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Abstract Let G be simple graph with vertex set V' and edge set E. In this paper, we
establish an interlacing inequality between the A, eigenvalues of G and its subgraph G — U,
where U C V. Moreover, as an application, this interlacing property can be used to deduce
some A, spectral conditions concerning the independence number, cover number, Hamiltonian
property and spanning tree of a graph, respectively.

Keywords A, eigenvalue; interlacing inequality; independence number; cover number;

Hamiltonian properties; spanning tree

MR(2020) Subject Classification 05C50

1. Introduction

All graphs considered in this paper are finite, undirected and simple. Let G be a graph
with vertex set V(G) and edge set E(G). For any vertex v € V(G), let dg(v) and Ng(v) (or
d(v) and N(v) for short) be the degree and the set of neighbors of v, respectively. Clearly,
de(v) = |Ng(v)|. We use G — v to denote the graph obtained by deleting v from G. Similarly,
for any subset U of V(G), G — U is the graph obtained by deleting the vertices in U from G. A
cycle C (or a path P) in a graph G is called a Hamiltonian cycle (or a Hamiltonian path) of G
if C (or P) contains all the vertices of G. A graph G is called Hamiltonian (or traceable) if G
has a Hamiltonian cycle (or path). A graph G is called Hamilton-connected if for each pair of
vertices in G there is a Hamiltonian path between them. A cycle C in G is said to be dominating
if V(G) —V(C) is independent. The connectivity, independence number and cover number of G
are denoted by k(G), ¢/(G) and S(G), respectively. For any undefined notions, see Bondy and
Murty [1].

Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of vertex degrees
of G, respectively. The Laplacian and signless Laplacian matrices of G are defined as L(G) =
D(G) — A(G) and Q(G) = D(G) + A(G), respectively. For any a € [0, 1], Nikiforov [2] defined
the A, (G)-matrix of G as A,(G) = aD(G) + (1 — a)A(G). In particular, Ay(G) = A(G),
AL(G) = 1Q(G) and A;(G) = D(G). The eigenvalues, Laplacian eigenvalues, signless Laplacian
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and A, eigenvalues of G are the eigenvalues of A(G), L(G), Q(G) and A,(G), denoted by
p1(G) = p2(G) = -+ > pp(G), p1(G) > p2(G) > -+ > pn—1(G) > pn(G) =0, ¢1(G) > ¢2(G) >
<o > qn(G) and 01(G) > 03(G) > -+ > 0,(G), respectively. When only one graph G is under
consideration, we sometimes write p;, i, ¢; and o; instead of p;(GQ), u;(G), ¢;(G) and o;(G) for
1 < i < n, respectively. The eigenvalues of A(G), L(G), Q(G) and A,(G) have been studied
extensively. We refer the reader to Brouwer and Haemers [3] and Cvetkovi¢ et al. [4] for literature
in this area.

The eigenvalues of an n xn real symmetric matrix M are denoted by \; (M), where we always
assume the eigenvalues to be arranged in nonincreasing order: A\j (M) > Ag(M) > --- > X, (M).

The following is a classical result.

Theorem 1.1 ([3]) Let M be an n xn real symmetric matrix. For an integer m with 1 < m <mn,

let N be an m x m principal submatrix of M. Then fori=1,2,...,m,
Ai(M) > XN(N) > Nign—m(M).

Let G be a graph of order n, and let H = G — U, where U C V(G) with |U| = k. Theorem
1.1 gives an interlacing property of the eigenvalues of G and the eigenvalues of G — U, that is
pi(G) > pi(H) > pisi(G) for i = 1,2,...,n — k. In particular, when k = 1, then p;(G) >
p1(H) > p2(G) > -+ > pp_1(H) > pp(G). Theorem 1.1 does not directly apply to the (signless)
Laplacian matrix (or A,-matrix) of G and H since the principal submatrices of a (signless)
Laplacian matrix (or A,-matrix) may no longer be the (signless) Laplacian matrix (or A,-
matrix) of a subgraph. However, the following result due to Wu et al. [5] reflects an interlacing

property for the Laplacian eigenvalues of G and H.
/U’Z(G) —wy 2 Ml(H) > N1+k(G) —we, 1=1,2,...,n— k, (11)

where w1 = min,cy\p [Ne(v) NU| and wp = max,cy\v [Ng(v) NU|.
In particular, when k£ = 1, then
wiy = min |[Ng(v)NU| =0
veV\U
and

wy = max |[Ng(v)NU|=1.
veV\U

(1.1) implies that
:U‘Z(G) > /u‘t(H) > /J“Z-‘rl(G) - 13 1= 1,2,...,?1— 17
which was obtained by Lotker in [6]. Moreover, for signless Laplacian eigenvalues, Wang and

Belardo [7] also established the interlacing property for signless Laplacian eigenvalues of G and
H when k =1 as follows.

G(G) > qi(H) > qi1(G)—1, i=1,2,...,n—1. (1.2)

Motivated by the above mentioned recent results, in this paper, we further study the inter-
lacing property for A, (G) eigenvalues of G and H, and establish the following result.
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Theorem 1.2 Let G be a graph of order n. For any U C V(G) with [U| =k, let H=G —U.

Then we have
Jl(G) —awy > JZ(H) > Ui—l—k(G) — Qz, i= 1723 s, — ka (13)
where w; = min,ey\p [Ng(v) NU| and wp = max,ev\v [Na(v) N U

Remark 1.3 For a = 0, Theorem 1.2 becomes the interlacing property for the adjacency matrix;
for k = 1, note that w; = min,ecy\y [Na(v) NU| = 0 and ws = max,cy\v |[Na(v) NU| = 1. Then

Theorem 1.2 becomes
0i(G)>0i(H) > 0i41(G) —a, i=1,2,...,n— 1.

2
Laplacian eigenvalues of G and H, which is a direct consequence of Theorem 1.2.

Recall that A 1 (G) = LQ(G). We then have the following interlacing property for the signless

Corollary 1.4 Let G be a graph of order n. For any U C V(G) with |U| =k, let H=G —U.

Then we have
ql(G) — w1 > qz(H) > q7,+k(G) - W2, 1= ]-727 ceey N — ka (14)

where wy = min,ey\p |[Ng(v) NU| and wy = max,ev\v |[Na(v) N U

Clearly, (1.2) is a special case of Corollary 1.4 when k = 1.

The rest of this paper is organized as follows: The proof of Theorem 1.2 is presented in
Section 2. In Section 3, as an application of Theorem 1.2, we use Theorem 1.2 to deduce
some A, spectral conditions concerning the independence number, cover number, Hamiltonian

property and spanning tree of a graph, respectively.

2. Proof of Theorem 1.2

In order to give the proof of Theorem 1.2, the following preliminary results on real symmetric

matrices are needed. The following corollary immediately follows from Theorem 1.1.

Corollary 2.1 Let G be a graph of order n. For any v € V(G), let W, (G) be the principal
submatrix of A,(G) obtained by deleting the row and the column corresponding to the vertex
v. Then

01(G) 2 M(Wy(G)) 2 03(G) = -+ 2 A1 (W (G)) = 00 (G).

Lemma 2.2 ([8]) Let K = M + N, where K, M and N are three Hermitian matrices of order
n. Let \y > Ao > -+ > X\, andny > 19 > -+ - > 0, be the eigenvalues of K and M, ~; and ~y,, be
the largest and smallest eigenvalues of N, respectively. Then for each i = 1,2,...,n, we have

N+ <A <+

Lemma 2.3 ([8]) Let M, N be two n X n real symmetric matrices. Then for each integer

i=1,2,...,n, we have

Lmax De(M)+ (N} S MM+ N) < min (A (M) + A ()}
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We now give the proof of Theorem 1.2.

Proof of Theorem 1.2 For any U C V(G) with |U| = k, let Wy (G), Ly(G) and Ay (G)
be the principal submatrices of A,(G), L(G) and A(G) obtained by removing the rows and
columns of A,(G), L(G) and A(G) that correspond to the vertices in U, respectively. Note that
Au(G) = aD(G) + (1 — a)A(G) = aL(G) + A(G). Then we have Wy (G) = aLy(G) + Au(G)
and Ao (G —U) =aL(G—-U)+ A(G —U). Let Dy(G) = Wy(G) — Ax(G — U). Then we have
Dy(G) = Wy (G) — Ao(G = U) = a|Ly(G) — L(G — U)] since Ay(G) = A(G — U). Note that
Dy (G) is a diagonal matrix whose diagonal entry corresponding to v is a|Ng(v) N U|. Then by
Theorem 1.1, Lemmas 2.2 and 2.3, for each i = 1,2,...,n — k, we have that
Ai(Aa(G = U)) = Xi(Wu(G) — Du(G))
< min_ D (Wo(@) + A(~Du(G))}
< AN(Wu(G)) + M (—=Du(G))
= Xi(Wu(G)) = An—k(Du(G))
<0i(G) — vénvi{an\Ng(v) NU| = 0;(G) — awy,
Ai(Aa(G = U)) = M(Wu(G) — Du(G))
= max AN (Wo(@) +As(=Du(G))}
> XN(Wu(G)) + An—k(—Du(G))
= Ai(Wu(G)) = A (Du(G))
> 0i4k:(G) — Uren‘?i(UMNg(v) NU| = 0i4x(G) — aws.

This completes the proof of Theorem 1.2. O

3. Applications

As an application of Theorem 1.2, in this section, we present some results concerning the

A, (G) eigenvalues of a graph and its structural parameters. We begin with the following result.

Theorem 3.1 Let G be a connected graph of order n with cover number 5(G). Then
(1) Fori=1,2,...,n— B(G), we have 0;(G) > «;
(2) Fori=p(G)+1,...,n, we have 0,(G) < af(G).

Proof Let U be a minimum vertex cover of G with |U| = 8(G) = k. Note that ¢;,(G —U) =0
fori=1,2,...,n -k, wi = min,ey\v |[Na(v) NU| > 1 and wy = max,cy\v |[Ng(v) NU| < k.
Then Theorem 1.2 implies that

0;(G) > aw; = a min |[Ng(v) NU| > « and
veV\U
0i+k(G) < aws = a max |Ng(v) NU| < ka.
veV\U

This completes the proof. O
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Recall that A1 (G) = 1Q(G). The following corollary immediately follows from Theorem

3.1.

Corollary 3.2 Let G be a connected graph of order n with cover number $(G). Then
(1) Fori=1,2,...,n— B(G), we have ¢;(G) > 1;
(2) Fori= B(G)+1,...,n, we have ¢;(G) < B(G).
Recall that Ag(G) = A(G) when a = 0. In what follows, we consider the case 0 < a < 1. We

begin with the following relation between the A, eigenvalues of G and its independence number.
Theorem 3.3 Let G be a graph of order n with independence number . Then
1 g
@ ao'n—a’+1 =n.

Proof Suppose that I = {v1,vs,...,04} be an independent set of G and N = V(G) \ I =

{u1,ug,...,us}, where s = n — o’. Then by Theorem 1.2, we have

057(571)(67' —Up — U2 — - — us) > 0—57(372)<G —Ur —Uu2 — - — usfl) — Q.
Summing up the inequalities above, we then have
01(G—up —ug — -+ —us) > 0541(G) — sa=0,11(G) — (n — ).

Note that 01 (G —uy —ug —- - - —us) = 0 since there is no edge in the graph G —uy —ug —- -+ — us.
Thus 054+1(G) < (n — o/)o. Namely, o/ + Lo, o411 < n, as desired. O

Similarly, we have the following.
Corollary 3.4 Let G be a graph of order n with independence number o/. Then
o + a1 < 1.

We now continue to use Theorem 3.3 to establish the following results on the Hamiltonian

properties and spanning trees of graphs, respectively.

Theorem 3.5 Let G be a graph of order n with connectivity k.
(1) If n < Kk + éan_m then G is Hamiltonian;
(2) Ifn<k+ éanf,.;A + 1, then G is traceable;
(3) If n < K+ Lon_nq1 — 1, then G is Hamilton-connected.

Similarly, we have the following on the signless Laplacian eigenvalues of a graph.

Corollary 3.6 Let G be a graph of order n with connectivity k.
(1) If n < K+ ¢n—x, then G is Hamiltonian;
(2) If n < kK + gn—r—1 + 1, then G is traceable;
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(3) If n < K+ ¢n—r+1 — 1, then G is Hamilton-connected.

We now give an example to illustrate that our results in Theorem 3.5 are best possible.

Example 3.7 Recall that A1(G) = 3Q(G). We now consider a = # in the following.

(i) Let G be the non-Hamiltonian complete bipartite graph K, ,41 (r > 2). Notice that
k(G) = r and éan_ﬂ =Qnw = pnr =7. Thusn —1=2r < Kk + éan_ﬁ. Therefore (1) in
Theorem 3.5 is best possible.

(ii) Let G be the non-traceable complete bipartite graph K, ,io (r > 1). Notice that
k(G) = r and éo—n—n—l = Qn-r-1= pPpn-r-1=1. Thusn—-1=2r4+1<k+ éan_n_l + 1.
Therefore (2) in Theorem 3.5 is best possible.

(iii) Let G be the non-Hamiltonian complete bipartite graph K, , (r > 3). Notice that
k(G) = r and éon,nﬂ = Qnort1 = Pn-wt1 =7 Thusn—1=2r—1 < k+ ian,nﬂ — 1.
Therefore (3) in Theorem 3.5 is best possible.

Theorem 3.8 Let G be a 2-connected triangle-free graph of order n with connectivity k. If

n <2k + éan,g,ﬁg — 2, then every longest cycle in G is dominating.

Theorem 3.9 Let G be a graph of order n with connectivity k, wheren > xk+ k and k > 2 is
an integer. If n < (k+k—1) + éan,(,ﬁk,l), then G has a spanning tree with at most k leaves.

Similarly, we have the following corollaries.

Corollary 3.10 Let G be a 2-connected triangle-free graph of order n with connectivity k. If
n < 2K + Gn_2rx+2 — 2, then every longest cycle in G is dominating.

Corollary 3.11 Let G be a graph of order n with connectivity k, wheren > k+k and k > 2 is
an integer. If n < (k +k — 1) 4 ¢y—(utk—1), then G has a spanning tree with at most k leaves.

In order to prove Theorems 3.5, 3.8 and 3.9, we need the following results.

Theorem 3.12 ([9]) Let G be a graph of order n with connectivity x and independence number
o

(1) If o/ < &, then G is Hamiltonian;

(2) If o/ < k41, then G is traceable;

(3) If o/ <k —1, then G is Hamilton-connected.

Theorem 3.13 ([10]) Let G be a 2-connected triangle-free graph of order n with connectivity

 and independence number o'. If o/ < 2k — 2, then every longest cycle in G is dominating.

Theorem 3.14 ([11]) Let G be a graph of order n with independence number o' and k > 2 be
an integer. If o/ < k+ k — 1, then G has a spanning tree with at most k leaves.

Now we give the proofs of Theorems 3.5, 3.8 and 3.9, respectively.

Proof of Theorem 3.5 Let G be a graph satisfying the conditions in Theorem 3.5.
(1) If o < K, then Theorem 3.12 (1) implies that G is Hamiltonian. So we assume that
o' > k+1, then there exists an independent set S in G such that |S| = £+ 1. Applying Theorem
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3.3, we have that x + 1 + éan,n =rk+1+ éon_(,ﬁ_l)ﬂ =S|+ i07l_|s‘+1 < n, which is a
contradiction.

(2) If & < Kk + 1, then Theorem 3.12(2) implies that G is traceable. So we assume that
o' > k42, then there exists an independent set S in G such that |S| = k+2. Applying Theorem
3.3, we have that £+ 2+ 2on_w_1 = K+ 2+ 20, (uy2)11 = [S| + 20,541 < n, which is a
contradiction.

(3) If o < Kk —1, then Theorem 3.12(3) implies that G is Hamilton-connected. So we
assume that o’ > k, then there exists an independent set S in G such that |S| = k. Applying
Theorem 3.3, we have that x + %an_m_l =S|+ éon_|s|+1 < n, which is a contradiction. O

Proof of Theorem 3.8 Let G be a graph satisfying the conditions in Theorem 3.8. If o’ < 2xk—2,
then Theorem 3.13 implies that every longest cycle in G is dominating. So we assume that
o/ > 2k — 1, then there exists an independent set S in G such that |S| = 2k — 1. Applying
Theorem 3.3, we have that 2k — 1 + éan_g,ﬁ_g =2k—1+ éan,(zﬁ,l)ﬂ =S|+ éan,‘s‘ﬂ <n,

which is a contradiction. O

Proof of Theorem 3.9 Let GG be a graph satisfying the conditions in Theorem 3.9. If o/ < K+
k—1, then Theorem 3.14 implies that G has a spanning tree with at most k leaves. So we assume
that o/ > k + k, then there exists an independent set S in G such that |S| = k + k. Applying
Theorem 3.3, we have that k + k + éan_(,ﬁk_l) =k+k+ éan_(,ﬁ_k)“ =S|+ éo—n—\S\+1 <n,

which is a contradiction. O

4. Concluding remarks

Let G be a graph of order n, and let H = G — U, where U C V(G) with |U| = k. In this
paper, we deduce an interlacing inequality between the A, eigenvalues of G and H, which we
refer to as the vertex version of the interlacing property. In fact, the following results due to

Mohar [12] and Chen et al. [13] reflect an edge version of the interlacing property.
Theorem 4.1 ([12,13]) Let G be a graph of order n, and let G' = G — e, where e € E(G). Then

wi(G) > wi(G") > piy1(G), for eachi=1,2,...,(n—1).
0i-1(G) = 0;,(G') = 041(G), for eachi=1,2,...,(n — 1),

where 0o(G) = 2, 0,41(G) = 0 and 6,(G) > 62(G) > -+ > 0,_1(G) > 0,(G) = 0 are the
normalized Laplacian eigenvalues of G.
More generally, for any graph G of order n and F' C E(G) with |F| = k, we would like to

know there is an edge version of the interlacing property on A, eigenvalues of G and its subgraph
G- F.
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