Journal of Mathematical Research with Applications
Nov., 2022, Vol. 42, No. 6, pp. 599-610
DOI:10.3770/j.iss1n:2095-2651.2022.06.005
Http://jmre.dlut.edu.cn

Zero Distribution of Solutions of Higher-Order Linear
Differential Equations and Zygmund Type Space

Lipeng XTAO
School of Mathematics and Statistics, Jiangxzt Normal University, Jiangxi 330022, P. R. China

Abstract The aim of this paper is to consider the following two problems:
(1) Establish interrelationships between the growth of coefficients and the geometric distri-
bution of zeros of solutions of non-homogeneous linear differential equation

f/// + AZ(Z)fN + Al(z)fl + AO(Z)f = A‘S(Z)v

where Ao(z),..., As(z) are analytic functions in the unit disc D
(2) Find some sufficient conditions on the analytic coefficients of the differential equation

O+ A1) Y+ AL2) f + Ao(2) f =0,

for all solutions to belong to the Zygmund type space.
The results we obtain are a generalization of some earlier results by Heittokangas, Gréhn,
Korhoneon and Rattya.
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1. Introduction and main results

Let Dg denote the Euclidian disc of radius R centered at the origin in the complex C, so
Dy = D. Denote by H (D) the set of all analytic functions on D.

The sequence {z,}72; C D is called uniformly separated if

we I I72=1>0
neN\{k}
while {z,}7%; C D is said to be separated in the hyperbolic metric if there exists a constant
d > 0 such that |z, — 2zx|/|1 — Zpzk| > d for any n # k.

A fundamental objective in the study of complex linear differential equations with analytic
coefficients in a complex domain is to relate the growth of coefficients to the growth of solutions
and the distribution of their zeros.

We restrict ourselves to the case of the unit disc D. The early results on oscillation theory

in the case of unit disc go back to the work of Nehari and his students Beesack and Schwarz in
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the 1940s and 1950s. Nehari proved in [1] that if A € H(ID) and
sup |A(2)|(1 — [2]*)? (1.1)
z€D

is at most one, then each non-trivial solution of
"+ AR)f=0 (1.2)

has at most one zero in D.

In 1955, Schwarz [2] showed that if A € H (D), then zero-sequences of all nontrivial solutions
of (1.2) are separated in the hyperbolic metric if and only if (1.1) is finite.

For recent developments based on localization of the classical results [3]. In the case of higher

order linear differential equations
O+ A (2) fED ok Ay (2) f 4+ Ao(2)f =0, keEN, (1.3)

with coefficients A; € H(D), j =0,...,k — 1, there are few results.

Let pq(2) = (a — 2)/(1 — @z), for a,z € D, denote a conformal automorphism of D which
coincides with its own inverse. Moreover, let do, denote the element of the Lebesgue area measure
on D.

Very recently, Grohn ete [4] studied the zero distribution of nontrivial solutions of the linear

differential equation

"+ A () f" 4+ Ar(2)f 4+ Ao(2) f =0, (1.4)
where Ag, A1, A2 € D. They obtained the following result.

Theorem 1.1 ([4]) Let f be a nontrivial solution of (1.4), where Ag, A1, Ay € H(D).
(i) If
sup|[4;(2)[(1 = [2[*)"7 < o0, j=0,1,2,
z€D

then the sequence of two-fold zeros of [ is a finite union of separated sequences.

(ii) If

sup [ 14,101~ 2)' (1~ pu () )do < o0, 7 =0,1.2,

then the sequence of two-fold zeros of f is a finite union of uniformly separated sequences.

Theorem 1.1 is a generalization of the second order case [2]. The proof of Theorem 1.1 is based
on a conformal transformation of (1.4), Jensen’s formula, and on a sharp growth estimate for
solutions of (1.4). A natural question is: what can we say about the nonhomogeneous equation
associated to (1.4)

"+ As(2)f" + AL (2) f + Ao(2) f = As(2). (1.5)

One purpose of this study is to establish interrelationships between the growth of coefficients
and the geometric distribution of zeros of solutions of (1.5). For 0 < p < oo, the Ber-type space,
denoted by Hp°, consists of all f € H(ID) such that

[ fllmge = sup | £(2)|(1 = [2]*)P < oo
zeD
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We obtain the following result.
Theorem 1.2 Let f be a nontrivial solution of (1.5), where Ay, A1, Az, Az € H(D).
(i) If
1Al rge ; = sup 145 (2)|(1 = [2]*)*7 <00, j=0,1,2, (1.6)

and
Azl gge = sup [ A3(2)|(1 = |2[*)? < oo, (1.7)
zE

then the sequence of two-fold zeros of [ is a finite union of separated sequences.
(ii) If

sup [ 14,211 = 271 = lpa(2) P < o0, = 0.1,2 (18)
a€D JD
and
sup [ [A4()](1 = |2)(1 = [ga(2))do < o (19)
a€D JD

then the sequence of two-fold zeros of f is a finite union of uniformly separated sequences.
Nevanlinna theory has been applied for fast-growing analytic solutions [5-11], but the analysis
on slowly growing solutions seems to require a different approach. An important breakthrough in
this regard was [12], where Pommerenke obtained a sharp sufficient condition for the coefficient
A which places all solutions f of (1.2) to the classical Hardy space H2.
Recently, Heittokangas et al. [13] studied equation (1.3) and found sufficient conditions for

the analytic coeflicients such that all solutions belong to H,°.

Theorem 1.3 ([13]) Let 0 < ¢ < 1. For every p > 0 there exists a positive constant o, depending
only on p and k, such that if the coefficients A;(z) of (1.1) are analytic in D and satisfy

sup |4;(2)|(1 =227 <a, j=0,....k—1,

|2]>0
then all solutions of (1.3) belong to HZ°.

Sufficient conditions for the coefficients such that all solutions belong to D? were found in [14].

For 0 < p < oo, the Dirichlet-type space DP consists of those analytic functions f in D for which
the integral

/ [f/(2)P(1 = |2*)P~ do
D

converges.

Theorem 1.4 ([14]) Let 0 < § < 1. For every 0 < p < 2, there is a positive constant «,
depending only on p and k, such that if the coefficients A;(z) of (1.3) are analytic in D and
satisfy

1—|al?

do, <
- =

sup / Ap(2)[P(1 — [2[2)h~1

la|>6

and
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then all solutions of (1.3) belong to DP N H°.

As for the solutions in other function spaces, see, for example [15,16].

Another purpose of this study is to give some sufficient conditions on the analytic coefficients
of (1.3) for all solutions to belong to the Zygmund type space. For 0 < a < oo, we denote by
Z% the Zygmund type space of those functions f € H(D) satisfying

sup(1 — [2[%)*[ " ()] < o0
zeD

equipped with the norm || f|| za := [f(0)|+|f"(0)| +sup,ep(l — |2[?)¥] f”(2)|. The little Zygmund
type space, denoted by ZZ, is the closed subspace of Z% consisting of those functions f € Z¢
with

lim (1 |2/*)|f"(2)| = 0.

|z|—1
When a = 1, we get the classical Zygmund spaces Z and Z,. To the best of our knowledge,
solutions of differential equations in the Zygmund type space are considered in the present paper

for the first time. We obtain the following results.

Theorem 1.5 Let Ag(2),...,Ar—1(2) be the analytic coefficients of (1.3) in D. Let n. €
{1,...,k} be the number of nonzero coeflicients A;(z), j = 0,...,k — 1. Fix | > 0 and denote
R = (e*' —1)/e'/!. Suppose that

1 k—1
) 1 1
o\ —1 . 0 = <
/R (log(1—=1)7") jE:O |[A;(te'”)|F=3dt < o (1.10)

Then all solutions of (1.3) belong to the space Z!72.

Theorem 1.6 Let Ag(2),...,Ar—1(z) be the analytic coefficients of (1.3) in D. Assume that
Y
e

where o; > 0. Then all solutions of (1.3) belong to the space Z2~%.

|4;(2)] < (1.11)

Theorem 1.7 Let Ag(2),...,Ar—1(z) be the analytic coefficients of (1.3) in D. Assume that

(&
|4;(2)] < oy 1og1_— (1.12)

KN

where a; > 0. Then all solutions of (1.3) belong to the space [y o< 24

o

Corollary 1.8 Let all the coefficients Aj(z) (j =0,...,k —1) of (1.3) belong to the Zygmund
type space Z*. Then all solutions of (1.3) belong to the space [\ <00 25
2. Auxiliary lemmas

The following lemma gives an estimate for the number of sequences in the finite union ap-

pearing in the statement of Theorem 1.1.

Lemma 2.1 ([4]) Let L = {z} be a sequence of points in D such that the multiplicity of each
point is at most p € N, and let M € N.
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(i) If
sup Z (1= |pa(zi))* < M < o0,
zr€L\{a}
then {z;} can be expressed as a finite union of at most M + p separated sequences.
(ii) If
sip 3 (1= fpa(z)?) < M < o,
a€L  er\{a}
then {z} can be expressed as a finite union of at most M + p uniformly separated sequences.
For 0 < p < oo and —1 < a < oo, the weighted Bergman space A%, consists of those functions

f, analytic in D, for which

Iz = ([ 15— 1ePrdn) <oc

The classical Bergman space AP is AP. See [17] and [18] for the theory of Bergman spaces. It
is well known that an analytic function f belongs to the Bergman space AP if and only if f(")

belongs to AP This fact follows by Lemma 2.2, which can be found, for example, in [19].

np+a*

Lemma 2.2 ([19]) Let f be an analytic function in D, and let 0 < p < 00, —1 < a < 0o and
n € N. Then there exist two constants Cy > 0 and Cy > 0, depending only on p,« and n, such
that

Chll fllaz < [1F]] a»

npto

+ Z IF9(0)] < Ca| 1 an.-

Lemma 2.3 ([20]) Suppose z € D, ¢ is real, t > —1, and

(1 —[w]?)*

1. = — ——doy,
(%) L1 = zwperite o

(a) If ¢ <0, then as a function of z, 1. (z) is bounded from above and bounded from below
on D.

(b) If ¢ >0, then I (z) ~ m, [z = 1.

(c) If ¢ =0, then Iy(z) ~ log ﬁ, [z] = 1~.

Lemma 2.4 ([21]) Ifa > 1 and R =1, then

27 d(ﬂ 1
/0 |Reiv —rle O((l —r)a-l ):

Lemma 2.5 ([22]) Let f be a solution of (1.3) in Dg, where 0 < R < oo, let n. € {1,...,k}
be the number of nonzero coefficients A;(z), j =0,...,k — 1, and let § € [0,27) and & > 0. If
zg = ve'? € Dp is such that Aj(zg) # 0 for some j =0,...,k — 1, then, for all v < r < R,

T

7re”)] < Cesp (e / max [ 4;(e) Y ¢Dat), (2.1)

v J=0,..., —1

where C' > 0 is a constant satisfying

£ (z0)]

C<(l+4e¢) max
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An application of Herold’s comparison Theorem in its full generality at the end of proof of
Lemma 2.5 yields the following pointwise growth estimate for the derivatives of solutions of (1.3).

It is also a special case of a more general result in [23].

Lemma 2.6 ([23]) Suppose the assumptions in Lemma 2.5 hold. Then, for all r € (v, R) and
J=0,.. k-1,

FOe) <O sup (ne _max |A;(ze) 7)) %

ngg# 7=0,...,k—1
r . 1
exp (nc / max | A;(te)] Wdt) .
v 3=0,..,k—1

3. Proofs of Theorems

Theorem 1.2 can be verified by the following proof of Theorem 1 in [4] with suitable modifi-

cations.

Proof of Theorem 1.2 (i) If f is a nontrivial solution of (1.5), then g = f o ¢, solves

9" + Bag” + B1g' + Bog = Bs, (3.1)
where
By = (Ao 0 9a)(¢4)?,
9 s0// 5 s0///
By = (A1 09a) ()" — (A2 0 9a)@, + 3(¢—Z) - (p—‘;, (3.2)

"

By = (Az 0 0a)¢), — 3%7 Bs = (A3 0 ¢4)(¢))>.

a

Thus by the Schwarz-Pick lemma [24, Lemma 1.2], 1 — |¢4(2)]? = (1 —1z|*)|¢,(2)], we can obtain
1Boll sz = Sup | Bo(2)|(1 = |2]*)° = Sup [ 4o 0 ga(2)ll¢ ()P (1 = |2[°)°
= sup |40 0 ¢a(2)|(1 = |pa(2)]*)* = Slé%|f40(w)|(1 = [w*)* = [ Ao 5 -

Similarly, we have || Bs||zge = [|As3| mge. Straightforward calculations show that

eu(z) 2@ Q)(z)  6a

Wu(z)  1-az’ gu(z)  (1-a2)*

Therefore, we have

~—

(PN(Z) s0/// (Z

| 7( -z <4, |

va(2) po(z
An application of above estimates, yields,

(1—]22)? < 24.

~—

| B1llage < su% | AL (w)|(1 = |w*)* + 4 su% | Ao (w)|(1 — |w|?) + 48 + 24
we we

< N Axllage + 4| A2 ape + 72

and
| Bo|l g < sup |Ag(w)[(1 = [w]?) +12 = || Ag|| = + 12.
weD
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Let £ = L(f) be the sequence of two-fold zeros of f, and let a € £; we may assume that £ is
not empty, for otherwise there is nothing to prove. Then 0 is a two-fold zero of g = f o ¢,. By

applying Jensen’s formula to g(z)/z2, we obtain

1 27 ) 2
log ——— < — / log™ |g(re™®)|d — log|g" (0)] + log . (3.3)
Z PaCen)] = 27 Jy =

0<]palzp)l<r

where 0 < 7 < 1, log" 2 = max{0,logz} for 0 < x < co. Since

1 1
r r
log ——— |rdr = / rlog ———dr
/0 ( ;; |<Pa(2k)|) 2 pa(20)] la(zk)]

zrel\{a
0<lpa(zp)]<r K€L\ {a}

1
=7 [2log —— — (1 = [a(2)[*)]

4 e |pa(z8)]

1
2 1 Z 2(1 = lpa(z)]) = (1 = la(zr)*)]

o\
1
=7 Z (1= lpa(z0)))* 2 75 Y (L=lpalar)?)?,
zreL\{a} zr€L\{a}
the estimate (3.3) implies
8
Y. U—lpa(a)P)® < = / log™ |g(2)|do. — 8log |¢”(0)] + 8log2 + 8. (3.4)
D

zr€L\{a}

Recall that g(z) is a solution of (3.1). By the proof of the growth estimates [25, Corollary 3],
there exists an absolute constant C; > 0 such that

2m 2 r
i/ log™ |g(re'?)|db SC&(/ log+/ | Bs(se'?)|(1 — 5)2dsdf+
2 0 0
2m )
ZZ/ / |B(" (se'? 5)2_J+"dsd9). (3.5)
j=0n=0

Since B; € H3® ; for j =0,1,2, we have BJ(-n) € H,, , forj=0,1,2,n=0,...,5 by Cauchy’s
integral formula. Hence there exists a positive constant Co = Co(||Ao|| e, [| A1l Hge, [[ A2l o),
independent of a € D, such that

B (s¢)|(1 - 5)* 94" < Gy, j=0,1,2, n=0,....], (3:6)

for se? € D.
Now we estimate fozﬂ log™ [, |Bs(se)|(1 — s)*dsdf. Since Bs € H5°, there exists a constant
Cs = C5(||As]|ze) > 1, independent of a € D, such that |Bs(se™)|(1 — 5)* < L5 for se'? € D,

which implies
2 27
/ log™ / | Bs(s5e')|(1 — 5)2dsdf < / log™

Cs
< LA — .
2m log™ l—r 27 lo g T (3.7)
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Substituting (3.5)-(3.7) into (3.4), we obtain

sup > (1= |pa(z)?)?

acl 2n€L\{a}

< 1601(27r/ rlog dsdr —8log|g”(0)] + 8log2 + 8
0

dr+2wZZ/ /

=0 n=0

1 1
C 1
§327r01(/ log ¢ 5 dr+602/ log §
0 -r 0 -

= 327C1(log C3 + 1 + 6C3) — 8log |¢”(0)] + 8log2 + 8 < oo.

Tdr) —8log|g”(0)] + 8log2 + 8

This implies the assertion of Theorem 1.2 (i) by Lemma 2.1 (i).
(ii) As in the proof of (i), we conclude that g = f o ¢, is a solution of (3.1), where the
coefficients By, By, B2 and Bs are defined by formula (3.2). Since

[ 1B = 12 Pido. = [ As(eu@lIeh (2P~ 2o
D D
= [ a1 = o) (1 = o))

it follows from (1.9) that

sup/ | B3(z |z[*)?do, < oco. (3.8)
Next we will show that
sup/ 1B (2)|(1 = |2~ do. < 00, j=0,1,2,n=0,....]. (3.9)
acD JD

According to Lemma 2.2, we need only to show that
sup/ |B;(2)|(1 - |2*)*7do, < 00, j=0,1,2.
As a matter of fact, first, since
[1B@I0 =10 = [ Adea@lid (0 = 2R
= [ Mot = [wP)(1 = lea(w)P)don,

we can get

sup/|Bo (1 —|z])3do. < o0

from (1.8).

Next, we can obtain from (3.2) and Lemma 2.3 that

[ 1B a0,
< [ IGeallei )P~ 1oP)o + [ 1Aaeal@ i1 - |2P)do+
D D

T a1 T
3/]@'%(2)'“ ||>dz+/D 21— <)o
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< [ 14~ etw)P)ao, +4 [ |As(eu(@) o) o+

4|a|2 6la|
/|1 |2 | | dO'z /ﬁ(1_| |)dgz

/ | A1 (w)|(1 = | pa(w)[?)dow + 4/D |A2(w)|%daw +0(1).

The condition (1.8) implies
sup/ |B1(2)|(1 — |2*)do. < .
a€D JD
Finally, from(1.8) and Lemma 2.3, we can deduce that

sup / Ba(e)dor < sup / A (pa(2) 14 (2)|do + 3sup / 12a(2) 45,

a€D acD SDa (2)

a 2
—sup/ | Az (w |<P (w 2)| daw+3sup/ leaz < o0.
a€b — |wl aeD Jp |1 —az|

Let £ be the sequence of two-fold zeros of f. As above, by applying the proof of [26, Lemma
4.6], there exists an absolute constant Cy > 0, such that

r 1 [ ; 2
log ———— < — / log™ |g(reze)|d9 —log |¢"(0)| + log —
2 L S, 2

0<|pal(zg)l<r

21
<cl(/ log+ / |By(s¢®)] (1 — 5)2dsdd+
& o (n) 2—j+n " 2
ZZ |B (5e)|1 — 5)277 dsd@)—log|g (O)|—|—1ogr—2
j:
27
<o / / |By(s¢®)] (1 — 5)2dsdd+
0 0
S [ B 561 — 27 dsds) — log g7 (0)] + log 2
ZZO Olj (se™)[1 —s) sdf ) —log|g”(0)| +log —
/|Bg |(1 —|2|*)2do. +ZZ/|B(" —|z|2)2_j+"doz)—

j=1n=0
log " (0)| +log
”
Using the estimates (3.8) and (3.9), and letting » — 17, we get

sup Z (1= |pa(z1)]?) < 0.
acLl

Consequently, the assertion of Theorem 1.2 (ii) follows from Lemma 2.1 (ii). O

Proof of Theorem 1.5 If r € (R, 1), it follows from (1.10) that

rk—1

(log(1 —1) / Z |Aj(tei9)|k%jdt
=0
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k—1
" ; 1
< [ ogt =) Y st ot < o
R =0 Ne

S0,
rk—1

1

19

/ Z|A (te'®)| 77 Jdt<log( — (3.10)
Let f be a non-constant solution of (1.3). By the Cauchy integral formula for derivatives and
Lemma 2.4, we have

14r
et >|<1/< MOL e = o M=)y

=i |< —ret#|3 (1 —7)2
Now an application of (3.10) and (2.1) yields,

" (rei®)] = O(—

==

that is, f € 212, O
Proof of Theorem 1.6 Let f be a non-constant solution of (1.3). By Lemma 2.6,

e <0 sup (me _max |Ay(ae?)[ 7 ))2><

ngg% J=0,..,
T . 1
exp (nc/ max |Aj(tew)|kfidt),
=0, k=1
for all » € (v, R). Here in after we use C' to denote a positive constant which need not be the
same at each occurrence. Then (1.11) gives

e < sup (max (;=—)'"F))

y<o< it j=0,....k—1"1 — x

T

N,
P (O/V jodnax (=) dt)

<c(, s (57 ew (o [ (1)

<C(; ) F exp(Ch(1 = (1= 1)) < O

It follows that
sup | f”(2)](1 — [2[2)"F < oo,
z€eD

which implies that f € 2277, O

Proof of Theorem 1.7 Let f be a nonconstant solution of (1.3). An application of Lemma
2.6 yields,

e <O( s (e e 14; )] 5))

v<z< 142rr j=0,...,k—1

s
explne [ ey 14,7 ),
y =0, k-1
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for all » € (v, R). By (1.12), we can obtain

|f//( 0 <C 1 € k% 2
re’)| < sup _ma§71(0g1 x) i) x

609

(3.11)

Taking any « € (0,+00), multiplying (1 — r2)® on both sides of (3.11) and letting r — 1, we

obtain

T (1= [#[2)°| ()] = limy (1 = 72)°| /" ()] = 0,

|z|—1

which implies that f € Z&. Since a € (0, +00) is arbitrary, the conclusion follows. O

Proof of Corollary 1.8 From A;(z) € Z?%, we can get
14,22

A < —L=—" j=0,....k—1
| J(Z)|—(1_|Z|2)2’ J AR ’
which yields
r ! 1
A(z) — A (0)] = /A’-’ tdt’< A /7
|A}(2) 50)] = |z ; j(z0)dt| < [2[[|Aj]l 22 o (1—|z]22)2
1
1 2]
<lllAslz [ Gt =4l
T e (=2t SR EE]
1
< i .
= ||AJ||22 1—|2|
This gives
1 1
145 < 14501+ 145l 22777 < 2l Ty

Using the same procedure as above, we have

145(2) — 4;(0)] = !

1
— 2| Ay]| 22 log ———
H JH22 Og1_|z|7

which implies

1 e
|A;(2)] < |A4;(0)] + 2[4l 22 logl_—|2| < 2[| 4]l 2= log T~ ER

Therefore, all solutions of (1.3) belong to space [y <o 2o by Theorem 1.7. O
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