

(3) Ifp<n,p+s+1<nmn,
hvo B —ky 2k +s+p+1)2(s+k+p)D(2k +5+2)F(2k +2s +p+2)z°TPHE 1<k<n-—p—s,
eirfp 6—1,59¢(Z ) o, n—p—s<k<n.
For hefisewheipe@(fk), we have
(1) If p > n,
ho s B (7]6)_ 0, 1<k<p-n,
emistyplleiop\Z7) = 2(p7k+1)2(s+p7k+1)@(p+2)121\(2p72k+s+2)zs+p7k, p—n<k<n.
Especially, if p > 2n, hefisewheipew(zk) =0.

_ky _ J2—k+ 1205 +p—k+ DB+ 2)P(2p — 2k +5+2)2P K 1<k <p,
he—isewhe“’e (Z )= o 5 s+p—k
4 20k —p+1)2(s—k+p+1)P(2k — p+2)P(s + 2)z , p<k<n.

(3) Ifp<n,s<n-—p,

N 2p—k+1)2(s +p — k+ 1)B(p + 2)9(2p — 2k + s + 2)2P 7R+, 1<k<p,
he—isewhewew(z ) ={2k—-p+1)2s—k+p+1)P2k —p+2)P(s +2)z°TP7F, p<k<p+s,
2(k:7p+1)2(k:7p78+1)$(2k7p+2)'¢1(2k:72p75+2)2k_p_5, p+s<k<n.

From the above calculations, we know that the expression of S(z*) is as below

(1) Ifp>n,
s(2F) = heipewhefisew(zk) Cspan{z' :p—n <k <n}.

Especially, if p > 2n, then S(z*) =0, V& > 0.
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(2) Hp<n,
S(Zk) = heipewhe—iSBw(Zk) - hefisﬂwheipﬂsp(zk)
gspan{él :0< kgn}Uspan{zl :0<l<n+s}.
For the expression of S(z*) we have
(1) Ifp>n,
$(Z°) = he-isoyheiro ,(Z°) Cspan{e! : s+p—n <k < s+n}.
Especially, if p > 2n, then S(zF) =0, V1 < k < n.
(2) Ifp<n,s>n-—p,
$(Z°) = —ho-isopheino ,(Z) Cspan{z' 1 s +p—n <k < s+p}.
3) Ip<n,s<n-—p,
$(Z¥) = heivo yho—is0,(Z¥ ) he—iso g hoive ,(Z) C span{z! : 0 <1 < s+ p} Uspan{z' : 0 <1 < n}.

Then we can imply that S has the finite rank on b2. Especially, when p > 2n, operators

heivo, and h—isey, are commutable. This completes the proof. O

5. Finite rank semi-commutators

In this section, we will study the semi-commutators of two little-Hankle operators with quasi-

homogeneous symbols.

Theorem 5.1 Let p,s > 0 and at least one of them be nonzero. Let ¢ and 1 be integrable
radial functions on D such that heipe, and h.ise,, are bounded operators, then (hisoy, heiro )
must have finite rank on b2. Especially, (heisoy, heiroy] = 0 whenp > n, s > p+norp<n,
5> 2n.

Proof Let S denote (heisoy, heire,]. By Lemma 2.2, we can obtain that
For heisﬂwheip9¢(zk>
(1) When p > n,
heisoyheino s (2) =0, Yk > 0.

(2) Whenp<n, s>n, s—p>n,

0, 0<k<s—n-—p,
heisopheivo o (25) = S 20k + 0+ 1)2(s —p — k + DEEk +p+ Dd(s + 27 F P, s—n-p<k<n-—p,
0, k>n—p.

(3) Whenp<n, s>n, s—p<mn,

! 20k +p+1)2(s —p—k+ 132k +p+2)d(s +2)2° 7P, 0<k<n—p,
heise h/eipe (Z ):
P ®
0, k>n—p.
(4) Whenpgna SSTL, $2p7

2k +p+1)2(s —p— k+ 1)B(2k +p + 2)9(s + 2)2° 0P, 0<k<s—p,
Reisoypheinop(25) = S 20k + p+ 1)2(k +p — s + DBk + p+ D2k + 2p — 5+ 2)="P7°,  s—p<k<n-p,
0, k>n—p.
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(5) Whenp<n, s<mn, s<p,

oo B (Zk)z 2k+p+1)2k+p—s+1)PR2k+p+2)Ph(2k+2p—s+2)2"TP~°,  0<k<s—p,
eisfylleind 0, k>mn—p.

FOI‘ hei(p{»s)GLPw(zk)
(1) When p+ s > n,
Reito0,p(2) =0, Yk > 0.
(2) When p+ s <mn,
hei(p+5)9¢,¢,(zk) =2k+s+p+ 1);’(\/}(2]6 +s54+p+2)FPts vE>o0.

For hgisophgine ,(Z¥)
(1) Whenp>mn, s>p, s—p+k>n,

heisopheive o (Z7) = 0.
Especially, when p > n, s > n+p,
heisopheive, (%) =0, V1 <k <n.
(2) Whenp>mn, s>p, s—p+k<n,

_k 0, 1<k<p-nm,
hise h/ipe (Z ): ~
ety lerte 2p—k+1)2(s —p+k+1DE(p+2)P(s +2)7° P, p_n<k<n

(3) Whenp>n, n<s<p,

07 1§k§p_na
2p—k+1)2(s —p+k+1D)Pp+2)¢(s +2)z° P, p—n<k<n.

heisoyheine 5 (Z7) =
(4) Whenp <n, s>p+n,
heisoyheino,(ZF) =0, V1< k <n.
(5) Whenp<n, n<s<p-+mn,but 0<s—p+k <n is not satisfied
heisopheive,(2°) =0, V1 <k <n.
(6) Whenp<n,n<s<p+n,s—p+k<n,

e J2p— k)25 —pH k1B + 2)d(s +2)75 PR, 1<k <p,
heisQwhein(p(Z ): 0

(7) Whenp>mn, s<n, k>p—s,

07 1§k§p_na

heisewheipew(gk) = R ~ &
20— k+1)2(s—p+k+1)P(p+2)(s+2)z5PHF p—n<k<n.

8) Whenp>n, s<n, k<p-—s
(8) p>mn, ; p—s,

—k 0, 1<k<p-n,
hise hip9 (Z ): -~ .
et 0piietrfp 2p—k+1)2(p—k—s+1)P(p+2)Yp(2p —2k —s+2)zP"* "5, p—_n<k<n.
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(9) Whenp <mn, p<s<mn,but s—p+k <nis not satisfied

o 2=k 12(s —p+k+1)B(p+2)0(s +2)7 P, 1<k <p
heisewheipew(z ):

0, p<k<n.
(10) Whenp<n, p<s<n,and s—p+k<n,

hioo g hoins o (Z°) = 2p—k+1)2(s —p+k+1)B(p + 2)3(s + 2)7° P, 1<k<p,
etsfaplletrfep T )2k —p+1)2(k—p+s+1)F2k—p+2)P(2k —2p+s+1)FFPT p<k<n.

(11) Whenp<mn, s<p, k>p—s,

hyiooyhoins o (3¥) = 2(p — k +1)2(s —p + k + DB(p + 2)d(s + 2)7° 7T, 1<k<p,
e tpllerte T2k —pH+ 12k —p+s+1)ERk—p+2)P(2k —2p+ s+ 1)ZF P, p<k<n

(12) Whenp <n, s<p, k<p-—s,

_k 2p—k+1)2(p—k—s+1D)@(p+2)P(2p — 2k — s +1)2PF 77, 1<k<p,
heisewhewe (Z ) = ) —~ -~ ) —k—p-+s
¥ 2k —p+1)2(k—p+s+1D)p(2k —p+2)¢Y(2k —2p+ s+ 1)z , p<k<n.

For hei(p+s)6ww (Ek)
(1) When p+ s > n,

—k 07 1Sk§p+5_n7
hei(p+5)9¢w(z ): - —pts—k
2p+s—k+Doev(p+s+2)z2PT%  p+s—n<k<n.
Especially, when p + s > 2n,
Reitr00,p(Z°) =0, V1< k <n.

(2) When p+ s <mn,

h’ei<p+5)950w (Ek) =

2p+s—k+1)gd(p+ s+ 2)zPrsk, 1<k<p+s,
2(k—p—s+1)<;@\[1(2k—p—s+2)zk_p_s, p+s<k<n.

From the above results, we have the expression of S(z*) as below
(1) When p > n,

S(2F) = heitwr610py (27) = heivoyheino o (2) = 0, Yk > 0.

(2) Whenp<n, s>n, s>p+n,
S(2%) = hgitore10pp (27) = Beisoyheine 5 (2F) C span{z' : s —n < 1 < n}.
Especially, when p < n, s > 2n,

S(2%) = heitwror0 oy (27) = heicoyheino ,(2%) =0, V> 0.

(3) Whenp<n, s>n, s<p-+mn,
S(zF) = hei(p+5)9¢w(zk) — hgisoyheino(27) Cspan{z' 1 s —n <1 < s —p}.

(4) Whenp<n, s<n, s>p, s+p>n,

S(2F) = he'i(pﬁ»s)@(Pw(Zk) — heisoyheino,(2%) Cspan{z' : 0 <1 < s—p}lUspan{z' : 0 <1 <n—s}.
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(5) Whenp<n, s<n, s<p, s+p>n,
S(zF) = hei(p-%—S)B(p,(p(Zk) - heisewheip9¢(zk) Cspan{z! :p—s<1<n-—s}
(6) Whenp<n, s<n, s>p, s+p<n,
S(2%) = heitoro10pp (27) = heisoyheive, () C span{z' : 0 <1 < n} Uspan{z' : 0 <1< s —p}.

For the expression of S(z¥), we have
(1) Whenp>mn, s>p, k>n—s+p,

S(Z%) = heitrr010pp(Z") = heicoyheino ,(2°) = 0.
Especially, when p > n, s > p+n,
S(Z%) = heitoro10 s (Z7) = heisayheine ,(2°) =0, V1 <k <n.
(2) Whenp>mn, s>p, s—p+k<n,
S(zF) = hei<p+s>ewp(§k) — hgisoyheino ,(Z) C span{z' 1 s —n < 1 < s}.
(3) Whenp >n, n<s <p,
S(zF) = hei(p+5)9¢w(zk) — hgisoyheino ,(ZF) C span{z' 1 s —n <1 < s}.
(4) When § <p<mn, s>p+mn,
S(Z*) = heitwre10py (F7) — heisoyheino o (ZF) =0, V1 <k <n.
(5) Whenp < %, s>p+n,
S(zF) = heitot)6 oy (%) — heisopheive ,(2°) C span{z' : p+s—n <1 <n}.
(6) Whenp<n, n<s<p+nbuts—p+k<nisnot satisfied,
S(zF) = heio+)0 4y (") = heisoyheive,(Z°) Cspan{z' : p+s—n <1 <n}.
(7) When § <p<n,n<s<p+nands—p+k<n,
S(zF) = heitot)6py (%) — heisoypheive ,(2°) C span{z' : p+s—n <1 <n}.
(8) Whenp< g, n<s<p+nands—p+k<n,
S(zF) = heito+)0 4y (2") = heisopheive o (°) C span{z' : s —p < 1 < n}.
(9) Whenp>n, s<n, k>p-—s,
S(zF) = heitot)6 oy (%) — heisopheive,(2°) C span{z' : 0 <1 < n}.
(10) Whenp>mn, s<n, k<p-—s,
S(H) = Bt 0y () = sy ()
Cspan{z' :p+s—n<I<n}Uspan{z' :p—s—k<l<n-—s}.
(11) Whenp<mn,p<s<n,p+s>nbut1l<k-—p+s<nisnot satisfied,

S(Ek) = hei(p+s)eww<zk) — heise¢h61p9w<§k) - Span{?l 0<i< n}
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(12) Whenp<n, p<s<mn, p+s<nbutl<k—p+s<n isnot satisfied,
S(Ek) = hei(p+s)9¢w (Ek) — heiselbheipsw(zk)
Cspan{z' :0<I<p+s}Uspan{z' :0<1<n—p— s}
(13) Whenp<n, s<p, p+s>n, k>p—s,
S(Ek) = hezz(p+s)e(p¢(§k) — heiselbheipecp(zk) - Span{zl 0<l<n+s+ 1}.
(14) Whenp<n, s<p, p+s<n, k>p—s,
S(Ek) = hei(p+s)ecp¢ (Zk) — heisewheipew(zk)
Cspan{z' : 0 <l <n+s-+1}Uspan{z' : 0 <1 <n—p—s}.
(15) When 3 <p<mn, s<p, p+s<n, k<p—s,
S(Ek) = hei(p+5)9<pw(zk) — heisewheipe<p(§k)
gspan{Zl:O§l§n+s—p+1}Uspan{zl :0<1i<n—p-—s}.
(16) Whenp< g, s<p, p+s<n, k<p—s,
S(zF) = heqz(p+s)e¥,w(2k) — hgisoyheino,(Z) Cspan{z' : 0 <1 < p+s}Uspan{z' : 0 <1 <p—s}.
(17) Whenp<n, s<p, p+s>n, k<p—s,
S(z%) = heiw )0 4 (fk)fheisswheip%(ik) Cspan{z' : 0 <1< p—s}Uspan{z' : p+s—n <1 <n}.

From these expressions, we have the conclusion that the semi-commutator (hire,, Reisoy]
must have finite rank on b2, especially when p >n, s >p+norp <n, s > 2n, heisoyheivo, =

hei(p+s)9¢w. O

Theorem 5.2 Let p,s > 0, s > p and at least one of them be nonzero. Let ¢ and 1) be integrable
radial functions on D such that hipe,, and h.—ise,, are bounded operators, then (hive ,, he-is0y]

must have finite rank on b2. Especially, (hivoy,, he-iso] = 0 when p — s > 2n.

Proof Let S denote (hgipe,,, he—isoy]. We will discuss the rank of {S(z*) : k > 0} and {S(z") :
1<k<n}

Firstly, we characterize {S(z*) : k > 0}. By Lemma 2.2, we obtain the following results
directly. For the expression of heipo ,he-is0,(2"), we have

(1) When p > n,

0, 0<k<s,
k 0, s<k<p-—-n+s,
heivophe—icoy (27) = Ak —s+1)2p—k+s+1)3p+2)9(2k —s+2)2PF+  prs—n<k<ndts,
0, k>n+s.

Especially, when p > 2n,
Reivo yhe—isoy, (2%) = 0, Yk > 0.
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(2) When p <n,

0, 0<k<p—n-+s,

2(5—k:+1)2(8—k+p+1){5(25—2k+p+2)’$(s+2)357k+p, p—n+s<k<s,
heipe@hemew(z’“) =Q2k—s+1)2(p—k+s+ 1)@+ 2)P(2k — s + 2)z2~F+e, s<k<s+p,

2k —s+1)2k—s—p+1)P(2k —2s —p+2)p(2k —s+2)2""°"P  prs<k<n+s,

0, k>mn+s.

For heqpfs)%w(zk), we have
(1) When p > s+ n,
hei(pfs)g@w(zk) =0, VkE>0.

(2) When s <p < s+mn,

A 2(k+p—s+1)@(2k+p—5+2)2’””*5, 0<k<n—p+s,
hei(p—s)ﬂww(z ) =

0, k>n—p+s.
(3) When p < s,
2s —p—k+1)pd(s —p+2) ", k<s—p,
heupfs)eww(zk) =¢2k+p—s+ 1)@(2k+p— s+2)ZFPS s—p<k<n—p+s,
0, k>n—p+s.

For heipekphefisew(zk), we have
(1) When p > n,
heivo phe—isoy, (Z°) =0, V1 <k <n.

(2) Whenp<n, p+s+1>n,
heipevhe—isew(zk) =0, V1<k<n.
(3) Whenp<n, p+s+1<n,

hoo o (Ek)— 2s+k4+1)2s+k+p+1)P2k+25s+p+2)P(2k + s+ 2)2"H°HP 1 <k < —p—s,
€1p9¢ e—lsew = 0, n—p—s<k<n.

For the expression of Ngim—s0y (z%), we obtain that

(1) Whenp—s > n,

b (Ek) 0, 1<k<p—s—n,
ci(p—s)6 = —~
(r=5)0 oy 20p—s—k+1D)pY(p—s+2)2P*F p-—s—n<k<n.

Especially, when p — s > 2n
hei(pfs)ewb(fk) =0, V1<Ek<n.
(2) When0<p-—s<n,

2(p—s—k—i—l)&/}(p—s—i—Q)Ep*S’k, 1<k<p-s,
2k —p+s+ 1)k —p+s+2)P pos<k<n

hei(pfs)esaw(gk) = {
(3) When p < s,

heitr—0pp(Z*) = 2(s = p+ k + D (2k + 5 — p+2)2° P, V1<k <n.
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Form the above results, we give the expression of set of {S(z¥) : k > 0} and {S(z*) : k > 0}
as below. For {S(2*) : k > 0}, we have

Case 1. s> 2n

(1) When p > s+ 2n,

heipewhe—i39¢<zk) = hei(p—s)eww(zk) =0, Vk>0.

So we obtain that {S(z¥) =0:k > 0}.
(2) When s <p<s+n,
S(Zk) = hei,(p—s)e(pw(zk),

then we have
{S(zk) :k>0}C span{El ip—s<l<n}.

(3) When 2n < p <s,
S(Zk) = hei(pfs)ﬂsow(zk),

then we have
{S(z"): k >0} Cspan{Z' : 0 <l <n}Uspan{z': 0 <1 <s—p}.
(4) When n < p < 2n,
S(2*) = hei@fs)%w(zk) — Rgivo phe—isoy (2F),
then we have
{S(*) : k >0} Cspan{Z' : 0 <1 <n}Uspan{z': 0 <1 <s—p}.

(5) When p <n,
S(Zk) = hei(pfs)elpw(zk) — heipGLphefisGw(Zk)7

then we have
{S(z*): k >0} Cspan{z' : 0 <1 <n}Uspan{z' : 0 <1< s—p}.

Case 2. n <5< 2n
(1) When p > s+n,

Reivo phe—is0(2%) = heito00,(2) =0, VE >0,

then we obtain that {S(z*) =0:k > 0}.
(2) When 2n <p<s+n,
S(Zk) = heq‘,(p—s)e(pw(zk),

then we have
{S(z*): k> 0} Cspan{z' : p— s <1< n}.

(3) When s < p < 2n,

S(Zk) = he'i(p—s)Bcpw(Zk) - he'ipﬂwhe—isew(zk>7
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then we have
{S(2%) : k >0} Cspan{z' : p— s <1 <n}.

(4) Whenn < p<s,
S(Zk) = hei(p—sww(zk) - heiv%hefisﬂw(zk)v
then we have
{S(z"): k >0} Cspan{Z' : 0 <l <n}Uspan{z': 0 <1 <s—p}.

(5) When p <n,
S(Zk) = hei(pfs)elpw(zk) — heipGLphefisGw(Zk)7

then we have
{S(2%): k >0} Cspan{Z' : 0 <l <n}Uspan{z': 0 <1 <s—p}.

Case 3. s<n
(1) When p > 2n,

heipBLPhE—issw(Zk) = hei(p—s)eww(zk) =0, Vk>0,

then we obtain that {S(z*) =0:k > 0}.
(2) When s+n < p < 2n,

S(Zk) = _hcipeiphefisew(zk),

then we have
{S(z*): k >0} Cspan{z' : p—n <1< n}.

(3) Whenn <p <s+n,
S(Zk) = hei(p—s)eépd)(zk) - heipewhe—issw(zk),

then we have
{S(z*): k >0} Cspan{z' :p—n <1< n}.

(4) When s < p <n,
S(2%) = heitr—o10pp(2%) = heivo phe-is0, (2*),
then we have
{S(2%): k >0} Cspan{z' : 0 <l <n}Uspan{z' :0<1<n—p}.

(5) When p <s,
S(Zk) = hei(p—s)ewqp(zk) — heipewhe—isew(zk),

then we have
{S(z*): k >0} Cspan{z' : 0 <l <n}Uspan{z' : 0 <1 <n —p}.

For {S(z*) : k > 0}, we have
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Case 1. For any s > 0
(1) When p > 2n + s,

heipewhe—isﬂw<zk) = hei(p—s)eww (Ek) =0, V1<k<n,

then we obtain that {S(z") =0:1 <k < n}.
(2) When s+n <p<2n+s,

S(Ek) = hei(pfs)ewp (Ek),

then we have
{SE*):1<k<n}Cspan{Z :p—s—n<Il<n}

Case 2. s<n
(1) Whenn <p<s+n,
S(Ek) = hei(pfs)ewj,(fk),

then we have
{S(Z*):1<k<n} Cspan{z' :0 <l <p—s}Uspan{z' :0<1<n—p+s}.
(2) When s < p <mn,
S(zh) = hei(l’*ﬁ)e@dl(zk) — hgivo phg—isoy (ZF),
then we have
{S(Ek) 1<k <n} gspan{zl :OSlSn}Uspan{zl :0<i<n—p+s}.
(3) When p <s,
S(zk) = he'iwfs)%w(zk) - he'ipgtphe*isew(zk%
then we have
{SE*):1<k<n}Cspan{Z :p+s+1<I<n}Uspan{z':s —p+1<1<n—p+s}.

Case 3. s>n
(1) When s <p < s+mn,
S(Zk) = hei(p—s)eww(zk),
then we have
{S(FF):1<k<n}Cspan{Z' :0<1<p—s}Uspan{z' :0<1<n—p+s}
(2) Whenn <p <s,
S(Ek) = hei(pfs)egpd)(zk),
then we have
{SE*):1<k<n}Cspan{z':s—p+1<I<n—p+s}
(3) When p <n,
S(Zk) = he'i(p—s)Bcpw(Ek) - he'ipﬂwhe—isew(zk>7
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then we have

{SE"):1<k<n}Cspan{Z :p+s+1<i<n}Uspan{z':s—p+1<I<n—p+s}

From the characterization of the expression of {S(z*) : k > 0} and {S(z*) : 1 < k < n},

we can obtain that the operator S has finite rank on b2. Especially, S is equal to zero when

p > 2n + s, this completes the proof. O
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