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Abstract A novel approach to the exponential stability in mean square of neutral stochastic
functional differential equations is presented. Consequently, some new criteria for the exponential
stability in mean square of the considered equations are obtained and some known results are
improved. Lastly, some examples are investigated to illustrate the theory.
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1. Introduction

A traditional approach to analyze the stability for stochastic functional differential equations
is the Lyapunov’s function method. Lyapunov functions and functionals have been successful-
ly used to obtain the stability of stochastic differential equations [1-5]. Another widely-used
approach to stability of stochastic functional differential equations is the Razumikhin-type theo-
rems. Razumikhin-type theorems for the exponential stability of stochastic functional differential
equations have been presented in [6-9]. A Razumikhin-type theorem for the asymptotic stability
of stochastic functional differential equations has been given in [10-12].

In fact, it is not easy to find a Lyapunov function (functional) for stochastic differential and
the stability conditions obtained by the Lyapunov’s function method are often given in terms
of differential inequalities, matrix inequalities and so on. The given conditions by Lyapunov
function (functional) and Razumikhin-type theorems are not only a little bit strong but also
general implicit and not easy to examine.

On the other hand, neutral stochastic delay differential equations are often used to describe
the dynamical systems which not only involve derivatives but also depend on present and past
states. Neutral stochastic delay differential equations have attracted the increasing attention due
to the wide applications in the distributed networks containing lossless transmission lines [13],
processes including steam or water pipes, heat exchanges, and other engineering systems [14]
and population ecology [15]. For neutral stochastic functional differential equations, we refer
to [16-19].
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By Lyapunov’s function method and Razumikhin-type theorems, in [18,20-23] some efforts
have been devoted to the investigation of exponential stability in mean square of neutral s-
tochastic functional differential equations. However, the results derived there are either difficult
to demonstrate in a straightforward way for practical situations or somewhat too restricted to
be applied to general neutral stochastic functional differential equations. In this paper, we will
present a novel approach to the exponential stability in mean square of neutral stochastic func-
tional differential equations. Our approach does not involve Lyapunov functions and complex
calculations. Our approach is based on a comparison principle and a proof by contradiction and
our conditions are also feasible. Our results improve some known results.

The rest of this paper is organized as follows. In Section 2, we introduce some necessary
notations and preliminaries. In Section 3, we present some criteria for the exponential stability
in mean square of neutral stochastic functional differential equations. In Section 4, we state some
comparisons with existing results and present some examples to illustrate the advantage of our

results.

2. Preliminaries

Let (©2, F,P) be a complete probability space equipped with some filtration {F; }+>0 satisfying
the usual conditions, i.e., the filtration is right continuous and Fy contains all P-null sets. Let
7 > 0 and C([—7,0];R™) denote the family of all continuous functions from [—7,0] to R™ with
the norm ||l = sup_,<4<q |¢(f)|, where |- | is Euclidean norm in R". If A is a vector or
matrix, its transpose is denoted by AT. If A is a matrix, its norm || A is defined by [|A|| =
sup{|Az| : |z| = 1,2 € R"}. Moreover, let w(t) = (w1(t),...,w,(t))T be an m-dimensional
Brownian motion defined over (Q, F,P). We also denote by C%. ([—7,0];R") the family of all
almost surely bounded, Fy-measurable, C([—,0]; R™)-valued random variables.

Consider the following neutral stochastic functional differential equation
d[z(t) — G(z)] = f(t, z¢)dt + g(¢, z)dw(?) (2.1)
on t > 0 with initial data z¢o = £, where
G:C([-7,0;R") - R"*, f:Ry x C([-7,0];R") - R", g: Ry x C([—7,0]; R") — R**™,

Moreover, z; = {z(t + s) : —7 < s < 0} which is regarded as a C([—T, 0]; R™)-valued stochastic
process and £ = {£(s) : =7 < s <0} € C% ([-7,0};R™). An Fi-adapted process z(t), —1 < t <
oo is said to be the solution of the equation (2.1) if it satisfies the initial condition above and

moreover for each ¢ > 0,

2(t) — Glay) = £(0) — G(wo) + /O F(s,25)ds + /0 o(s, 2)duw(s), (2.2)

where the stochastic integral is defined in the Itd’s sense. For the details on the existence
and uniqueness of the solution to (2.1), we can refer to [24]. For example, when f,g,G are
uniformly Lipschitz continuous, or they are locally Lipschitz continuous and satisfy the linear

growth condition, Kolmanovskii and Nosov [24] proved that there is unique continuous solution
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to (2.1), and any moment of the solution is finite. For stability purpose, throughout the paper
we always suppose that Eq.(2.1) has a unique solution for arbitrarily given initial data £ €
C% ([-7,0;;R™) and the solution is denoted by x(t,), or simply z(¢), when no confusion is

possible. For the purposes of stability, we shall assume that
G(0) =0, f(¢t,0)=0, g(¢t,0) =0 for any ¢t > 0.
It is well-known that for a given £ € C% ([—7,0]; H), Eq. (2.1) has a trivial solution when & = 0.

Definition 2.1 The trivial solution z(t,&) of (2.1) is said to be exponentially stable in mean
square, if for any initial value £, there exists a pair of positive constants A > 0 and C such that
forallt >0

Elx(t,€)|* < CE|iglloe™,

or, equivalently,

1
lim sup n log E|z(t, &> < —\.

t—00
Definition 2.2 The trivial solution z(t,£) of (2.1) is said to be almost surely exponentially
stable if there exists a constant A > 0 such that there is a finite random variable $ such that for
allt >0

lz(t,€)| < B as.

3. Exponential stability for neutral stochastic functional equations

To state the main result of this section, let us define some functions. Let n;(¢,6) : Ry x
[-7,0] = R (i = 1,2) be non-decreasing in 6 for each ¢ € Ry. Furthermore, n;(¢, ) is continuous
in 6 on [—7,0]. Assume that

0
is a locally bounded Borel-measurable function in ¢ for each ¢ € C([—7,0]; R™). Here, the integral

in (3.1) is the Riemann-Stieltjes integral. Furthermore, we assume that there is a constant
k € (0,1) such that for all ¢ € L%([—7,0];R")

G(p)]> <k sup ()] (32)
—7<6<0

Lemma 3.1 Let (3.2) hold with0 < k<1l and p>0,6>0, K > 1. If

OME|z(t) — G(a)? < K sup  Elz(9)]? (3.3)
—7<6<0

for all 0 <t < p, then

K

5t 2 2
e Elz(t)|* < ———— su E|lz(60)|~.
|()| _(1—\/E)2 —T<£)<0 I()l

Proof Let k <e < 1. For 0 <t < p, we have

Elz(t) — G(zo)[* 2Elx(t)]* — 2E(|a(t)||G(20)]) + EIG (z0)
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>(1 - e)Ela(t)]? — (=~ — DE|G(xo)|.
Then, by (3.2) we have

1 k
Bla(t)* < {—Ele(t) - Gl + 3 sup Ela(t +0)f

Using the condition (3.3), we derive that for all 0 <t < p

swp Ele@P + = sup [Ele(t + 0)P]

K
S|z (t)]? <
— € —7<60<0 € —7<0<0

k
sup Elz(0)]> + = sup [e”Elz(t)].
— € —7<6<0 € —7<t<p

Moreover, this holds for —7 <t < 0. Thus,

<

k
sup [e”Elz(t)[’] < sup Elz(0)* + = sup ["Ela(t)]].
—r<t<p I —¢ _r<6<0 € —r<t<p

Since 1 > g, we can obtain

Ke

st 2 2
sup [e’"Elx(t <———— sup E|z(0)“.
77%’9[ lz(t)]7] < 1—e)c—k) —rgg)go lz(0)]

Lastly, letting ¢ = vk, we can obtain our desired result. The proof is completed. O

Theorem 3.2 Assume that (3.2) holds with 0 < k < 1. Let v(-) : Ry — R be a locally bounded
Borel-measurable function such that for any t € Ry, ¢ € C([—7,0];R"),

0
E(2(2(0) — G()" f(t, ) < v(t)E|p(0)]* + [ E|o(8)*d[m (¢, 0)] (3.4)
and
0

E(traclg” (t,%)g(t, #)]) S/_ E|0(6) *d[n2(t, 0)]- (3.5)

If there exists § > 0 such that for any t € R,

0 0

1O+ [0+ [ e dme.0) < -1~ VB, (3.6)

then the trivial solution of (2.1) is exponentially stable in mean square. In particular, E|z(t, £)|?

exponentially decays with the rate 8 for any & € C_Z%O([—T, 0]; R™).

Proof Fix K > 1 sufficient large and let & € C% ([—7,0]; R") such that E[|¢]|3, > 0. For the
sake of simplicity, we denote z(t) := x(¢,§), t > —7, where z(t,&) is the solution to (2.1). Let
Z(t) == Ke P'E||€||Z, t > 0. Then, we deduce from K > 1 sufficiently large and E||£||Z > 0 that
X(t) :=Elz(t) — G(t,z)|*> < Z(t), t € [-7,0]. We will show

Elz(t) — G(t,z;)|* < Z(t), Vt>0. (3.7)
Assume on the contrary that there exists t; > 0 such that X (¢1) > Z(t1). Let ¢, :=inf{t > 0:
X(t) > Z(t)}. By continuity of X (¢) and Z(t),

X(t)<Z(@1), telo,t], X(t)=2Z(t) (3-8)
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and
Elz(tm) — G(xy,)* > Ke " E||¢||2,,

for some t,;, € (ts,ts + %), m € N.
Applying the It6’s formula to the function V (¢, x) = e“|z(t) — G(z4)|?, (3.4), (3.5) and the

Fubini’s theorem, we have
t
E(e™|x(t) — G(a)[*) = EIE(0) — G(E)* + E/ ae®|z(s) — Gxs)[*ds+
0

2]E/0 eo‘s(w(s)—G(ws))Tf(s,xs)ds—l—]E/o e“trac[g” (s, 24)g(s, zs)]ds

<EIE(0) ~ GO +E / ae|z(s) — G(z,)[?ds + / ()€ Er(s)|2ds+

/ot e™” ( /OT Elz(s + 0)|*d[n(s, 9)])(15 i /Ot

Let K; := KE||¢||% and K = (1_[(71\/%)2 Since 11(s,0) and n3(s, ) are increasing in 6 on [—7,0],
we derive that from (3.8) and the Lemma 3.1

eo‘s</OTIEJ;(s+9)|2d[n2(s,9)])ds.

0 0
[ Blals+ 0)Pdlm(s,0) < Kae®* [ e afm(s.6)

—T

and
0

0
[ Elx(s + ) 2d[a(s,0)] < Kae™ / e[ (s, )],

for any s < t,. Then, it follows that

™" Elz(ts) — G(r,)* <EIE0) - G(E)1* + / e (Ko + Koy(s))dst
0

t 0 t 0
/ e Koe™ s/ e P0d[n, (s, 9)}d8+/ e“sng_’Bs/ e Pd[ny (s, 0)]ds
0 0

_ E|f |2 / Kleas —Bs,
0

[O‘+(1_\/E)2(7(5H/76 “dlm (s, 0)] + /4 efﬁed[m(s’e))]ds'

Taking (3.6) into account, we get for sufficient large K,

e”‘t*]E|x(t*) — G(zy,)

2 <RJ¢(0) - G(E)* + / e Kre % (o — §)ds
=E[¢(0) — G(€)] + K1(e* e 1)
—EIE(0) - GO — Ky + Kyet e
=E[¢(0) — G(&)|? — KE||¢[|2 + Ke**e " E|¢]Z
<Kee PHE|E|Z,
which conflicts with (3.8). Therefore,

Elz(t) — G(z:)|* < Ke Ell¢[|g, ¢t >0
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and

Elz(t)]” < e Elll[E, t>o0.

K
(1= Vk)?

Now, we are intended to show the boundness of the segment process x;(£). O

Remark 3.3 We remark that the conditions (3.4) and (3.5) are generalization of some existing
conditions. We cannot find these conditions for ensuring the exponential stability in mean square
of (2.1) in the reported literature. Our results are new and very advantageous in the applications
of “mixed” delay stochastic differential equations, which include the point delay, varying delay
and distributed delay.

Corollary 3.4 Assume that (3.2) holds with 0 < k < 1. Let T1(-,-), Tao(+,) : Ry x [-7,0] —
Ry, %(),6G0),hi(h) : Ry = R, i =0,1,2,...,n with 0 := ho(t) < hi(t) < ho(t) < -+ <
ho(t) < 7, t € Ry, be locally bounded Borel measurable functions such that for any t € Ry,
¢ € C([-7, 0 R"),

n

0
B(2(6(0) - Go)T1(t.9)) < S nOBle(-h()P + [ TatsBlee)Pds, (39

i=0 -7

n 0
B (tnacly” (8. £)g(6,0)]) < 3 GOBI(-h@®) + [ Ta(t,s)El(s) Pds. (3.10)
=0

If there exists § > 0 such that for any t € R,
n 0 n 0
S et + [ e P eds YOG+ [ Talt s
i=0 -7

=T i=0
< —(1-Vk)?8, (3.11)
then the trivial solution of (2.1) is exponentially stable in mean square. In particular, E|z(t, £)|?

exponentially decays with the rate 8 for any & € C}O([—T, 0); R™).

Proof Define the following functions for ¢ > 0, s € [—, 0]

ui(t,s) = { 0, ?f s € [=7,—hi(8)],
Yi(t), if se (—hi(t),0],

m(t,s) = Zui(t, s) + Y1(t,r)dr
i=1 -

and

it 5) = { 0, ?f s € [=7, —hi(t)],
¢i(t), if s e (—=hi(t),0],

na(t, s) = Zvi(t,s) + /S Yo(t, r)dr.

-7

By the properties of the Riemann-Stieltjes integrals, one has for each ¢ = 1,2 that

/0 ¢(s)d[/i Ti(t,r)dr] - /OT o(s)Ti(t,s)ds, teRy,

—T
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for any ¢(-) € C([—T 0];R™). Then for any ¢t € Ry, ¢(-) € C([—7,0];R"),

0
gb( [m1(t, s)] Z% hi(t)) + d(s)T1(t, s)ds,

0
¢( d[na(t, s)] ZQ —hi®) + [ B(s)Ya(t,s)ds

Therefore, (3.9), (3.10) imply that (3.4), (3.5) hold and (3.11) ensures that (3.6) holds. By the

Theorem 3.1 we can obtain our desired results. The proof is completed. O

Corollary 3.5 Assume that (3.2) holds with 0 < k < 1. Let -y be a constant and non-decreasing
functions n;(+) : [-7,0] = Ry, i = 1,2 such that

0
E(2(¢(0) — G(p)" f(t, ) < Alp(0)[? +[ E|(6)*d[n1 ()] (3.12)
and

0
E(traclg” (1, 0)g(t, ¢)]) < /_ E|(6)|*d[n2(0)], (3.13)
for any t € Ry, ¢ € C([—7,0;R™). If

7+ m(0) = mi(=7) +72(0) = m2(=7) <0, (3.14)

then the trivial solution of (2.1) is exponentially stable in mean square.

Proof By continuity and (3.14) we have
Y+ € T(0) = mi (=) + T2 (0) = ma(—7)] < (1 = Vk)*B,

for some 3 > 0, sufficiently small. Since 7;(+), ¢ = 1,2 is non-decreasing, it follows that

0 0
"+ / e Hdm(-0)] + [ e dlma(~6)

—T —T

<5+ (0) = m (=) + €[ (0) — 12 (—7)] < (1 = Vk)*5,

which means that (3.6) holds. The proof is completed. O

From the Corollaries 3.4 and 3.5, we immediate obtain the following Corollary 3.6.

Corollary 3.6 Assume that (3.2) holds with 0 < k < 1. Let h;(-) : Ry = R, i=10,1,2,...,n
with 0 := ho(t) < hy(t) < ho(t) <--- < hy(t) <7, t € Ry, be locally bounded Borel measurable
functions. Suppose that there exist constants v;,(;, © = 0,1,2,...,n and two Borel measurable
functions 0; : [—7,0] — Ry, i = 1,2 such that for any t € Ry, ¢ € C([—7,0];R"™),

0
E(2(¢(0) — G(p) ) < Z%]Ekp D)+ [ 01(s)Elp(s)|?ds, (3.15)

—T

0
E(trac[g” (¢, ) < Z GElp(=h;i(t))|? + 02(s)E|p(s)|*ds. (3.16)

-7
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If

—T —T

> i+ 91 ds+ZQ 92 )ds < 0, (3.17)
=0

then the trivial solution of (2.1) is exponentially stable in mean square.

Corollary 3.7 Assume that (3.2) holds with 0 < k < 1. Let h;(-) : Ry - R,4=0,1,2,...,n
with 0 := ho(t) < h1(t) < ho(t) <--- < h,(t) <7, t € Ry, be locally bounded Borel measurable
functions. Suppose that there exist constants v;,(;, i = 0,1,2,...,n and two Borel measurable
functions 0; : [—7,0] — Ry, i = 1,2 such that for any t € Ry, ¢ € C([—7,0];R"™),

0
E(267 ) < Z%Ew OF + [ 01(s)Elp(s) P, (3.18)
0
E[f(t, ¢)|* < Z,%Ew ) + ) 02(5)E|p(s)[*ds, (3.19)
0
E(traclg” (¢, ¢)g ) < ngp £))? + [ 03(5)E|p(s)[ds. (3.20)
If

Z% 01(s)ds + ﬁipi +VE ’ 0(s)ds + zn:g + ’ f5(s)ds + VEk <0, (3.21)

-7 i=0 -7 i=0 -7

then the trivial solution of (2.1) is exponentially stable in mean square.
Proof For any ¢ € C([—7,0];R"), by the (3.2), (3.18) and (3.19) we have

E(2(¢(0) — G(p)" f(t, 9)) < 2E(p" (0)f(t, ) + 2|G()| £ (t, )])
n 0 n
< viEle(=hi(t)? +/ 01(s)Elp(s)[*ds + V> piElo(—hi(t)) [+
i=0 -7 i=0
0
Vi [ 02(s)E|p(s)>ds + VEk sup E|p(6)[%

-7 7T§0SO

So, by the Corollary 3.6 we can obtain our desired results. O

4. Comparison with existing results and some examples

Now, we state some comparisons with existing results to illustrate the advantage of our
results.

To compare the results of the Corollary 3.6 with one in [25], let us introduce another new
notation # ([—7,0]; Ry ), which is the family of all Borel-measurable bounded nonnegative func-
tions 7(#) defined on [—7, 0] such that fET n(0)dd = 1. In [25], conditions (3.2), (3.15) and (3.16)
are strengthened as follows: There is a constant k € (0,1) and a function n € # ([-7,0];R;)
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such that

G <k [ n®)e(®)?dd for all p € C([~7,0;R"). (4.1)

-7
Moreover, there exists a function 6 € # ([—7,0]; R) and two positive constants A; and Ay such

that
0

2(0(0) = G() " f(t, ) + traclg” (t,0)g(t, )] < —A1]p(0)]* + /\2/ 01(s)lo(s)|?ds,  (4.2)

for all t > 0 and ¢ € C([—7,0];R™). These two conditions are indeed stronger than (3.2) and
(3.15) and (3.16). For example, if (4.1) holds, then for any ¢ € C([—,0]; R™),

0 0
EIG(@)° <k [ n(0)]e(0)?d0 <k sup EI@(G)\Q/ n(0)dd =k sup Elp(9)]?,
_ —r<6<0 _r —7<0<0

that is, (3.2) holds. On the other hand, if (4.2) holds, we easily show that (3.15) and (3.16) hold
with

n n

0 0
DAY G==M, hi =0, / 01(s)ds + [ 6O(s)ds = .

i=0 i=0 -7 -7
In [25], Mao proved that the trivial solution to (2.1) is exponentially stable in mean square if
(4.1) and (4.2) hold and A; > Aa. So, the Corollary 3.6 improves the Theorem 3.1 of [25].
Besides, Mao [7] considered the exponential stability in mean square of the trivial solution

to (2.1) under the conditions (3.2) and the following assumption:

2(0(0) — G()T f(t, ) + traclg” (t,0)g(t, ©)] < —Ai|p(0)]> + A2 sup @(0)]*ds,  (4.3)

—7<0<0
for all t > 0 and ¢ € C([—7,0]; R™). The author deduced that if
1 A2
O<k<- and \j > — 22 4.4
4 T 2vk)? (44

then the trivial solution to (2.1) is exponentially stable in mean square.

Note that if (3.15) and (3.16) hold, then (4.3) holds with Ay = —> " ;v — > ;¢ and
Ao = fET 01(s)ds + fET 02(s)ds. Although the conditions (3.15) and (3.16) are little bit stronger
than (4.3), our assumption 0 < k£ < 1 and A; > A2 are much sharper than (4.4). On the other
hand, our Corollary 3.6 can be applied to deal with the “mixed” delay case easily.

Consider the following neutral stochastic delay differential equations of the form

dlz(t) = G(a(t — 7)) = f(t, z(t),z(t — 7))dt + g(t, x(¢), z(t — 7))dw(t), (4.5)

on t > 0 with initial data zo = £&. Mao [7] also studied the exponential stability of the trivial

solution to (4.5) under the following assumptions:
|G (2)|? < k|z|?, for some k € (0,1) and all z € R™, (4.6)
and there are two positive constants A; and A; such that

2(z — G(y))" f(t,2,y) +tracelg” (t,2,9)3(t, z,y)] < —Ai|z] + Aa|y|?, (4.7)
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for all t > 0 and z,y € R™. Mao [7] (see the Corollary 6.1) proved that the trivial solution to
(4.5) is exponentially stable in mean square if (4.4) holds.

Note that (4.7) implies that (3.15) and (3.16) hold with Y1 ;v + .1 ¢ = —A1 and
fET 01(s)ds + fET 02(s)ds = X2. So we deduce that the trivial solution to (4.5) is exponentially
stable in mean square if A\; > Ao by our Corollary 3.6. Obviously, our assumption A; > As is
much sharper than (4.4).

Now, we present some examples to illustrate the advantage of our results.

Example 4.1 Consider the neutral stochastic differential equation

dfz(t) — G(z¢)] = (fo(t,z(t)) + fi(t, 2¢))dt + g(t, z¢)dw(t), t >0 (4.8)
with initial data zo = £ € C([—7,0;R™), k € [0,1), where fo : Ry x R" — R”, f; : Ry x
C([-7,0;R") — R™ and g : Ry x C([—7,0];R™) — R™*" w(t) is an m-dimension Brownian

motion. Assume that fy, f1, g satisfy the local Lipschitz condition and linear growth condition
and (3.2) holds with 0 < k < 1. We also assume that

E(¢"(0) fo(t, ¢(0))) < aElp(0)]*, t € Ry, ¢ € C([-7,0;R"), (4.9)
0
Elf1(t, ¢) S/_ m(s)Elp(s)|ds, te€Ry, ¢ € C([-7,0;R") (4.10)
and
0
Blnacly” (. 2)olt.0)) < [ m(s)Ble(s)Pds, t€Ry, € C-n0iRY).  (411)

Let f(t,x) = fo(t,z(0)) + f1(t,x), t € Ry, p € C([—7,0];R™). Note that (4.9) and (4.10) imply

that

0 0

E©270(0)f(t, ¢)) < (20 + / m(5)ds)Elp(0) 2 + / i (5)E]p(s) [2ds.

—T —T

Furthermore, we assume
E|lfo(t, p(O)I* < pE|9(0)%, t € Ry, v € C([-7,0;R").

So, by the Corollary 3.7 we deduce that the trivial solution to (4.8) is exponentially stable in

mean square if

oz—i—\/Ep-i-\/%T/_O n%(s)ds+/

—T

0 0
1 1
ni(s)ds + 5/ n2(s)ds + 5\/% <0. (4.12)

If G =0, then Eq. (4.8) reduces to the following stochastic functional differential equation:
da(t) = (folt,o(t) + f(t,2e))dt + g(t, ze)dw(t), 1> 0. (4.13)

Using the Razumikhin-type theorem, Mao [10] has shown that the trivial solution to (4.13) is

exponentially stable in mean square if

a+ﬁ(/

—T

0 1

1/2
(771(3))2(15) + o7 _max n2(s) < 0. (4.14)

—7<5<0



Exponential stability in mean square of neutral stochastic functional differential equations 423

By the Corollary 3.7 we deduce that the trivial solution to (4.13) is exponentially stable in mean
square if
0 1 /0
a +/ ni(s)ds + 5/ n2(s)ds < 0. (4.15)

—T —r

Using the Holder’s inequality, we have

| OT mss < ([ C1a) | i<m<s>>2ds)” v

T —T

0
(o (s))%s) "

On the other hand, we have
0
/ M2(s)ds <7 max na(s).

_r —7<5<0
So, (4.14) is more conservative than (4.15).
Example 4.2 Consider the scalar linear time-varying stochastic differential equation with delay
d[z(t) — G(zy)] = (—a(t)x(t) + b(t)x(t — hy(t)))dt + c(t)x(t — ho(t))dw(t), (4.16)

where a(t),b(t), c(t), h1(t), ha(t) : Ry — R are continuous functions and hq(¢), ha(t) € [0, 7] for
some 7 > 0, and w(t) is scalar Brownian motion.
We assume (3.2) holds with & € (0,1). Let

ft,9) = —at)(0) + b(t)p(—hi(t)), g(t, @) = c(t)p(—ha(t)),
fort e Ry, p € C([—7,0[;R). Then, for all t € Ry, ¢ € C([—7,0];R) we have

20(0)f(t, ) = = 2a(t)|@(0)]* + 2b(t)p(0)(~ha (1))

< = 20| + [bO)|(*(0) + £ (~ha (D)) (@.17)
26(p) (1 2) <VE[-a(t)0)] + bE)p(0)p(~hi ()] + VE _sup_Jo(s)
VR OeO) + PO -m )]+ VE s [e(s) (419
and
9 (t.0) = (06 (ha(D). (1.19)

Then, by the Corollary 3.4 we deduce that if there exists 8 > 0 such that for any t € R,
—2a(t) + [b(t)] + 2D (|b(t)] + 2VED? (1)) + VE + 2Vka> () + 212D 2 (1)
< —(1-vk)B, (4.20)

then the trivial solution of (4.16) is exponentially stable in mean square. In particular, E|z(t, )|
exponentially decays with the rate 8 for any £ € Og_—o([*T, 0; R).
Note that by the continuity,

—2a(t) + 2|b(t)| + 2VED(t) + VE + 2VEa?(t) 4 2(t) < 0, (4.21)

ensures that (4.20) holds for some sufficiently small § > 0. Therefore, we can declare that the

trivial solution of (4.16) is exponentially stable in mean square if (4.21) holds.
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If G =0, the equation (4.16) reduces to the following stochastic differential equation
dz(t) = (—a(t)x(t) + b(t)x(t — he(t)))dt + c(t)z(t — ha(t))dw(t). (4.22)
By the above discussion, we know that if
—a(t) + |b(t)| + %CQ(t) <0, (4.23)

then the trivial solution of (4.22) is exponentially stable in mean square.
Using the spectral property of Metzler matrices, Ngoc [26] and Ngoc and Hieu [27] proved

that the trivial solution of (4.22) is exponentially stable in mean square provided
1
a(t) > a >0, t>0; [b(t)] + 5¢*(t) < ka, ¢ >0, (4.24)
for some 0 < k < 1. Obviously, (4.23) has more advantages than (4.24).

Example 4.3 For simplicity, we consider the following stochastic scalar equation
0

da(t) = (—a(t)x(t)+ / x(t+s)d[n(s)])dt+b(t)z(t)dw(t), (4.25)

for t > 0, where 7(t) is a function of bounded variation on [—7,0] and a(t), b(t) are continuous
functions and w(t) the one-dimensional Brownian motion.

Define 7(t) := a(t) — Var[_, on(-) — 5|b(t)], t > 0. Using the Laypunov functional method, it
has been shown in [28] that the trivial solution of (4.25) is asymptotically mean-square stable if

vi= %rzlgv(t) > 0. (4.26)

Actually we can deduce (4.26) ensures that the trivial solution of (4.25) is exponentially stable
in mean square. Let
0

f(t,0) = —a(t)p(0) + / p(s)dl()], alt0) == b(t)e(0),

for t > 0, ¢ € C([-7,0;R). Define V(s) := Var_, gn(-), s € [-7,0]. Then V(s) is non-

decreasing on [—7,0]. By the properties of the Riemann-Stieltjes integral, we have

‘/_OT w(O)w(s)d[n(s)]‘ < /0 1 (0)p(s)[A[V (s)].

-7

Thus,
S0Vt 9) < — alt)?(0) + / o(0)p(s)|d[V'(5)]

<(~al)+ / i AV ()¢ (0) + 5 / " SV ()]

—T —T
By the Theorem 3.2, the trivial solution of (4.25) is exponentially mean-square stable if there
exists 5 > 0 such that

—a(t)+ =

—pBs 1 2
5 e P5d[V (s)] + b () < =B, (4.27)

d[V(s)] + %/

—T -7
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for all ¢ > 0. It follows from (4.27)
1
—a(t) + V(0) + §b2(t) < —9,

for all t > 0. Setting 8 € (0,3) sufficiently small, we know that % (e’ — 1)V (0) < 2, which
implies for any t > 0

—alt) + GV(0) + 5" TV(0) + LP(1) < —1 < 5.

Since V(-) is non-decreasing, it follows that fET e P2d[V (s)] < e’7V(0). Therefore, we obtain
for any t > 0

0 0
o)+ [ AVEl+g [ A+ R0

—T

< —a(t) + %V(O) + %eﬂTV(O) + %b2(t) < -B.

5. Conclusion

By a novel approach, we presented some new criteria for the mean square exponential stability
of neutral stochastic functional differential equations. Some known results are improved and
generalized. It is important to note that the approach utilized in the present paper can be
applied to study exponential stability of various stochastic dynamical systems. Some of which

will be studied in the near future.
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