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Abstract In this paper, we introduce the notion of the Hom-Leibniz-Rinehart algebra as an
algebraic analogue of Hom-Leibniz algebroid, and prove that such an arbitrary split regular
Hom-Leibniz-Rinehart algebra L is of the form L = U +}__ I, with U a subspace of a maximal
abelian subalgebra H and any I, a well described ideal of L, satisfying [I, I5] = 0 if [y] # [0].
In the sequel, we develop techniques of connections of roots and weights for split Hom-Leibniz-
Rinehart algebras, respectively. Finally, we study the structures of tight split regular Hom-
Leibniz-Rinehart algebras.
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1. Introduction

The notion of the Lie-Rinehart algebra plays an important role in many branches of mathe-
matics. The idea of this notion goes back to the work of Jacobson to study certain field extensions.
It also appears in some different names in several areas which includes differential geometry and
differential Galois theory. In [1], Mackenzie provided a list of 14 different terms mentioned for
this notion. Huebschmann viewed Lie-Rinehart algebras as an algebraic counterpart of Lie al-
gebroids defined over smooth manifolds. His work on several aspects of this algebra has been
developed systematically through a series of articles namely [2-5].

The notion of Hom-Lie algebras was first introduced by Hartwig, Larsson and Silvestrov
in [6], who developed an approach to deformations of the Witt and Virasoro algebras based
on o-deformations [7]. In fact, Hom-Lie algebras include Lie algebras as a subclass, but the
deformation of Lie algebras is twisted by a homomorphism.

Mandal and Mishra defined modules over a Hom-Lie-Rinehart algebra and studied a coho-
mology with coefficients in a left module. They presented the notion of extensions of Hom-

Lie-Rinehart algebras and deduced a characterisation of low dimensional cohomology spaces in
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terms of the group of automorphisms of certain abelian extensions and the equivalence classes
of those abelian extensions in the category of Hom-Lie-Rinehart algebras in [8]. The concept
of a Hom-Lie-Rinehart algebra has a geometric analogue which is nowadays called a Hom-Lie
algebroid in [9,10]. See also [11-15] for other works on Hom-Lie-Rinehart algebras.

The class of the split algebras is specially related to addition quantum numbers, graded con-
tractions and deformations. For instance, for a physical system which displays a symmetry, it
is interesting to know the detailed structure of the split decomposition, since its roots can be
seen as certain eigenvalues which are the additive quantum numbers characterizing the state of
such system. Determining the structure of split algebras will become more and more meaningful
in the area of research in mathematical physics, the structure of different classes of split alge-
bras have been determined by the techniques of connections of roots. These techniques were
introduced in [16] and have shown powerful to study the inner structure of different split and
graded algebraic objects in [17-21]. Recently, the techniques of connections in a Rinehart setup
are firstly developed in [22]. Later, we studied the structures of split regular Hom-Lie Rinehart
algebras in [23] as a generalization of split Lie Rinehart algebras. The purpose of this paper
is to consider the structure of split regular Hom-Leibniz-Rinehart algebras by the techniques of
connections of roots based on some work in [21,22].

This paper is organized as follows. In Section 3, we introduce the notion of the Hom-Leibniz-
Rinehart algebra and prove that such an arbitrary split regular Hom-Leibniz-Rinehart algebras
L is of the form L = U + > I, with U a subspace of a maximal abelian subalgebra H and
any I, a well described ideal of L, satisfying [I,,I5] = 0 if [y] # [0]. In Sections 4 and 5, we
develop techniques of connections of roots and weights for split Hom-Leibniz-Rinehart algebras,
respectively. In the last section, we study the structures of tight split regular Hom-Leibniz-

Rinehart algebras.

2. Preliminaries

Let R denote a commutative ring with unity, Z the set of all integers and N the set of all
nonnegative integers, all algebraic systems are considered of arbitrary dimension and over an
arbitrary base field K. And we recall some basic definitions and results related to our paper
from [24,25] and [8].

Definition 2.1 Given an associative commutative algebra A, an A-module M and an algebra
endomorphism ¢ : A — A, we call an R-linear map 6 : A — M a ¢-derivation of A into M if it

satisfies the required identity:
d(ab) = ¢p(a)d(b) + ¢(b)d(a), for any a,b € A.
Let us denote by Dery(A) the set of ¢-derivations of A into itself.
Definition 2.2 A Hom-Leibniz algebra L is a vector L, endowed with a bilinear product

[]:LxL—L,
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and a homomorphism v : L — L

[p(x), [y, 2]] = [lz, y], ¥ (2)] + [¢(y), [z, 2]] (Hom-Leibniz identity)

holds for any x,y,z € L.
If ¢ is furthermore an algebra automorphism, that is, a linear bijective such that ¢ ([x,y]) =

[(z),9(y)] for any z,y € L, then L is called a regular Hom-Leibniz algebra.

Definition 2.3 A representation of a Hom-Leibniz algebra (L, [-, -], ) is a quadruple (V, 1y, p%, p¥),
where V is a vector space, 1y € gl(V), p&', p® : L — gl(V) are linear maps such that the following
equalities hold for all xz,y € L:

(1) p"(p(x)) o wv—wVOpL(x,pR(%/f(x))Oibv—z/JVOP (z);
2) p"([z,y)) pE((x)) 0 ph(y) — p* (¥ (y)) © p*(x);
(3) p"([=, ])01/1 pP((x)) o pB(y) — pR((y)) o p*(x);
(4) p"([z,y]) oy = p"(¥(x)) 0 p"(y) + T (¥ (y)) © p™ ().

Definition 2.4 A Hom-Lie-Rinehart algebra over (A, ¢) is a six tuple (A, L, [-,-], #, 4, p), where
A is an associative commutative algebra, L is an A-module, [-,-] : L x L — L is a skew symmetric
bilinear map, ¢ : A — A is an algebra homomorphism, ¢ : L — L is a linear map satisfying
¥([z,y]) = [¥(x),¥(y)], and the R-map p : L — Dery(A) such that following conditions hold.

(1) The triple (L, |-, ],v) is a Hom-Lie algebra.

(2) Y(a-z)=d¢(a) Y(x) foralla € A,x € L;

(3) (p, ) is a representation of (L,[-,-],%) on A;

(4) pla-x)=¢(a)-p(x) foralla € A,z € L;

(5) [v,a-y] = 6(a) - [z, ] + p(x)(@)(y) for all a € A,z,y € L.

A Hom-Lie-Rinehart algebra (A, L, [-, -], ¢, %, p) is said to be regular if the map ¢ : A — A is

an algebra automorphism and v : L. — L is a bijective map.

3. Decomposition

In this section, we introduce the notion of the Hom-Leibniz-Rinehart algebra as an algebraic
analogue of Hom-Leibniz algebroid. In a sequel, we introduce the class of split algebras in the

framework of Hom-Leibniz-Rinehart algebras.

Definition 3.1 A Hom-Leibniz-Rinehart algebra over (A, ¢) is a seven tuple (A, L, [-,-], ¢,, p*,
p®), where A is an associative commutative algebra, L is an A-module, [-,-] : Lx L — L is a linear
map, ¢ : A — A is an algebra homomorphism, 1) : L. — L is a linear map satisfying ¢ ([z,y]) =
[¢(x),¢(y)], and the R-maps p*, p® : L — Der,(A) satisfying the following conditions.

(1) The triple (L,[-,],v) is a Hom-Leibniz algebra.

(2) Y(a-z)=¢(a) YP(x) foralla € A,x € L;

(3) (pl,p®, ) is a representation of (L, [-,-],1) on A;

(4) pE(a-z) = ¢(a)-pl(z) foralla € A,z € L;

(5) pR(a-x) = ¢(a)- pf(z) foralla € A,z € L;
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(6) [r,a-y] = ¢(a)-[z,y] + p¥(x)(a)y(y) for alla € A, z,y € L;

(7) la-z,y]=¢(a) - [z, y] — p"(x)(a)y(y) for alla € A, z,y € L.

We denote it by (L, A) or just by L if there is not any possible confusion. A Hom-Leibniz-
Rinehart algebra (A, L, [, ], ¢, %, p&, p¥) is said to be regular if the map ¢ : A — A is an algebra

automorphism and v : L. — L is a bijective map.

Example 3.2 A Leibniz-Rinehart algebra L over A with the linear map [-,-] : L x L — L and
the R-maps p, pf* : L — Der(A) is a Hom-Leibniz-Rinehart algebra (A4, L, [-, -], ¢, ¥, p¥, p%),
where ¢y =1d;, ¢ =1Id4 and p: L X L — Dery(A) = Der(A).

Example 3.3 A Hom-Leibniz algebra (L, [-, -], %) structure over an R-module L gives the Hom-
Leibniz-Rinehart algebra (A, L, [+, -], ¢, ¥, p¥, p) with A = R, the algebra morphism ¢ = idg
and the trivial action of L on R.

If we consider a Leibniz-Rinehart algebra L over A along with an endomorphism
(¢, 0): (A, L) = (A4,L)

in the category of Leibniz-Rinehart algebras, then we get a Hom-Leibniz-Rinehart algebra
(A7 L’ [.7 ']w? ¢7 w? pé’ pg) as f011OWS:

(1) [z, yly = 9([z,y]) for any x,y € L;

(2) pg(m)(a) = ¢(pL(z)(a)) for alla € A,x € L;

(3) pg”(x)(a) = ¢(pf(x)(a)) for all a € A,z € L.

Definition 3.4 A Hom-Leibniz algebroid is a tuple (&, [, ], ¢, v, p&, pTt), where ¢ : A — M is a
vector bundle over a smooth manifold M, ¢ : M — M is a smooth map, [—,—] : T'(A) xT'(A) —
I'(A) is a bilinear map, the maps p*, pft : ¢' A — ¢'T'M is called the anchor and ¢ : T'(A) — T'(A)
is a linear map such that following conditions are satisfied.

(1) The triplet (T'(A),[—, —], %) is a Hom-Lie algebra;

(2) P(fX) =" (F)yp(X) for all X € I'(A), f € C=(M);

(3) (pt,p%, #*) is a representation of (T'(A), [—, —],%) on C*(M);

(4) [X, fY] =" (NIX. Y]+ p"(X)[flY(Y) for all X,V € T(A), f € C=(M);

(5) [fX,Y]=¢"(NIX, Y] = p"(X)[fI(Y) for all XY € T'(A), f € C=(M).
Example 3.5 A Hom-Leibniz algebroid provides a Hom-Leibniz-Rinehart algebra (C*°(M),T'(A),

[, -], 0%, 1, p%, pt,), where T'(A) is the space a section of the underline vector bundle A — M
and ¢* : C°(M) — C°°(M) is canonically defined by the smooth map ¢ : M — M.

(@
(G

Example 3.6 Let (A7 La ['7 ']La ¢a ¢L7 PL, PR) and (A7 M7 ['a ']Ma ¢7 va p%/b pIJ\Z) be two Hom-
Leibniz-Rinehart algebras over (A, ¢). We consider

L Xper,a M = {(I,m) € L x M : py(l) = py;(m), pi'(1) = pir(m)}.

Then (A, L Xper,a M, [-,-],¢,%, pr, pr) is a Hom-Leibniz-Rinehart algebra, where
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(1) The linear bracket [, -] is given by
(1, ma), (2, m2)] == ([l1, L2], [m1, ma]),
for any l1,lo € L and my,mo € M.
(2) The map v : L Xperya M — L Xpery,a M is given by
P(l,m) = (Wr(), ¥ (m)),

for any [ € L and m € M.
(3) The action of L Xper,a4 M on A is given by

SX
=~
—
o~
2
—
Q
~
i
)
Nt~
—~
~
~—
—
Q
~

forany l € Lym € M and a € A.
Next we define homomorphisms of Hom-Leibniz-Rinehart algebras.

Definition 3.7 Let (A,L,[-, |5, ¢,%L, pE, pB) and (B, L', [, |/, ¥, %1, pE., pit) be two Hom-
Leibniz-Rinehart algebras, then a Hom-Leibniz-Rinehart algebra homomorphism is defined as a
pair of maps (g, f), where the map g : A — B is an R-algebra homomorphism and f : L — L' is
an R-linear map such that following identities hold:

(1) fla-z)=g(a)- f(z), forallz € L and a € A;

(2) [z yle) = [f (@), f(W)lw, for all z,y € L;

(3) f(Wr(@)) =Yw(f(x)), for all x € L;

(4) g(¢(a)) = ¢(g(a)), for all a € A;

(5) 9(pz(@)(a)) = pL, (f(2))(g(a));

(6) 9(pii(z)(a)) = p1i(f(2))(g(a)), for all z € L and a € A.

Definition 3.8 A subalgebra (S, A) of (L, A) is called a Hom-Leibniz subalgebra, if (S, A)
satisfies AS C S such that S acts on A via the composition S — L — Dery(A). A Hom-
Leibniz subalgebra (I, A) of (L, A) is called an ideal, if I is a Hom-Leibniz ideal of L such that
pH(I)(A)L C I and pR(I)(A)L C I.
The ideal J generated by
{lz,y] + [y, 2] 1 2,y € L}
plays an important role in mathematics since it determines the non-super Lie character of L.

From Hom-Leibniz identity, it is straightforward to check that this ideal satisfies
[L,J] =0. (3.1)

Let us introduce the class of split algebras in the framework of Hom-Leibniz algebras from [21].

Denote by H a maximal abelian subalgebra of a Hom-Leibniz algebra L. For a linear functional
v: H—K,
we define the root space of L associated to -y as the subspace

L, :={vs € L:[h,(vy)] = a(h)®(vy), for any h € H}.
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The elements y : H — K satisfying L. # 0 are called roots of L with respect to H and we denote
I':={ye H*\{0} : L, # 0}. We call that L is a split regular Hom-Leibniz algebra with respect
to H if

L=HoPL,
~el’

We also say that I' is the root system of L.

Definition 3.9 A split regular Hom-Leibniz-Rinehart algebra (with respect to an MASA H of
the regular Hom-Leibniz algebra L, here MASA means maximal abelian subalgebra) is a regular
Hom-Leibniz-Rinehart algebra (L, A) in which the Hom-Leibniz algebra L contains a splitting
Cartan subalgebra H and the algebra A is a weight module (with respect to H) in the sense that
A can be written as the direct sum A = Ao ® (P,cp Aa) With ¢(Ay) C Ay, where

A = {aa € Alp"(h)(aa) = a(h)¢(aa), Yh € H},

for a linear functional « € H* and A := {a € H*\{0} : A, # 0} denotes the weights system of
A. The linear subspace A, for a € A, is called the weight space of A associate to «, the element
a € AU {0} are called weights of A.

Lemma 3.10 Let (L, A) be a Leibniz-Rinehart algebra, where L = H ® (@, Ly), A= Ao ®
(Bocpr4a) ;v L = L,¢p: A— A are two automorphisms such that ¢(H) = H, $(Ao) = Ao
and ¢(A,) C A,. By Example 3.3, we know that (L, A) is a regular Hom-Leibniz-Rinehart
algebra. Then we have
L=Ha (@swq), A=Ay @ (@AQW),
ael a€

which makes the regular Hom-Leibniz-Rinehart algebra (L, A) be the roots system I'' = {ayp~1 :
a € T'} and weights system A’ := {a¢p™! : o € A}.

The following lemma is analogous to the results of [23].

Lemma 3.11 For any v, € TU{0} and «, 8 € AU {0}, the following assertions hold.
(1) Lo = H;
(2) $(Ly) = Loy and (L) = Loy,
(3) If [Ly,L¢] # 0, then vy~ ' + &=t € T U{0} and [L, L] C Loyy-14¢yp-1;
(4) If AyAg # 0, then o+ 3 € AU{0} and A, Ag C Anyp;
(5) If AuL, # 0, then o +v € T U{0} and AL, C Loyy;
(6) If p“(L,)As # 0, then o+~ € AU{0} and p(L+)Aa C Aatr-

4. Connections of roots

In what follows, L denotes a split regular Hom-Leibniz-Rinehart algebra and

L=Ha (L), A=4e(P4a).

~yerl a€A
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Given a linear functional v : H — K, we denote by —y : H — K the element in H* defined by
(=) (h) := —y(h) for all h € H. We also denote —T" := {—~ : v € T'}. In a similar way we can
define —A := {—a: a € A}. Finally, we denote +I' :=T'U —T" and A := AU —A.

Definition 4.1 Let v,& € I'. We say that ~ is connected to £ if
e Either £ = eyy)? for some z € Z and € € {1, —1}.
e Either there exists a family {(1,(a,...,(} € £AU LT, with n > 2, such that
(1) G € {yo*k e Z}.
(2) Gyt + Gyt e 4T,
QY2+ G2+ (st e A1
QY2+ QY 4+ Gy 4+ G

G+ G G e Gy

QYT 4 G PR Gy e G e AT
(3) Q™"+ QYT YT 4 G € (YT Im € 2.
We will also say that {1,(a,...,C(n} is a connection from v to &.

The proof of the next result is analogous to the one of [21].

Proposition 4.2 The relation ~ in I is an equivalence relation, where v ~ & if and only if 7y is
connected to .

By Proposition 4.2 we can consider the quotient set

L/ ~={]:veTl}

with [y] being the set of nonzero roots which are connected to . Our next goal is to associate
an ideal I}, to []. Fix [y] € I'/ ~, we start by defining

Lo, ;:( EB A gLs) (@[L &Ls])-
—{EA

Now we define
Ly = P Le.
Finally, we denote by I|,) the direct sum of the two subspaces above:

Iy = Lo,y @ Ly

Proposition 4.3 For any [y] € A/ ~, the following assertions hold.

(1) [y v]]CIMa

(2) Y(Iy)) = I1y;

(3) Aljy C Iy

(4) p"(Iy)(A)L C Iy;

(5) For any [y] # [6], we have [I1,), Ijs] = 0.
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Proof (1) First we check that [Ij), Ijy)] C I, we can write

Us I) = (Lo @ Liyys Lo,y @ Liy]

< [Lo,ps L] + [Lygs Lo + [Lpas Ly - (4.1)
Given ¢ € [v], we have [Lg,[,}, Ls] C Ls C L,]. By a similar argument, we get [Ls, Lo [y)] C Liy]-
Next we consider [Lpy, Liyj]. If we take §, € [y] such that [Ls, L] # 0, then [Ls, L] C
Lsin. I 60~ + =t =0, we get [Ls, L_s5] C Loy - Suppose that 0~ +nyp~! € T. We
infer that {§,n} is a connection from § to §¢~! + mp=1. The transitivity of ~ now gives that

6~ +ny~t € [y] and so [Ls, L,| C L,). Hence
L), L] € Ipy- (4.2)

From (4.1) and (4.2), we get [I[,}, [[y]] C I}y
(2) Tt is easy to check that ¢(Ijy)) = I}y
(3) and (4) are similar to [23].
(5) We will study the expression [I[,], Ijs)]. Notice that
U Lis1] = [Lo,iy) @ Ligs Lo,5) © Lig)]
C [Lo ), Lig] + [Lpy1s Lo,o)) + [Liyg, Ly - (4.3)
First we consider [Lj,], Ls)] and suppose that there exist v, € [7],d1 € [d] such that [L.,, Ls,] #
0. As necessarily v19 =1 # —d19 =1, then y19~ 1 +6,1971 € I'. So {71,681, —v19 1} is a connection
between 1 and ;. By the transitivity of the connection relation we see v € [d], a contradiction.
Hence [L.,, Ls,] = 0, and so
[Liy)s Lig) = 0. (4.4)

By the definition of Ly [,], we have

(Lo, 1> Lis)l = [( > A—vle) + ( > [L—fyuLmD,Lm]-

€N, —m€eA Y1€[]

Suppose that there exist v; € [v] and d; € [0] such that
[Ls, , [L’h ) L—’Yl]] =0.

Suppose that [Ls,, [L+,, L—-,]] # 0, then Hom-Leibniz identity gives

0 [t~ (Ls, ), Loy, Ly ]
Y™ (Lo ) Loy (L)) + [0 (L, )5 Loy ], 90 (L ))-
Hence
[0 (L5), Ly + 87 (L6, Lry] # 0,
which contradicts (4.4). Therefore, [Ls,,[L~,,L_~,]] = 0.

For the expression [A_,, L, , Li5]], suppose there exists d; € [§] such that [A_,, L., Ls,] # 0.

By Definition 3.1, we have

[A*’YlLVNLlsl] = [L517A*71L’Y1] c ¢(A*71)[L517L’Yl] + pL(L(Sl)(A*Vl)LéNlJ’l'
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By the discussion above, we get [Ls,, L, ] = 0. Since [A_, L., Lis] # 0, it follows that 0 #
pY(Ls,) (A, )Ls,p—1 C Asy—y Ls,y-1. Thus As,_,, # 0 and 61 — v € AU{0}. 61 ~ 7, a
contradiction. So [A_,, L,,, Lis]] = 0. Therefore, we have [Lo [y}, Lj5)] = 0. In a similar way we

can prove [L,], Lo 5] = 0, we conclude [Ij,}, Ii5] = 0. O

Definition 4.4 A Hom-Leibniz-Rinehart algebra (L, A) is simple if [L, L] # 0, AA # 0, AL #0
and its only ideals are {0}, J, L and the kernel of p.

Theorem 4.5 The following assertions hold.
(1) For any [y] € I'/ ~, the linear space Ijj = Ly + L, of L associated to [7] is an ideal
of L.
(2) If L is simple, then there exists a connection from ~ to ¢ for any v, € I' and
H=( > aar)+ (D L)
vel,—veA el

Proof (1) Since [I}y), H] + [H, I}y)] C I}, by Proposition 3.3, we have

U Ll = [Ihl’H@ ( D Lf) @ ( D L(S)} I

¢el] 6¢ ]
and
L Iy, ] = {HGB ( D Ls) @ ( D La))fm] C Iy
g€l 5¢ 1]
Furthermore,
Ui LI+ [ I i) = {fmvﬂ@( Q%) Lg) @( S, La)} + [H@( ) Lg) @( ) La),f[n,]} C Ipy).
g€l 621 cel) 5¢ 0]

As we also have (I},]) = I},). So we show that I},] is a Hom-Leibniz ideal of L. We also have
that I},] is an A-module, then we conclude I}, is an ideal of L.

(2) The simplicity of L implies I}, € {J, L, kerpl}. If some v € T is such that Ij,) = L, then
[v] = T. Otherwise, if I;;) = J for any o € T', then [y] = [d] for any v, € I, and so [y] = T.
Otherwise, if I|,; = ker p for any v € I, then [y] = [4] for any v, € I', and so [y] = I". Thus

H = (3 er—yen A—vLy) + (X, erll—y, Ly]). O
Theorem 4.6 We have
L=U+ Z I[,y],

[vea/~

where U is a linear complement in H of (3_ . . cp A—yLy) + (32 cr[L—vy, L,]) and any Iy, is
one of the ideals of L described in Theorem 4.4, satistying [I1,}, I ;5] = 0 if [y] # [d].

Proof I, is well defined and is an ideal of L and it is clear that
LZH@ZL[W]ZU-F Z I[’Y]'
[v]er [v]er/~

Finally, Proposition 4.3 gives us [I},), I;5)] = 0 if [y] # [0]. O
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Definition 4.7 The annihilator of a Hom-Leibniz-Rinehart algebra L is the set
Z(L):={veL:[v,L+[L,v] =0 and p(v) = 0}.

Corollary 4.8 If Z(L) =0 and H = (3_ cp . cp A—vLy) + (O er[L—s Ly]). Then L is the
direct sum of the ideals given in Theorem 4.5,

L= EB Ity
[yer/~

Furthermore, [If,), Ijs)] = 0 if [y] # [4].

Proof Since H = (3_cr _yen A—yLy)+ (32, er[L—r Ly]), it follows that L =3/ Ijy). To
verify the direct character of the sum, take some v € Iy} N (X (s51er/m (520 L167)- Since v € Ij),
the fact [I},], I;5)] = 0 when [y] # [d] gives us

[’U, Z I[g]} + [ Z I[g],’u} =0.
[0]€T/~,[0]#[V] [s]el/~,[8]#[]

In a similar way, v € 3 51/ 520 L16) implies [v, Ij,)] + [Ijy),v] = 0. It is easy to obtain that
pE(v) = 0. That is v € Z(L) and so v = 0. O

5. Decompositions of A
We will discuss the weight spaces and decompositions of A similar to [23] and omit the proof.

Definition 5.1 Let o, 8 € A we say that o and (8 are connected if
e Either 8 = e« for some € € {1,—1};
e Either there exists a family {o1,09,...,0,} C £AU XTI, with n > 2, such that
(1) o1 =aqu.
(2) o1+ 09 € EAULT,
o1+ 09 +03 € AULT,

o1 +09 - -+0p_1 E:l:AU:l:P,
(3) o1 +o9---+0, €{8,—6}.
We will also say that {o1,02,...,0,} is a connection from « to 3.

Proposition 5.2 The relation =~ in A is an equivalence relation, where o =~ (3 if and only if «
is connected to 3.

By Proposition 5.2, we can consider the quotient set
A/ mi= {lalla € A},

where [o] denotes the set of nonzero weights of A which are connected to «. In the following we

will associate an adequate ideal Aj,) to any [a]. For a fixed a € A, we define

Ao o) 1= ( ST PHLog)(Ap) + ( 3 A_B,Aﬂ)) C Ao, A= €D 4.

BEa],—BEA Bela] BE[a]
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Then we denote by A, the direct sum of the two subspaces above,
Ala) 1= Ao o) ® Afa)-

Proposition 5.3 For any o, 8 € A, the following assertions hold.
(1) A[Q]A[a] C A[a].
(2) If [a] # [B], then A[Q]A[ﬁ] =0.

Theorem 5.4 Let A be a commutative and associative algebra associated to a Hom-Leibniz-
Rinehart algebra L. Then the following assertions hold.

(1) For any [a] € A/ =, the linear space Al = Ag o]  A[a] of A associated to [a] is an
ideal of A.

(2) If A is simple, then all weights of A are connected. Furthermore,

A= > P+ (DD Aada).
—a€ll,aeA aEA

Theorem 5.5 Let A be a commutative and associative algebra associated to a Hom-Leibniz-
Rinehart algebra L. Then

A=V + Z Alals

[a]eA/~
where V' is a linear complement in Ao of 3°_ cr sen PP (L_a)(Aa) + (X pen A—ada) and any
Ajq) is one of the ideals of A described in Theorem 4.4 (1), satisfying Ajo)Ajg = 0, whenever

[a] # [B]-
Let us denote by Z(A) the center of A, that is, Z(A) := {a € L|aA = 0}.

Corollary 5.6 Let (L, A) be a Hom-Leibniz-Rinehart algebra. If Z(A) = 0 and
do= Y ML) (A (Z A,aAa),
—a€lacA aEA
then A is the direct sum of the ideals given in Theorem 4.5, that is,
A= Z Ao
[a]eA/~

satisfying A[o)Ajg = 0, whenever [a] # [B].

6. The simple components

In this section we focus on the simplicity of split regular Hom-Leibniz-Rinehart algebra (L, A)
by centering our attention in those of maximal length. From now on we always assume that A

is symmetric in the sense that A = —A.

Lemma 6.1 Let (L, A) be a split regular Hom-Leibniz-Rinehart and I an ideal of L. Then
I=(InNH)® (NP, cr L)

Proof Since (L, A) is split, we get L = H & (@, Ly). By the assumption that I is an ideal

of L, it is clear that [ is a submodule of L. Since a submodule of a weight module is again a
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weight module. Thus [ is a weight module and therefore, I = (INH) & (I NP, cr Ly). O

Lemma 6.2 Let (L, A) be a split regular Hom-Leibniz-Rinehart algebra with Z(L) = 0 and I
an ideal of L. If I C H, then I = {0}.

Proof Since I C H, [I,H]+ [H,I] C [H,H] = 0. It follows that [I, L] + [L,I] = [1769761“ L)+
(D, er Ly I] C HN (D,er Ly) =0. So I C Z(L) = 0. O

Observe that if L is of maximal length, then we have

I=(nme (P L), (6.1)

~ert
where I'' = {y e T': I N L, # 0}.
In particular, in case I = J, we get
J=unmo (P L) (6.2)
~yer’

withIV ={yel:JNL,#0}={yel:0#£L, C J}.
From here, we can write
r=r/ur/, (6.3)

where I/ = {y € ': L, # 0 and J N L, = 0}. Therefore, we can write
L=Ho (@ L))o ( P L) (6.4)
~er’ ser—J
Let us introduce the notion of root-multiplicativity in the framework of split regular Hom-
Leibniz-Rinehart algebras of maximal length, in a similar way to the ones for split regular

Hom-Lie Rinehart algebras in [23].

Definition 6.3 A split regular Hom-Leibniz-Rinehart algebra (L, A) is called root-multiplicative
if the following conditions hold:

(1) Given v,8 € T/ such that yip=1 + 6=t € T, then [L., Ls] # 0.

(2) Giveny €'/, § € I such that yp=1 + dv~! € T/, then [L,, Ls] # 0.

(3) Given o € A,y € T such that a +~ € I', then A, L., # 0.

(4) If o+ B € A, then A, Ag # 0.

Definition 6.4 A split regular Hom-Leibniz-Rinehart (L, A) is called of maximal length if dim
L,=dim A, =1 for any y€I' and o € A.

Proposition 6.5 Suppose H = (3 cp-s _ep A—yLy) + (O, cr-s[L—v, Ly]), Zrie(L) = 0 and
root-multiplicative. If T/ has all of its roots —.J-connected, then any ideal I of L such that
I¢H®J, thenI=L.

Proof By (6.1) and (6.3), we can write

=nme( @ L),

yEDTT



On split regular Hom-Leibniz-Rinehart algebras 493
where '™/ =T/ NT! and 'Y =T/ NTY. Since I ¢ H @ J, there exists v € '™/ such that
0+# Ly CI. (6.5)

By Lemma 3.11, 9(L,,) = L, ,-1. Eq.(6.5) gives us 9(L,,) C ¥(I) = I. So L,4-1 C I.
Similarly, we get
Ly, CI, forneN. (6.6)

For any 6 € I, B ¢ £y01p™™, for n € N, the fact that 7o and v are —.J-connected gives us a
—J-connection {y1,72, .., } C I’ from 7o to § such that

=y el el fork=2,...,n,
1Y+ eyt eI,

’711/J_n+1 + 72,(/)—7#"-1 + 73,(/)—”-"-2 + ..+ fynil'(/}_g + ’yn’(/}_l S FT,
NPT 4T g TRy
V12 + ! € {£B¢7™ :m € N}

Taking into account y; = v € I, if 75 € A (resp., 72 € I'™7), the root-multiplicativity and

maximal length of (L, A) allow us to assert

0 7& A"/1L"/2 - L’Y1+72 (resp., 0 7é [L"/NL’Yz] = L'yﬂb’“r’yzw’l)'
By (6.6), we have
07 Lyyy-1qypp—r C 1.

We can discuss in a similar way from v19 "t +y0 " € I 43 € AUT™ and y9p 2 + v =2 +
v~ € I to get

07 [Loyp-14yp9-15 Lg] = Loyygp=21qpp=24ygpp=1-
Thus we have

0# L711/)_2+721/J_2+"/3¢_1 -y
Following this process with the —.J-connection {v1,72, ..., }, we obtain that

0 7é L71¢77L+1+72w771,+1+73w—n+2+_,.+7”»¢)71 clI.

It follows that either
L(w)—m cIor L_(w)—m clI (67)

for any 6 € '/, m € N. Moreover, we have
Sp~m e, (6.8)
Since H = (Zyerﬂ,—qu A_yLy) + (ZyeFﬁJ[L—%L'y])a by (6.7) and (6.8), we get

HcCI (6.9)
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Now, for any Y € {J,~J}, given any 6 € I'/, the facts 6 # 0, H C I and the maximal length of
(L, A) show that
Ls= [L(WHH} cl.

The decomposition of L in (6.4) finally gives us H =1. O
Another interesting notion related to a split Hom-Leibniz-Rinehart algebra of maximal length
(L, A) is Lie annihilator. Write L = H & (D.,cp-s Ly) ® (BDsers Lo)-

Definition 6.6 The Lie-annihilator of a split Hom-Leibniz-Rinehart algebra of maximal length
(L, A) is the set

Ziie(L) = {v elL: [U,H@ ( @ Lv)} + {HEB ( @ L,Y),v} =0 and p(v) :0}.
~yer—J yer—J
Observe that Z(L) C Zye(L).
In the following, we will discuss the relation between the decompositions of L and A of a

Hom-Leibniz-Rinehart algebra (L, A).

Definition 6.7 A split regular Hom-Leiniz-Rinehart algebra (L, A) is tight if Zy;(L) = 0,
Z(A)=0, AA=A, AL =L and

H=( Y a)+ (X Laly)

yel~7,—yeA yer—J
A= Y plea)A) + (Y Aada).
—a€cl'"7 acA aceN

Remark 6.8 Let (L, A) be a tight split regular Hom-Leibniz-Rinehart algebra, then
L= 3 Iy A= > Ag
[v]eT~7 /~ [a]eA/~
with any Ij,; an ideal of L verifying [}, I[5)] = 0 if [y] # [6] and any A[,) an ideal of A satisfying
Al Apg) = 0 if [o] # [B].

Proposition 6.9 Let (L, A) be a tight split regular Hom-Leibniz-Rinehart algebra, then for
any [y] € I/ ~ there exists a unique [a] € A/ ~ such that A}y 1}, = 0.

Proof Similar to Proposition 4.2 in [21]. O

Theorem 6.10 Let (L, A) be a tight split regular Hom-Leibniz-Rinehart algebra, then

ier~7 /I JEK
with any L; a nonzero ideal of L and any A; a nonzero ideal of A. Furthermore, for any i € I
there exists a unique j € K such that A;Li =0.

Theorem 6.11 Let (L, A) be a tight split regular Hom-Leibniz-Rinehart algebra of maximal
length and root multiplicative. If TV, I/ are symmetric and '™’ has all of its roots —.J-
connected, then any ideal I of L such that I C J satisfies either [ = J or J =1 &® I' with I’ an
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ideal of L.

Proof By (6.1), we can write
Iz(mH)@( D LV), (6.10)
yETII

and with /! ¢ T'/. For any v ¢ '/, we have
(JNH,L,)+[Ly,JNH]CL,CJ.

Hence, in case [JNH, L]+ [L., JNH] # 0 we have v € I'/, a contradiction. Hence [JNH, L.]+
[Ly,JNH] =0, and so
JNH C Zye(L). (6.11)

Taking into account I N H C J N H = 0, we also write
I= EB Ls
JerJI

with I'/7 C T'/. Hence, we can take some &y € I'! such that

0+# Ls, C I.
Now, we can argue with the root-multiplicativity and the maximal length of L as in Proposition
6.5 to conclude that given any § € I'/, there exists a —.J-connection {1, d2,...,d,} from &y to &
such that

0 75 [[...[L507L52]7 ~-~];L6,.] S L(gw—m7 formeN

and so
Lesy-m C I, for some e € £1,m € N. (6.12)

Note that § € T/ indicates Ls € J. By Lemma 3.11, ¢(Ls) = Lsy-1. Since L is of maximal
length, we have 1 (Ls) C ¥(J) = J. So Lgsy-1 C I. Similarly, we get

Lsy-m € J, for m € N. (6.13)

Hence we can argue as above with the root-multiplicativity and maximal length of L from §
instead of g, to get that in case edop~™ € I'’ for some € € £1, then 0 # Lesyy-—m € 1.

The decomposition of J in (6.12) finally gives us I = J.

Now suppose there is not any dy € I'’! such that —dy € I'/7. Then we have

r’ =ry-r’, (6.14)
where —I'/1 := {—4|y € T7!}. Define
r=( > ar,)e( @ L) (6.15)
—ve-T7I yeA R i
First, we claim that I’ is a Hom-Leibniz-ideal of L. In fact, By Lemma 3.11, ¥(L_,) C
Ly, =y~ € =TT and (A,L_,) C ¥(Lo) C Lo if AyL_, # 0 (otherwise is trivial). So
Iy I,
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Since A,L_. C Lo, by (6.15), we have

Lo =lge( D n).( X arL.)e( @ L.)]c

ser—J —ye-TJI yeA —ye-T71
(D (> AL+ B P L]+ > L (616
ser—J —ve—-TJ7I yeA oer —ye-TJI —ye—-rJI
For the expression [P;cp-s Ls: (3 e_rir en AyL—y)] in (6.16), if some [Ls, A, L_] # 0,
we have that in case § = —v, [L_y,AyL_,] C L_,4-1 C I’, and in case 6 = ~, since I is a

Hom-Leibniz-ideal of L, —y ¢ I'’/I implies [L_., A_,L,] = 0. By the maximal length of L and
the symmetry of I, we have [L,, A,L_,] = 0. Suppose § ¢ {7, —v}. By Definition 3.3,

[Ls;, AyL—y] C ¢(Ay)[Ls, L—v] + pL(Lé)(Av)L—W-
Since (L, A) is regular, ¢(A,) C A,. As [Ls, AyL_,] # 0, we get
Ay[Ls, L] # 0 or PL(Lé)(A'y)L—v # 0.

By the maximal length of L, either A, [Ls, L_] = L. (5_+)y-1 or p*(Ls)(Ay)L_, = Ls. In both
cases, since v € I'/! by the root-multiplicativity of L, we have L_s C I and therefore —§ € I'’/.
That is, Ls C I’ S0 [@ser-s Loy (S e_raren Ay L)) C I'.

For the expression [@;cp-s Ls, @776711‘” L_,] in (6.16), if some [Ls, L_.] # 0, then

[Lg,L_,y] = L((;_,Y)d,fl.
On the one hand, let § — v # 0. Since v € '/, by the root-multiplicativity of L, we have
[Ly,L_s] = Liy—gyp— C I. So (6 —~)yp~" € I'; and therefore, L(5_)y-1 C I'. On the other
hand, let § —~y = 0. Suppose [L,,L_,] # 0, since v € I'’!, we get [L,,L_,] C I. Thus

L_, =[[Ly,L_4),L_~y] C I. According to the discussion above, v, —y € I'/1, a contradiction

with (6.14). So [Dser-s Lo, D _ e _ror L] C I
Secondly, we claim that p”(I’)(A)L C I'. In fact, by Definition 3.1, we have

p(I'Y(A)L C [I', AL] + A[I', L].

Since I’ is a Hom-Leibniz-ideal of L, we get [I’, AL] C I',[I’, L] C I'. So it suffices to verify that
AI' C I'. For this, we calculate

Al = (AO &) (QEBA@))( > AwL—w> @ ( b L_,y) C

—ve-TJI ~neA —ye-TJI
r+ (@) X )+ (@) © L) (6.17)
ach —ye—T77T yeA aEh —~yE—TJT

For the expression (D,cp Aa) (2 c_rsr yen AyL—y) in (6.17), if some Ay(AyL_y) # 0,
we have that in case o = —v, clearly, Ao(A,L_) = A_(A,L_y) C L_, C I'. In case of
a = v, since —y ¢ I'y, we get A_,(A_,L,) = 0. By the the maximal length of L, we have
Ay (A\L_,) = A,(A,L_,) = 0. Suppose that a ¢ {v, —v}, by the the maximal length of L, we
have A,(A,L_.) = L. Since v € I'/1, by the root-multiplicativity of L, we have L_., C I, that
is, —a € 71 So a € —T""" and Lo C I'. Thus (@ ,cp Aa) (X porpen AyL—y) C T
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For the expression (D,cp Aa)(D_,c_rsr L—+) in (5.17), if some AqL_ # 0, in case a—v €
'’ by the root-multiplicativity of L, we have A_, L, # 0. Again by the maximal length of L,
we have A_oL, = L_n1~. So —a+7 € I'1, a contradiction. Thus o —y € —I'’ and therefore,
(@aeA Aa)(eafwefrﬂ L*’Y) cr.

By the discussion above, we have shown that p(I’)(A)L C I’ and therefore I’ is an ideal of
(L, A).

Finally, we will verify that L = I ® I’ with ideals I, I'. Since [I’, I] = 0, by the commutativity
of H, we get » . p[Ly, L—y] =0, so H must have the form

H=( Y ar)e( Y AL, (6.18)

yeTII,—yeA —ye-TJI yeA
In order to show that the sum in (6.18) is direct, we take any h € (3 cpsr . ep AyL—y) @
(Z—we—rﬂ,we/\ A,L_.). Suppose h # 0, then h ¢ Z(L). Since L is split, there is vs € L5, 6 € T’
satisfying [h,vs] = 0(h)y(vs) # 0. By Proposition 4.3, 0 # 6(h)Y(vs) € Lsy-1. While Lsy-1 C
INI' =0, a contradiction. So h = 0, as required. And this finishes the proof. O

Corollary 6.12 Let (L, A) be a tight split regular Hom-Leibniz-Rinehart algebra of maximal
length and root-multiplicative. If T'Y, I'"/ are symmetric and '™/ has all of its roots —.J-
connected, and A has all its nonzero weights connected. Then
L=PL, A=Ep A4,
il jEK

where any L; is a simple ideal of L having all of its nonzero roots connected satistying [L;, Ly] = 0
for any i" € I with i # i, and any A; is a simple ideal of A satisfying A;jAj =0 for any j' € K
such that j' # j.

Furthermore, for any i € I there exists a unique j € K such that A;Li # 0. We also have

that any L; is a split regular Hom-Leibniz-Rinehart algebra over Ajf.
Proof It is analogous to Theorem 5.7 in [23]. O
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