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Abstract Let a, b and n be positive integers with a > b, we prove the following divisibility
property: For all positive integers n, we have

an

(2bn +1)(2bn + 3)(2bn + 5) <2bfj> [15(a — b)(3a — b)(50  b) (50 — 30) <2"”> (‘;Z) 7

which extends the result of Yang. And for all positive integers n, we show the following divisi-

bility properties:
() () e I )
12n\ [ 8n 24n\ [(4n\ [ 61
(18n+1) < 9n> <2n> ’ <l8n> <2n> <3n>

Other more similar divisibility properties are given also.
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1. Introduction

There are many interesting consequences in studying the divisibility property of binomial

coefficients. In 2009, by using the work of Beukers and Heckman [1], Bober [2] proved Vasyunin’s

conjectures concerning the completeness of his classification of some step functions [3, Conjectures

8 and 11]. That is, Bober [2] showed that: Let r,a1,...,ar,b1,...,b.41 be positive integers such
that ay # b; for all integers k and I, Y ar = > b; and ged(aq, ..., ar,b1,...,b-41) = 1. Then

Lo (an)!(agn)!- - (a;n)!
un(a7 b) N (bln)'(bgn)' cee (br+1n)!

is an integer for all n € N if and only if either of the following statements holds:

-,

(i) up = un(a@,d) takes one of the following forms:
_ lla+b)n]! _
Up = W for gcd(a, b) =1.

Received September 4, 2021; Accepted May 7, 2022
Supported by the National Natural Science Foundations of China (Grant No.12171163).
* Corresponding author

E-mail address: xiaojq@m.scnu.edu.cn (Jiaqi XIAO); yuiking0127@m.scnu.edu.cn (Yuqing HE); yuanpz@scnu.

edu.cn (Pingzhi YUAN)



562 Jiaqi XIAO, Yuqing HE and Pingzhi YUAN

(2an)!(bn)!
(an)!(2bn)![(a — b)n)

Up =

; for ged(a,b) =1 and a > b. (1.2)

(2an)!(2bn)!
(an)!(bn)![(a + b)n]!
(i) (d, g) is one of the 52 sporadic parameter sets listed in the second column of Table 2 in
Bober [2].
In [1] Beukers and Heckman proved a powerful result. We can check Table 8.3 in [1] to find

for ged(a,b) = 1. (1.3)

Up =

all integral factorial ratios. Moreover, we find the integral factorial ratios in Table 8.3 of [1] can

be written as fraction ratios of binomial coefficients, such as

(120)!3n)2n)! _ (g) () o Omlen) G ()
(6n)!(61)!(4n)!(n)! *" (6n)!(4n)!(n)! (-

In 2012, Sun [4,5] proved some divisibility properties of binomial coefficients, such as
2n 6n\ (3n
2(2n + 1 |
e (5)1) C2)
3n 15m\ (5n —1
10n + 1 ’ .
a0 ()1() (1)

In 2014, Guo [6] proved two conjectures of Sun in [4,5]. That is, for all positive integers n, we
2n 6n\ (3n
2n+3 3
e ()R () ()
3 15 5
(10n+3)( ”)‘21( ”)( ")
n on n

In this paper, we first show more divisibility properties for other binomial coefficients in Bober [2].

and

have

and

Theorem 1.1 Let n be a positive integer. Then

(6n+1) (4:> ‘ (162:) (2:> and (6n+5) (‘Z‘) ‘5 (162:> (?) (1.4)

Theorem 1.2 Let n be a positive integer. Then

(12n 4 1) (5:) | (135:> (3:__11) (1.5)

Theorem 1.3 Let n be a positive integer. Then

12n\ /8n 24n\ (4n\ [6n
(18n+1) ( In ) (2n) ‘ (18n> (2n) (3n) ' (16)
We also have more divisibility properties for other binomial coefficients which appeared in
Bober [2].

Theorem 1.4 Let n be a positive integer. Then

2ol () )
(8n)!(3n)!(2n)! &6)

n

(12n)!(3n)! 12: 4: .
OO (S(G)n() R

3n

(8n+1) ; (8n+1)’
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Ont@nt () () Tasmldn) TN ()

EoiEIen (@) 81+ | i = e Uines9,2),
s (G

GGG (o e

where the above indicated lines are the corresponding lines of Table 2 in [2].

(8n + 1)‘

(8n + 1)’

Theorem 1.5 Let n be a positive integer. Then

12n)5n)! (o) (5 On)en)! @M

(10n + 1)( e e o (6n + 1)( Gl (32)" , (lines6,8),
oS i = ol = SR o
21+1) g;i;’;;‘;?;, - Lo om0 i = i s
o |t L) o St S, 1,
0] iyt = Sl e O - BOED. 0.,

e < o )
e (1éi?’i’£éi’§?{i2’2§.n, T
o] i = |y = G @
(12n + 1)’ (1275)1'5()152)('((;;:)7('2n)! - 10:2,)3()671)’ (12n +1) (1(22:; z;((;)):))'n' - @gé))g:)’ (36,39),
e e~ e G iy
e O o L B

where the above indicated lines are the corresponding lines of Table 2 in [2].

Remark 1.6 The fraction ratios of binomial coefficients in Theorems 1.1-1.3 correspond to
lines # 2, # 25 and § 52 of Table 2 (see [2]), respectively. And the fraction ratios of binomial

coefficients in Theorems 1.4 and 1.5 correspond to other related lines in [2] Table 2.

In [7], Yang proved the conjecture by Guo [8]. Let a, b and n be positive integers with a > b.

Yang showed that
2bn 2an\ [an
(2bn + 1)(2bn + 3) < . ) ’3(& ~b)(3a - b) ( " > <bn>

Another purpose of this paper is to extend the result of Yang in [7]. We have the following

results.
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Theorem 1.7 Let a, b and n be positive integers with a > b. Then

(2bn + 1)(2bn + 3)(2bn + 5) <2bl:j> ‘15((1 — b)(3a — b)(5a — b)(5a — 3b) <2£‘) (ZZ) .

Theorem 1.8 Let a, b and n be positive integers with a > b. Then

(2bn +7) (2;:‘) ’7((1 — b)(7a — 5b)(7a — 3b)(Ta — b) (i“:) (ZZ) (1.8)

Theorem 1.9 Let a, b and n be positive integers with a > b. Then

(2bn +9) <2b”) ]9 o — b)(9a — 7b)(9a — 5b)(9a — 3b)(9a — b) (2“"> <“”> (1.9)

an bn

The rest of the paper is organized as follows. In Section 2, we prove some preliminary results.

Then we use these results to prove Theorems 1.2-1.5, 1.7-1.9 in Section 4.

2. Preliminaries

Let n be a positive integer. For a real number x, |x| denotes the greatest integer not
exceeding = and {z} the fractional part of . For a prime p, we use v,(n) to symbol the largest

nonnegative integer k such that p¥||n. By Legendre’s theorem, we know that

vp(nl) = i L%J (2.1)

i=1

We have the following well-known result of Kummer [9].
Lemma 2.1 (Kummer’s Theorem) For any integers 0 < k < n and any prime p,

78 ((Z)) = #{carries when adding k to n — k in base p}.

Lemma 2.2 Let n be a positive integer. Then

(12n)!(3n)!2n)! () (%) (15n)!(dn) (e (0)
GG Al — () < @aGaiea) o (r) <
(24n)!(9n)!(6n)!(4n)! (5 () () (i2n)tn! ()
(18n)!(12n)!(8n)!(3n)!(2n)! —  (127)(3") €N, ®n)!Bn)2n)! — (*7) €N,
(120)!3n)! _ (a) () On)!(an)! GG
GolGmial () C O Eeaiee ()
LTI 0 ) I O ) | S € [

(8n)!(6n)!(5n)! — (°™) Bn)!(5n)!(3n)! (37
Proof These are immediate consequences of Theorem 1.4 in [2] and three of the 52 sporadic
step functions given in [2], Table 2, lines 2, 25, 52, 3, 4, 9, 27 and 37. O

Lemma 2.3 Let m > 1 and n be positive integers such that m|6n + 1. Then

2 2] 2] - )0 () ) L) e
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Proof We know that {#} = x — |x] is the fractional part of x. Hence, the identity (2.2) is

12n 3n 2n 6n 6n 4dn n
oG =G GG e ey
m m m m m m m
As m|6n + 1, then we have 6n+1=mt, t = 1,5 (mod 6). We calculate directly and get
{12n}7 m—2

equivalent to

3

m m
Gl ="
mJ  2m
{2n}7 ml ift=1 (mod 6),
mJ | 2l ift=5 (mod 6).
="
m a m ’
({4_"} (21 - 22 me2)ift=1 (mod 6),
mm m=1 sm=1) " ift=5 (mod 6).

Therefore, we can easily verify that the identity (2.3) holds for any positive integer n. O

Lemma 2.4 Let m > 1 and n be positive integers such that m|12n + 1. Then

22 2] 2]+ |2+ 2] 1 o

m m m m m
Proof The proof is similar to that of Lemma 2.3. It suffices to show that

15n 4dn 12n on 2n
(5] () (2« 2 2} 2
m m m m m
Since m|12n 4 1, then 12n + 1 = mt with ¢ = 1,5,7,11 (mod 12). By direct computations, we

have
(1zny _m-1

bm—5 m—1 ift=1 (mod 12),

12m > 6m )’
5y (2n m=5 dmel) ift=5 (mod 12),
({E} {E}): Um=s m=1)  if4=7 (mod 12),
Tm=5 sm—1) if¢t=11 (mod 12).
77;—;5’”;—;}) ift=1 (mod 12),
150y (4n m=5 2m-1) ift=5 (mod 12),
({W} {E}): Sm=s m=1)  ift=7 (mod 12),
Gms 2mel)ift=11 (mod 12),

In the above computations, we have used the fact that m = ¢ = 1,5,7,11 (mod 12) since
mt =12n+1=1 (mod 12). Thus, the identity (2.5) holds. O
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Lemma 2.5 Let m > 1 and n be positive integers such that m|18n + 1. Then

Sl G R = L R T (R e

Proof We prove in the same way as in Lemma 2.3, it is sufficient to show that

24n, In 6n 4dn 18n 12n 8n 3n 2n
() () 0 )= () (2 (2 £2)+ (2]
m m m m m m m m m
In this case, we have m|18n+ 1 and 18n+ 1 =m¢t, t =1,5,7,11,13,17 (mod 18). By computa-

tions, we get the following results.

3

()t

22 dmed el 7’5—;}) itr=1 (mod 18),
n Tt St Spnb), f6=5 (mod 18)
120y (817 (3ny (2n 22 et el Tacl) o ifi=7 (mod 18),
(2, (2. (2} @)~ 150 B ) e e
2m2 Tmd mol o dmol) o iff =13 (mod 18),
m=2 sm—d Sml Smol)  if¢=17 (mod I8),
fmomod
m om
Bl mel 2me2) =1 (mod 18),
2md 2mol 73—;3) ift=5 (mod 18),

({24_71} {G_n} {4_71})_ md med 5317;2), ift="7 (mod 18),
’ lm 2ot 2pel Ame2) o ifr=11 (mod 18),

m m

3m 3m 9m
mod mol 8’;;2), ift=13 (mod 18),
m—t  2m—1 7’;;;2), ift=17 (mod 18).

Therefore, the identity (2.7) holds for any positive integers by checking the six cases. The proof

of Lemma 2.5 is completed. O

Lemma 2.6 Let m > 1 and n be positive integers such that m|8n + 1. Then
12n n 8n 3n 2n
2] (2] 2]+ 2]+ 2]
m m m m m
12n 3n 8n 6m n
2 22 2] (2 2]
m m m m m

Sl =+

Let m > 1 and n be positive integers such that m|8n + 1 and m # 7. Then

Sl = ]+ e

and
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el =1+ e+ [+

Proof We prove in the same way as in Lemma 2.3. In this case, we have m|8n + 1 and

and

8n+1=mt,t=1,3,57 (mod 8). By computations, we have

{Sn}im—l {4n}im—1 {12n}im—3
mJ m T IlmJS 2m T Um S 2m

s, B 37;;37 “g—;l , ift=1 (mod ),
6ny (2n) (3n) (n m=3 Sm—l m=3 Sm=l)  jft=3 (mod 8),
(2} (2 () ()= Vi i ) e o
me3 dmel Bmed Dmel)oif =7 (mod 8),
D med, %), ift=1 (mod 8),
Im=5  $m=9 517;7—?115)7 ift=3 (mod 8),
({%}’ {%}’ {157”}) - 12—;15’ 5757;;97 377;;15 , ift=5 (mod 8),
Imep Im=9 me13) | ift=7 (mod 8),m # 7,
2 %,2), ift=7 (mod8),m="7

In the above computations, we have used the fact that mt =8n+1 =1 (mod 8). Similarly, the
identities hold for any positive integers by checking the four cases. The proof of Lemma 2.6 is
completed. O

3. Some lemmas for Theorem 1.5
In this section, we prove some more lemmas for Theorem 1.5.

Lemma 3.1 Let m > and n be positive integers such that m|10n + 1. Then

Sl = R ]

Sl el R = e ]+ R+ L]+
Sl T = ]+ ]+ ]+

15n 2n 10n 6n n
Rl Pl bl R bl R P R
m m m m m
Proof We prove in the same way as in Lemma 2.3. In this case, we have m|10n + 1 and
10n+1=mt,t=1,3,7,9 (mod 10). By computations, we have

(lony _mo1 oy _modgliny _mos

m m m 2m m 2m

and
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mol el Smes 2’;;;2), if t=1 (mod 10),

n 2n 3n 4n 3%;1, 3?,,;1, 9{?);3, ”;—;2 , ift=3 (mod 10),
(2] (2] (2}, o - { (o i . e i)
Om_1 dm_1 Tm_3 Sg;;?), ift=9 (mod 10),

Sm—3 9m—9 mG 47;;;9), ift=1 (mod 10),

6ny (9ny (12ny (18n bped T me6 2m0)ifr=3 (mod 10),
(Geh G B G =) (s, s, e, 502}, 0= (o 10,
2mog mo9 Am—G ";—;j‘) ift=9 (mod 10).

Here we have used the fact that mt = 1 (mod 10). For example, we have m =9 (mod 10) when
t =9 (mod 10). Similarly, the identities hold for any positive integers by checking the four cases.
The proof of Lemma 3.1 is completed. O

Lemma 3.2 Let m > 1 and n be positive integers such that m|12n + 1. Then

2 o 3] - 2 5] L3+

B 2 2] - 22 22 2] 2.

) o 5 - 22 22+ 3] 2
20 2] - |22 |22 | 2] 1.

20n 6mn n 12n 10n 3n 2n
Sl iR b R el R el R Pl R P R
m m m m m m m
Proof We prove in the same way as in Lemma 2.3. In this case, we have m|12n + 1 and
12n+1=mit,t=1,5,7,11 (mod 12). By computations, we have

{12n}_m—1 {Gn}_m—l {18n}_m—3
mJ " m > lmJS o2m T Ulm S 2m

mol molomol m——l) ift=1 (mod 12),

and

(12}, (2, {iny, gy =) (26 o B, te=s oo 12)
ml  lmJ” Ilml)" Im Tmel mel Smel —n;;@l)’ ift=7 (mod 12),

1lm—1 5m—1 3m—1 2m-—1 . —
T i rr il ), ift=11 (mod 12),

5m—5 T7m—7 3m-—3 : —
B, He—t, 2=, ift=1 (mod 12),

({5n} {m} {9n})7 Tones Tiamts Y ), ift=5 (mod 12),
m ) tm )" Um m=5 m-7 m=3)  f¢=7 (mod 12),

%, %, ’Z—;ﬁ , if¢t=11 (mod 12),
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5m—5  m—5 M) ift=1 (mod 12),

6m ' 4m 3m
5

(o) (5 -3 B et

m T Um T Um ) (e, s, 2028 =7 (mod 12),
mo1 gms n;_;f) ift=11 (mod 12).

Here we have used the fact that m =t (mod 12) since mt =1 (mod 12). For example, we have
m =7 (mod 12) when t = 7 (mod 12). Similarly, the identities hold for any positive integers by
checking the four cases. The proof of Lemma 3.2 is completed. O

Lemma 3.3 Let m > 1 and n be positive integers such that m|14n + 1 and m # 3,5. Then
15m ™ 14n 5n 3n
) (22 22 2] |2 .
m m m m m

29 o 32 2] - ) 2 22 3.

24n ™ 4n 14n 12n 8n n
el R R e el el R sl R Pl B P R
m m m m m m m
Proof We prove in the same way as in Lemma 2.3. In this case, we have m|l4n + 1 and
ldn+1=mit,t =1,3,5,9,11,13 (mod 14). By computations, we have

G=m =
mJ m mJ  2m

—1 —1 3m—3 2m-—2 ey
T4m’ n’;m ) ﬁm ’ ?m )’ lft:l (mOd 14)7
3m—1 3m—1 9m—3 6m—2 e,
ol Smel omed 6me2) . if¢=3 (mod 14),
5m—1 5m—1 m—3 3m—2 : _
({n} {Qn} {371} {471}) T T Tdmes e ), ift=5 (mod 14),
ml \m S \m S UmJ) 9m-1 2m—1 13m-3 4m-2 e,
m m m m T, S, S, S ift =9 (mod 14),
1lm—1 4m—1 5m—3 -2 ey
T E, s s ), ift=11 (mod 14),
13m—1 6m—1 1lm-3 5m—2 e,
el pol Lmed Spe2)f =13 (mod 14),
dm—d sm=5 mo15 3m-10) ify=1 (mod 14),
577n7;47 777L;L57 371n4;n157 2777L;n10 , ift=3 (mod 14)7
bm—d Am=5 Smols m=l0) - ift=5 (mod 14),m # 3,
8n 10n 15n 20n .
({—}, {—}, {—}, {—}) = %, %, 0, %), ift=5 (mod 14),m = 3,
m m m m —4 3m-—5 9m—15 6m—10 .
o TEm Amo T )7 ift=9 (mod 14),
2m—g bm=5 Um=15 5m=10)  ift=11 (mod 14),
dmed 2meb  13mols Am-l10) o if ¢ =13 (mod 14),
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5{?1;157 67%;6, 5@%12), ift=1 (mod 14),

11n4—:r?’ 47;17;67 m7:n12), ift=3 (mod 14),m # 5,

0, %7%)7 ift=3 (mod 14),m =5,
({%}{%} {247”}) = 7l 4";,;12), ift=5 (mod 14),

Bm=5  sm=6 3@;12), i£t=9 (mod 14),

35 326, Gnol2) =11 (mod 14),

fb met, 2mel2)if4=13 (mod 14)

Here we have used the fact that mt = 1 (mod 14). For example, we have m =5 (mod 14) when
t =3 (mod 14). Similarly, the identities hold for any positive integers by checking the six cases.
The proof of Lemma 3.3 is completed. O

Lemma 3.4 Let m > 1 and n be positive integers such that m|18n + 1. Then
30n In 5n 18n 15n 10n n

R R Pl e el Rl e R el Rl iR
m m m m m m m

20n In 6n 18n 10n 4dn 3n
el Al e R bl Bl el R el R Pl Rl B
m m m m m m m
Proof We prove in the same way as in Lemma 2.3. In this case, we have m|18n + 1 and
18n+1=mt,t=1,5,7,11,13,17 (mod 18). By computations, we have

{18n}im—1 {Qn}im—l
mJ  m mJ  2m

m—1 5m—=5 5m-=5 m—10 . _
18m > 18m 9m 9m )7 1f t=1 (mod 18),
5m—1 Tm-5 7Tm—5 5m—10 e,
18n * 18m * 9m °’ ~ 9m )7 ift=5 (InOd 18),

({n} {Sn} {lOn} {2()”}) 7{’§7—nl, 17{;;57 81;;7;57 7,,;7_?110)7 ift=7 (mod 18),

m m m B Um=1 m=5 m=5 M), ift=11 (mod 18),

18m > 18m’ 9m ’ 9m
13m—1 11m—5 2m—5 4m—10 . —

T, g, g, “e—==), ift=13 (mod 18),
17m—1 13m—5 4m—5 8m—10 : _

e T8 —om—s g ), ift=17 (mod 18),

5m—5 2?—5), ift=1 (mod 18),

6m m
mes, meB)ft=5 (mod 18),

1507 (30 WoE M) if4=T (mod 18),
({_} {_}): m=5 m_—5) ift=11 (mod 18),
Bm=5 Qm*f’)), ift=13 (mod 18),
meS, meB) =17 (mod 18),
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e B 22;3,;2), ift=1 (mod 18),

57(75177:1’ 3":15 n;—;f), ift=5 (mod 18),

3ny (6ny (4n mol mol 533;2), itt=7 (mod 18),
G G G =) o, 2 Bt o1t (mod1s)
mel mel Sme2) =13 (mod 18),

Sm—l  2m_1 7’;;;2), ift=17 (mod 18).

Here we have used the fact that mt = 1 (mod 18).
when ¢ =5 (mod 18). Similarly, the identities hold for any positive integers by checking the six

For example, we have m = 11 (mod 18)

cases. The proof of Lemma 3.4 is completed. O

Lemma 3.5 Let m > 1 and n be positive integers such that m|9n + 1 and m # 2,5. Then
Sl T =+ ]+ ]+

Sl =+ e+ [+

Sl =+ R+ L]

el =1+ e+ [+

Proof We prove in the same way as in Lemma 2.3. In this case, we have m|9n + 1 and

In+1=mt t=1,2,4,57,8 (mod 9). By computations, we have

3n

(G

m

6n

b

m

12n

b U

m

b

15n
m

j)

{

Qn} m—1
m m
m—1 2m—2 m—4 2m-—5
3m ? 3m ' 3m 3m ’
2m—1 m—2 2m—4 m-—5
3m 7 3m 3m ’ 3m )’
-1 2m—2 m—4 2m-—5
3m ? 3m ’ 3m 3m ’
2m—1 m—2 2m—4 m-—5
3m > 3m >’ 3m ’ 3m )’
1 1
2 07 07 5)7
m—1 2m—2 m—4 2m—-5
3m ? 3m ’? 3m 3m ’
2m—1 m—2 2m—4 m-—5
3m > 3m >’ 3m ’ 3m )’
m—1 2m—2 4m—4 m—10
9m 9m 9m ’ 9m ’
2m—1 4m—2 8m—4 2m—10
9m ? 9m ? I9m 7 9m
4dm—1 8m—2 Tm—4 4m—10
9m ? I9m ? I9m 7 9m
5m—1 m—2 2m—4 5m—10
9m  9m 9m ’  9m
Tm—1 5m—2 m—4 7m-—10
9m ? 9m 7 9m * 9m
8m—1 T7Tm—2 5m—4 8m—10
9m ? 9m ? I9m 7 9m

ift=1
ift=2

ift=4

ift=5
ift=7

(
(
(
ift=5 (
(
(
(

ift=8

)
)
)

)

).

ift=1
ift=2
ift=4
ift=5
itt="7
ift=8

mod 9),
mod 9),
mod 9),
mod 9),
mod 9),m
mod 9),
mod 9),

mod 9),
mod 9),
mod 9
mod 9

)

)

mod 9),

(
(
(
(
(
(mod 9),

)
)
)
)
)
)

m # 2,
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Sm=5  Im—T 517;;114)7 ift=1 (mod9),

By, et mg;mlzl), ift=2 (mod9),m #5,

0, 2 %), ift=2 (mod9),m =075,
(21 (2] (220 =1 (2 52 m2), ite=1 (o)

77;17:57 8317;77 773;14 , ift=5 (mod9),

T 4757;77 8“;;14 , ift=7 (mod?9),

47;1;57 27;77:77 4“;;114 , ift=8 (mod?9)

Here we have used the fact that mt = 1 (mod 9). For example, we have m = 5 (mod 9) when
t =2 (mod 9). Similarly, the identities hold for any positive integers by checking the six cases.
The proof of Lemma 3.5 is completed. O

Lemma 3.6 Let m > 1 and n be positive integers such that m|7n + 1 and m # 3,5. Then

Sl =L+ e+ [+

20 8] ) 2] 2 22+ 2]

Proof We prove in the same way as in Lemma 2.3. In this case, we have m|7n + 1 and
™m+1=mt t=1,2,3,4,5,6 (mod 7). By computations, we have

{7n} m—1
m m ’
—1 2m—2 3m—3 4m—4 : _
T, Tpe=, s Sne= ) ift=1 0 (mod 7),
2m—1 4m—2 6m—3 —4 : _
T, M=, s =) ift=2 0 (mod 7),
3m—1 6m—2 2m—3 5m—4 : _
({2}, {2y (i panyy [ (L S B0 ). 6120 (o T
ml Am S \m S \mJS) d4m—1 m-2 5m-3 2m-4 ey
m m m m mel o2 hped 22 ift=4 (mod 7),
5m—1  3m—2 —3 6m—4 : _
7'F7nrn ’ gnm ’ n’;m ’ gnm ’ ift=5 (mOd 7)5
6m—1 5m—2 4m—3 3m—4 : —
i ), ift=6 (mod7),
51;17;5’ 311;;11()7 67’;1”:67 577;;112 , ift=1 (mod 7)7
31;17;5’ 611;;11()7 57’;1”:67 377;;112 ift=2 (mod 7)7
m—5 2m—10 dm_6 ’@;}2), ift=3 (mod7),m #5,
({Em} {10n} {Gn} {1271}) 0,0, 2, %>7 ift=3 (mod7),m =25,
(> - — (> - _ - _ _ .
m m m m 67;!7L5’ 5";m107 377nm67 6777Lm12)’ ift=4 (mOd 7)7
dm-5 m_10 2m—G 4";;12), ift=5 (mod7),m#3,
1, 2,00), ift=5 (mod7),m =3,
2m—5 4m—10 m—6 2m-—12 . —
™™ ™™ O Tm >’ ™™ )7 ift=6 (mOd 7)'

Here we have used the fact that mt = 1 (mod 7). For example, we have m = 5 (mod 7) when

t =3 (mod 7). Similarly, the identities hold for any positive integers by checking the six cases.
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The proof of Lemma 3.6 is completed. O
Lemma 3.7 Let m > 1 and n be positive integers such that m|5n + 1 and m # 2,4. Then

Sl =+ I+ [+

Proof We prove in the same way as in Lemma 2.3. In this case, we have m|5n + 1 and

Sn+1=mt, t=1,2,3,4 (mod 5). By computations, we have
{Sn} - om—1
mJ  m

m—1 2m—2 3m—3 4m—9 ift=1

mod 5),

2m—1 4m—2 m—3 3m—9 ft=2 mod 5 ,

10, L, 2), ift=3 (mod 5

4m—1 3m-2 2m-3 m—9), ft=4 (mod5 m7&4

( )
( )
3m—1 m—2 4m-3 2m—9 =
n 2n 3n 9In s, s, e, =) ift =3 (m0d5)m7é2
(2 (2 2.2 l o
( )
( ),m

%,1 L 3), ift=4

Here we have used the fact that mt = 1 (mod 5). For example, we have m = 2 (mod 5) when
t =3 (mod 5). Similarly, the identities hold for any positive integers by checking the four cases.
The proof of Lemma 3.7 is completed. O

4. Proofs of Theorems 1.1-1.5 and 1.7-1.9
In this section, we will give the proofs of Theorems 1.1-1.5 and 1.7-1.9.

Proof of Theorem 1.1 Let

_(2nen)ien)t (e G
m ) ) ()it (T

By Lemma 2.2, S,, € N for all positive integers n, so to prove Theorem 1.1, it suffices to show
that for any prime p|6n+ 1, the p-adic order v,(S,,) of S,, is not less than v,(6n+1). Now v,(S,,)

S ) 2 1 (5 B

=1

For i < v,(6n + 1), by Lemma 2.3, we have

(5] e+ )-8 - )= L) - ) =

It follows that the summation (4.1) is greater than or equal to v,(6n + 1). Therefore, we have

o ()] (2 ().

proved that
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We will use another method to show that
4n 12n\ [/ 2n
6n + 5 ‘5 .
6+5) () B ) ()
Replace n by n + 1 in S, after reduction, we obtain

2.32(12n 4+ 1)(12n 4 5)(12n + 7)(12n + 11)8,,

Snt1 = € N.
i (n+1)2n+ 1)(6n+1)(6n + 5)
Hence
(6n +5)[2-3%(12n + 1)(12n + 5)(12n + 7)(12n + 11)S,,.
Since
ged(6n + 5,2) =ged(6n + 5,3) = ged(6n + 5,12n 4+ 1) = ged(6n + 5,12n + 7)
=ged(6n+5,12n+11) =1
and

ged(6n +5,12n +5) =5,
we get (6n + 5)|55,,. This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2 The proof is similar to that of Theorem 1.1. By Lemma 2.2,

_ (15n)!(4n)! (15:) (3:)
Tni= (12n)!(5n)!(2n)! 3(5n) eN.

n

For any odd prime p with p|12n + 1, the p-adic order of T,, is given by

— /| 15n dn 12n 5n 2n
w) =3 (15 )+ - 15 ) - - 1)) 12
=3 (157 - - - 15 (4.2)
In view of Lemmas 2.2 and 2.4, the summation (4.2) is greater than or equal to v,(12n + 1).
That is
on 15n\ (3n—1
12n 41 3 .
()R ()

It is easy to see that the carries when adding (15n —3n) to 3n in base 3 is the same as the carries

when adding (5n — n) to n in base 3. It follows from Lemma 2.1 that

((m)) ((m))
V3 = V3 .
3n n
Since ged(12n + 1,3) = 1, we have
on 15m\ (3n —1
120+ 1 | .
e (G )
This completes the proof of Theorem 1.2. O

Proof of Theorem 1.3 Similarly, by Lemma 2.2

___@nion)En)tEn)t (5D ED ()
VT TG ()
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For any odd prime p with p|18n + 1,

=5 () ) L)+ - 13- -
122D w

By Lemmas 2.2 and 2.5, the summation (4.3) is clearly greater than or equal to v,(18n + 1).
This completes the proof of Theorem 1.3. O

Proof of Theorem 1.4 Since the proofs are similar, we only prove the last statement of
Theorem 1.4. Similarly, by Lemma 2.2

R ¢ 20 | R 9 1644
Yo = GGy 7(?m) €N

n

For any odd prime p with p|8n + 1,

— /|15 n 8n 5n 3n
o) =3 (15 + L) = = 7 = 15 )) 4-4
b0 =3 (152 + 5] - 5] - 13- |3 (a4
By Lemmas 2.2 and 2.6, the summation (4.4) is clearly greater than or equal to v,(8n + 1) when
p # 7, and v,(8n + 1) — 1 when p = 7. This completes the proof of Theorem 1.4. O

The proof of Theorem 1.5 is similar to that of Theorems 1.1-1.4, so we omit details.

Proof of Theorem 1.7 Let

_ GnGn) _  (2an)(bn)!
T(a,b,n) := (2;:; ~ (an)!(an — bn)!(2bn)!"

By [2, Theorem 1.4], we know that T'(a,b,n) € N for all integers n. It is easy to see that
2bn +1,2bn + 3 and 2bn + 5 are pairwise coprime positive integers. Hence to prove Theorem 1.7,

it suffices to prove that

2bn + 5/15(a — b)(3a — b)(5a — b)(5a — 3b)T(a, b,n), (4.5)
2bn + 3|15(a — b)(3a — b)(5a — b)(5a — 3b)T'(a, b,n), (4.6)
2bn + 1/15(a — b)(3a — b)(5a — b)(5a — 3b)T'(a, b, n). (4.7)

By [7, Theorem 1], we have

(2bn + 1)(2bn + 3) (2;;:‘) ‘3(@ — b)(3a — b) (2"") (ZZ)

an

Hence we only prove the first statement. Suppose that p®||2bn + 5 with o > 1. We will prove
that

p*[15(a — b)(3a — b)(5a — b)(5a — 3b)T'(a, b, n). (4.8)

Let p°lla — b, p||5a — b, p3||5a — 3b, p°4||3a — b with non-negative integers ¢;, i = 1,2,3,4.
Write = max{ecy, ca,c3,c4}. If @ < 3, then (4.8) holds clearly. Therefore, we may assume that
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a > (. Assume p > 7, we will show that
2an bn an an —bn 2bn,
Erati bl il ol B el Rl -l R
D D D p* p*
fori=p4+1,84+2,...,a. In fact, since p®|2bn + 5 and p > 7, we have ged(p,n) = 1. It follows

that p*||2bn + 5 and bn = pa2_5 (mod p%). Takei € B+1,8+2,...,a, we get 2bn = p* — 5

(mod p*) and bn = prf5 (mod p*). Now we divide the proof into five cases according to the value

of an (mod p?).
Case 1. an =t (mod p’) with 0 < ¢ < 2%, Then 2an = 2t (mod p') and 0 < 2t < p — 5.
Also

p'—5 p'—5
2

+p" (modp’), 0<t— +p' <ph.

an—bn=t—
Therefore, we obtain
T U
D’ D’ D’ D D
an —bn — (t — L2—5 +pY)  2bn—(p —5)
p' p' P P - p'

_ 2an —2t bn—piT_5 an —t

=1

Case 2. an = piT_‘r’ (mod p*). Then an — bn = 0 (mod p). Since ged(p,n) = 1, we have

p' | a — b, which contradicts p! || a — b, ¢; < 3 < i.

Case 3. an = 222 (mod p’). We have
San — 3bn = 5(pi2_ 3 _ 3(pi2_ 5) =0 (mod p’).
Now ged(p,n) =1 yields that p’ | 5ba — 3b, but p° || 5a — 3b, c3 < 8 < i. A contradiction.
Case 4. an = L;l (mod p?). In this case, we have
San —bn = 5(pi2_ D_ 2 2_ > =0 (mod p%).

Since ged(p,n) = 1, then p’ | 5a — b. This also contradicts p® || 5a — b and ¢ < B < i.

Case 5. an =t (mod p*) with ”ITH <t < p'. Then 2an = 2t —p* (mod p’) and 1 < 2t —p’ <
pt. Also
p' =5 pP=5_p+5 _

dpb), 0<t-— < <
(mod p*), 0< 5 5 P

an —bn=1t—

Hence

BT

:2an—(2t—pi)+bn—L2_5 an—t_an—bn—(t—#) _ 2bn—(p' = 5)

p' P p' p'
=1.
Consequently, v,(T'(a,b,n)) > a — §, and so

vp(15(a — b)(3a — b)(5a — b)(5a — 3b)T(a,b,n)) > a.
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To sum up, we have shown that the identity (4.8) is true for p > 7.

Now suppose that p = 5. If 25 | n, then 5 | 2bn + 5, while 25 1 2bn + 5. Tt follows that o = 1.
It is easily seen that the identity (4.8) holds. If 25 { n, in this situation, we apply the proof of
the case p > 7. In Case 2, an —bn = 0 (mod 5°) implies 51 | @ — b. In Case 3, 5an — 3bn =0
(mod 5°), which means that 57! | 54 — 3b. In Case 4, 5an — bn = 0 (mod 5¢) is equivalent to
571 | 5a — b. Hence, if i > 8+ 2, then i — 1 > 3 + 1. Contradictions in both cases. Namely,

5+ 5 - 5] - 15 - 5] =

fori=p4+2,8+3,...,a Hence v5(T(a,b,n)) > a—  — 1, and then

v5(15(a — b)(3a — b)(5a — b)(5a — 3b)T'(a,b,n)) > «,

therefore, the identity (4.8) holds. By the similar argument as for p = 5, (4.8) holds for p = 3.
This completes the proof of Theorem 1.7. O

Proofs of Theorems 1.8 and 1.9 The proof is similar to that of Theorem 1 in [7]. To prove
Theorem 1.8, it is sufficient to prove that
2bn + 7|7(a — b)(Ta — 5b)(7a — 3b)(7a — b)T'(a,b,n). (4.9)
Suppose that p®||2bn + 7 with o > 1. We will prove that
p*|7(a —b)(7Ta — 5b)(Ta — 3b)(7a — b)T(a, b, n). (4.10)

Let p©|la — b, p°2||7a — 5b, p°8||Ta — 3b, p°*||7a — b with nonnegative integers ¢; > 0, i =1,2,3, 4.
Write 8 = max{cy, ca,c3,ca}. If @ < S, it is clear that (4.10) holds. Therefore, we assume that
a > (. Suppose that p > 7, we will prove that

2an bn an an — bn 2bn
15+ - ] - 15 - e =
D D D p* p*
fori =p+1,8+2,...,a. Since p*|2bn + 7 and p > 7, we have ged(p,n) = 1. Note that

p||2bn + 7, so bn = pa2_7 (mod p%). Takei € B+ 1,8+ 2,...,«, we must have

i 7
bnEp

(mod p*).

Now we divide the proof into six cases according to the value of an (mod p?).
Case 1. an =t (mod p?) with 0 <t < %. Then 2an = 2t (mod p*) and 0 < 2t < p' — 7.
Also

%

pt =17

7

_7 _ _ , ,
an—bn=1t—"2 +p" (modp'), 0<t— +p'<p.

Therefore, we have
T
D’ D’ D’ D D
2an_—2t+ bn — pTJ _an—t an—bn—(th2_7+pi) B 2bn—(pi—7)
P P P P P

=1
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Case 2. an = L2_7 (mod p). Then an —bn = 0 (mod p*). Note that ged(p,n) = 1, we get
p' | a — b, while p* || a —b, ¢c; <3 <i. A contradiction.

Case 3. an = 23 (mod p*). Then

2
7(p' -5 5(pt =7 ;
Tan — b5bn = (p2 ) _ (p2 ) =0 (mod p*).

Since ged(p,n) = 1, we have p’ | Ta — 5b, however p? || Ta — 5b with ca < 8 < i. A contradiction

again.
Case 4. an = 222 (mod p'). Then

2
Tan — 3bn = T 2_ 3) _ 3 2_ 7 =0 (mod p").
The fact that ged(p,n) = 1 implies p’ | 7Ta — 3b, which contradicts p® || 7a — 3b and ¢3 < 3 < .

Case 5. an = 2= (mod p?). Then

2
i 1 T )
Tan —bn = T )_ @ =7) =0 (mod p").
2 2
As ged(p,n) = 1, we have p’ | 7Ta — b. However, p° || 7Ta — b, ¢4 < B < i, again a contradiction.
Case 6. an = t (mod p') with 231 < ¢ < pi. We have 2an = 2t — p’ (mod p’) and

1 <2t —p' < p'. Further,

b (mod p"), Ogt—pT<p;— <p.

an—bn=1t-—
Hence, we have
) ) - |2 st |2
D’ D D’ D’ p'
_ 2an—(2t—pi) n bn—%)iT_? B cm.—t B an—bn—.(t—#) B 2bn_(pi_7)
P P P P pt

=1.

Therefore, v,(T(a,b,n)) > a —  and v,(7(a — b)(7a — 5b)(7Ta — 3b)(7a — b)T(a,b,n)) > a. That
is, the identity (4.10) holds for p > 7.

Now assume p = 7. If 49 | n, then 7 | 2bn + 7, but 49 { 2bn + 7. It implies that o = 1.
Obviously, the identity (4.10) is true. If 49 4 n, by the same argument as in the proof of the case
p > 7. Here in Case 2, an — bn = 0 (mod 7%) implies 7" | a — b. In Case 3, Tan — 5bn = 0
(mod 7¢) , that is 78~ | 7a — 5b. In Case 4, Tan — 3bn = 0 (mod 7%), so 771 | 7a — 3b. In Case
5, Tan — bn = 0 (mod 7°) means that 7" | 7a — b. Hence, if i > 3+ 2, then i —1 > B+ 1.

Contradictions in both cases. That is,

T+ 7] -7 - = - ] =

fori=0+2,6+3,...,a. It follows that v7(T(a,b,n)) > o — 8 — 1. Thus, we have

v7(7(a —b)(7a — 5b)(Ta — 3b)(7a — b)T(a,b,n)) > «,

and so we prove (4.10). By the same argument as above, the identity (4.10) also holds for p =5
and p = 3. This completes the proof of Theorem 1.8. O
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The proof of Theorem 1.9 is similar to that of Theorem 1.8, so we omit details here.

Remark 5.1 By the similar argument as in the paper, we can get other more divisibility

properties for the binomial coefficients in Bober [2].
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