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A Note on the A, -Spectral Radius of a Graph

Hongzhang CHEN, Jianxi LI*
School of Mathematics and Statistics, Minnan Normal University, Fujian 363000, P. R. China

Abstract Let G be a simple graph of order n and po(G) be the A, (G)-spectral radius of G.
In this note, for any vertex v; of G, we establish the relationship between po(G) and pa (G — v;).
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1. Introduction

All graphs considered in this paper are finite, undirected and simple. Let G be a graph with
vertex set V(G) = {v1,v2,...,v,} and edge set E(G). Its order is |V(G)|, denoted by n, and
its size is |E(G)|, denoted by m. For v; € V(G), let d(v;) (or d; for short) and N(v;) be the
degree and the set of neighbors of v;, respectively, and G — v; be the graph obtained from G by
removing the vertex v; and its incident edges. Let G; V G2 be the graph obtained by joining
graphs Gy and Gy with [V (Gy)| x |V (G2)| edges. For any undefined notations, we refer to [1].

The adjacency matrix of G is defined to be A(G) = (a;;), where a;; = 1 if v; is adjacent to
v; and a;; = 0 otherwise. Let D(G) be the diagonal matrix of the vertex degrees of G. The
signless Laplacian matrix of G is Q(G) = D(G) + A(G). For every a € [0, 1], the matrix A,(G)
of a graph G is defined by Nikiforov in [2] as

Ao (G) = aD(G) + (1 — a)A(G).

In particular,

40(G) = A(Q), A44(C) = 5Q(G), A\(G) = D(O).

Since A,(G) is a real symmetric matrix, all the eigenvalues of A, (G) (also called the A,-
eigenvalues of G) are real. We denote its eigenvalues in non-increasing order as A1 (A4 (G)) >
A2(Aa(G)) = -+ > A (An(G)). The largest eigenvalue A\ (A, (G)), denoted by po(G) is called
the A,-spectral radius of G. Note that A,(G) is irreducible if and only if G is connected for
a € [0,1). Therefore, when G is a connected graph, the Perron-Frobenius Theorem implies that
)T

the multiplicity of p,(G) is one and there exists a positive unit eigenvector x = (z1,xa, ..., z,)",
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which is called the Perron vector of A, (G). We refer the reader to Brouwer and Haemers [3] and
Cvetkovié et al. [4] for literature in this area.

The spectral radius of a graph contains lots of information about the graph. Many studies
on this topic have been conducted [4]. In particular, establishing the relationship between the
spectral radius of a graph and its subgraph is of interest. It is known that when an edge or a
vertex is removed from a graph G, the spectral radius of G will not increase due to the Perron-
Frobenius Theorem. Van Mieghem et al. [5] and Li et al. [6] obtained several results on behavior
of the spectral radius of a graph G after removing edges or vertices from G. Recently, for any

v; € V(G), Guo et al. [7] presented the relationship between po(G) and po(G — v;) as follows.
Theorem 1.1 ([7]) Let G be a connected graph of order n. For any v; € V(G), we have

po(G) < £/pR(G —vi) +1++/d; — 1. (1.1)

Moreover, the equality holds if and only if G = K ,,—1 and v; is a pendant vertex of Ky ,,—1.

Moreover, they further conjectured that for any v; € V(G),

po(G) < /oG —v) + 2d; — 1.

Very recently, Sun and Das [8] confirmed this conjecture by proving the following result.

Theorem 1.2 ([8]) Let G be a graph of order n. For any v; € V(G) with d; > 1, we have

po(G) < /PG —v) + 2d; — 1. (1.2)
The equality holds if and only if G = K; ,,—1 and v; Is a pendant vertex of Ky ,,—1, or G =2 K,,.
Moreover, Wang and Guo [9] further deduced the following relationship between po(G — v;)
and po(G) for v; € V(G).
Theorem 1.3 ([9]) Let G be a graph of order n. For v; € V(G), we have

G—v;)+ 2(G —v;) +4d;
po(@) < BT VARG 0] 2,

Moreover, the equality holds if and only if G =2 K1V H and v; is the vertex of degree n — 1,

(1.3)

where H is a regular graph of order n — 1.

Motivated by the above mentioned recent results. In this note, we further study the relation-
ship between p,(G) and po (G — v;) for v; € V(G) by using its Perron vector, and establish the
following result, which generalizes Theorem 1.3 since Ay(G) = A(G).

Theorem 1.4 Let G be a graph of order n. For v; € V(G) and « € [0,1), we have

< PolG i) + P53 (G — v;) +4d;
- 2

pa(G) < ad; + pa(G —v;) + \/(adi ;PQ(G — )2 +4(1 — a)%d;

Moreover, for o = 0, the equality holds if and only if G = Ky V H and v; is the vertex of degree

po(G) , when a = 0; (1.4)

, when o # 0. (1.5)

n — 1, where H is a regular graph of order n — 1.
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Note that (1.2) is always better than (1.1). We now give the following remark to illustrate
that the bound in Theorem 1.3 is but not always, better than that in Theorems 1.1 and 1.2,

respectively.

Remark 1.5 It is easy to check that
(G —wv;)+ p%(G—Ui)—i—él
2
when d; = 1. Then (1.1) is better than (1.3) for d; = 1. But for d; > 2, note that

po(G — i)\ (G — vi) + 4d; < p3(G — vi) + 4po(G — vi)/d; — 1

< Pe(G — ;) + 44/ p3(G — v;) + 1/ d; — 1.
Then we have

olG =) + g%(G—“i)+4di]2<[ PG — i) + 1+ Vd; —1]%.

This shows that (1.3) is better than (1.1) for d; > 2. Thus, the bound of (1.3) is slightly better
than (1.1).

Now we compare the upper bounds of (1.3) and (1.2) in the following. It is easy to check
that

PA(G —v) +1< Po

po(G — ;) + /p3(G — vi)
2
when d; > 1+ po(G — v;). That is (1.3) is better than (1.2) when d; > 1+ po(G — v;).
We now give the following examples to illustrate the sharpness of above bounds.
(1) In Theorems 1.2 and 1.3, if G = S, is a star of order n > 2, and v; € V(S,,) is the vertex
of degree n — 1, then po(G — v1) = 0. Thus it turns out that

po(G —v1) +VP3(G —v1) +4d _ /A(n—1) =vVn—-1
2 2 ’

4d;
+2ds < \/pg(vai)+2di—1

\/pg(G—u1)+2d1—1=\/Q(n—1)—1:\/2n—3.

Note that v/2n —3 > v/n — 1 since n > 2. This implies that the bound of (1.3) is better than
(1.2) in this case.
(2) When G = K1 V C,,_1 is the wheel graph of order n and v; € V(K7 V C),—1) is a vertex

of degree n — 1, then by Lemma 2.3, we have
PO(KI \Y Cnfl) =1+ \/ﬁ
Moreover, po(G —v1) = 2 since G — vy = Cj,—1. By (1.3) and (1.2), we have

_ 2 _
1+ Vi = (@) < 20 ”1)+\/§0(G wWrdh s,

1+\/_:po(G)<\/p%(G7v1)+2d1—1:\/2n+1.

This shows that (1.3) is better than (1.2) in this case.
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2. Preliminaries

To give the proof of our result, the following lemmas are needed. For an n X n real symmetric
matrix M, its eigenvalues are denoted in non-increasing order as A1 (M) > Ao(M) > -+ - > N\, (M).

The following is a classical result.

Lemma 2.1 (Cauchy’s interlacing theorem) Let M be an n X n real symmetric matrix. For an

integer m with 1 < m < n, let N be an m xm principal submatrix of M. Then fori=1,2,...,m,
Ai(M) = XNi(N) 2 Nign—m (M).

In particular, in Lemma 2.1, let m = 1 and W, (G) be the principal submatrices of A, (G)
obtained by removing the row and the column of A, (G) that correspond to the vertex v;. Then

we have
Corollary 2.2 Let G be a graph of order n. For any v; C V(G), then we have
pa(G —vi) < M (We, (G)).

Lemma 2.3 ([10]) Let A = (a;;) and B = (b;j) be two n X n non-negative symmetric matrices
with a;; < b;; fori,j € [1,2,...,n]. Suppose that there is a positive eigenvector x corresponding
to its largest eigenvalue A1 (A). Then A1 (A) < A\1(B), where equality holds if and only if A = B.

Lemma 2.4 ([10]) Let || - || be a 2-norm of an vector or a matrix. For any n X n non-negative
symmetric matrix A and x € R", we have || Ax|| < || A|||x]|, the equality holds if and only if || A||

is the spectral radius of A and x is the eigenvector corresponding to || Al.

Lemma 2.5 ([11]) Let the Hermitian matrix A be partitioned as

bT
A=
b M
and let X = (x1,2,...,2,)7 be a unit eigenvector of A corresponding to the largest eigenvalue
A1 (A). If M (A) is not an eigenvalue of M, then

a2 = ! |
1+ ||(M — M)~'b|?

Lemma 2.6 Let G be a connected graph of order n. For v; € V(G), A.(G) is partitioned as
ad; b” 1

Aq (G) = b M

Then po(G —v;) = A\ (M) when o = 0; po(G — v;) < A (M) when o # 0.

Proof For a = 0, it is obvious that p, (G — v;) = A1 (M) since Ag(G — v;) = M; for a # 0, we
now consider the following two cases:

Case 1. G — v; is connected. Then A, (G — v;) has a positive eigenvector corresponding to
Pa(G —v;). Thus Lemma 2.3 implies that po (G —v;) < A\ (M).
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Case 2. G —v; is disconnected. Let G —v; = GiUG2U---UGy. This gives the corresponding
partition of M as

Assume that po(G — v;) = pa(Gy) for some k € [1,¢]. Then similarly to Case 1, we have
Pa(Gr) < A1(My). Thus

pa(G - ’U/L') = pa(Gk) < )\1(Mk) S max{)\l(Ml),)\l(Mg), ey Al(Mt)} = )\1(M)

This completes the proof of Lemma 2.6. O

3. Proof of Theorem 1.4

In this section, we will give a proof of Theorem 1.4. For this, we need the following upper
and lower bounds on the eigencomponent z; of the Perron vector of A,(G) corresponding to the

vertex v;.

Lemma 3.1 Let G be a connected graph of order n, and x = (x1,72,...,2,)T be the Perron

vector of A,(G) corresponding to po(G). Then for every 1 <i <n and a € [0, 1), we have
1

o G 7Otd7; 2 ’
T B

Moreover, the equality holds if and only if G = K1 V H and v; is the vertex of degree n — 1,

x; <

where H is a regular graph of order n — 1.

Proof Let x = (x1,%2,...,2,)7 be the Perron vector of A, (G) corresponding to p,(G). Based
on Ay (G)x = po(G)x, we have
pa(G)z; = adiz; + (1 — ) Z xj.
v; €N (vy)
Using the Cauchy-Schwarz inequality, we have
(pa(G) ~adi)zi = (1) Y w<(-a) [t S a2
v; EN (v;) vj €N (vi)
ie.,

(pa(G) - adi)2$12

IA
=
|
2

i~}
&
8
N

That is
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Thus
- o G) — Oédi 2
1= af>al+ x?g:ﬁ(%Jﬂ).
=1 v EN(v;) v

It follows that )
€T; <

- o G 7Otd7; 2 ’
Vit i

Equality is attained if and only if ) = z; for vy, v; € N(v;) and z; = 0 for v; ¢ N(v;). Note

that the Perron vector x is positive since G is connected. It follows that every vertex different
from v; is adjacent to v;. Hence, G = v; V H, where H is a graph of order n — 1. Moreover,
recall that o, = 2; for v, v; € N(v;) and po(G)z; = z; + (d; — 1)z, for v; € N(v;). Those imply
that each vertex in H has the same degree. Therefore, H is a regular graph. This completes the
proof of Lemma 3.1. O

Next, we give a lower bound on the eigencomponent x; of the Perron vector x corresponding

to the vertex v;.

Lemma 3.2 Let G be a connected graph of order n, and x = (x1,2,...,2,)! be the Perron
vector of A,(G) corresponding to po(G). Then for every 1 <i <n and a € [0, 1), we have
1

;>
i = 1+ d;
(po(G)—po(G—v:))?
1

T > (1—)2d,
\/1 t @ @)

Moreover, for « = 0, the equality holds if G = KV H and v; is the vertex of degree n — 1, where

, when a = 0;

, when o # 0.

H is a regular graph of order n — 1.

Proof Partition V(G) as {v;} UV(G) \ {v;}, which gives a partition of 4,(G) as

Oédi bT
da@)=| ]

By Corollary 2.2 and Lemma 2.6, we then have po(G) > A1 (M) > po(G — v1) (More precisely,
A (M) = po(G —v1) and A\ (M) > po(G — v1) when o # 0). This means that po(G) is not an
eigenvalue of M. Thus by Lemmas 2.4 and 2.5, we have

1 1
2 _

T T (@1~ 3 TE = T4 (oG — M) TP 3.1)

|

Note that
1 1
GYT — M) = Amax GYI— M) = = :
||(p<)é( ) ) || a ((pa( ) ) ) Amln(pa(G)I o M) pa(G) o )\max(M)
Moreover, by Lemma 2.6, we have Apax(M) = po(G) when o = 0 and A\pax (M) > po(G — v;)
when a # 0. Thus, note that [|b]|?2 = (1 — a)?d;. By (3.1), we then have

1

|zi* >

> i , when a = 0;
1+ e=se@=n
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1
(l—a)2d1
(pa(G)=pa(G=u1))?

|22 > , when a # 0.

That is
1
i > ;
d;
\/1 t @ po @)

1
(1—a)2d;
\/1 + e G
Moreover, for a = 0, if G = K; V H and v; is the vertex of degree n — 1, where H is a regular
graph of order n — 1, then we have b = (1,1,...,1)T and M = Ay(H). It follows that
——

, when o # 0.

n—1
1
——F— b
po(G) — po(H)
is the largest eigenvalue of (po(G)I — M)~1. That is
1(po(G)I — M)~'bl* = [[(po(G)I — M)~ "|*|[b|*.

Thus the equality in (3.1) holds, which completes the proof of Lemma 3.2. O

(po(G)I — M)~'b =

1
and Zorey ooy

Combining Lemmas 3.1 and 3.2, we now give a proof of Theorem 1.4 as follows.

Proof of Theorem 1.4 By Lemmas 3.1 and 3.2, we have

1 . §$i§%vwhena:0;
\/1 + (PO(G()1 p(z)(ci*i 0:))2 1+ ﬂo(lG)
<z < ! —, when a # 0.
\/1 * (pa(G()l:pi)(gi—vq,>>z 14 %
It follows that ,

P (G) < d; .

di B (po(G) — pO(G _ ’Ui))27

e od? (ol

(1—a)2d;  (pa(G) — pa(G — ;)2 when a # 0,

ie.,
po(G)(po(G) — po(G — v;)) < di;
(Pa(G) = pa(G = 1:))(pa(G) — ad;) < (1 = @)?d;, when o # 0.
Those imply that
p3(G) = po(G)po(G = vi) — di < 0;
Pe(G) = (ad; + pa(G — v3))pa(G) + adipa(G — v;) — (1 — a)?d; < 0, when « # 0.
Thus
po(G) < po(G —vi) + gg(G —v) + 4di;

ad; + pa(G —v;) + /(ad; — pa(G — ;)2 +4(1 — a)2d;
2

pa(G) < , when o # 0.
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Moreover, by Lemmas 3.1 and 3.2, for @ = 0, the equality holds if and only if G = K; V H
and v; is the vertex of degree n — 1, where H is a regular graph of order n — 1. This completes

the proof of Theorem 1.4. O
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