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Abstract In 2009, Kwong and Lee considered a new labeling problem of graph theory—the
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1. Introduction

In this paper, all graphs are simple graphs without isolated vertices. In [1], Kwong and the
third author considered a new labeling problem of graph theory. Let G be a graph with vertex
set V(G) and edge set E(G), and Zy = {0,1}. An edge labeling f induces a partial vertex
labeling f*: V(G) — Zs defined by f*(v) = 0 if the number of the edges labeled by 0 incident
on v is more than the number of edges labeled by 1 incident on v and f*(v) = 1 if the number
of the edges labeled by 1 incident to v is more than the number of edges labeled by 0 incident to
v. fT(v) is not defined if the number of the edges labeled by 0 is equal to the number the edges
labeled by 1 incident on v. For i € Zy, let vp(i) = |[{v € V(GQ) : fT(v) =i}| and ef(i) = |[{e €
E(G) : f(e) = i}|.- An edge labeling f is said to be edge-friendly if |ef(1) — e;(0)] < 1. With

these notations, we now introduce the definition of an edge-balanced graph.

Definition 1.1 ([1]) A graph G is said to be an edge-balance graph if there is an edge-friendly
labeling f of G satisfying |vs(1) —vr(0)] < 1.

Definition 1.2 ([1]) The edge-balance index set of the graph G, denoted by EBI(G), is defined
as {|vf(1) —vs(0)| : f is edge-friendly}.

Kwong and Lee investigated the edge-balance index sets of generalized theta graphs [1] and
flower graphs [2]. Lee, Su and Wang [3] investigated the edge-balance index sets of (p,p + 1)-
graphs. Chung and Lee [4] investigated the edge-balance index sets of the envelope graphs of
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stars, paths, and cycles. In [5,6], the edge-balance index sets of L-product of cycles with stars
are investigated. Bouchard, Clark and Su [7] gave the exact values of the edge-balance index
sets of L-product of cycles with cycles. Chopra, Lee and Su [8] investigated the edge-balance
index sets of the fan P, + K;. Lee, Su and Todt [9] investigated the edge-balance index sets of
broken wheels. Lee, Lee and Su [10] present a technique that determines the balance index sets

of a graph from its degree sequence.

One can see that if {0,1} € EBI(G), then the graph is edge-balanced. Hence, the notion
of edge-balance indices generalizes that of edge-balanced labeling in the sense that if the edge-

balance index set for a graph G is known, then the edge-balances-ness of G is determined.

Notation 1.3 For graph P,,, x P,, (m,n > 2), the vertexset V ={u; ;: 1 <i<m, 1 <j<n},
the edge set E = {(u;j,uijt1) : 1 <i<m, 1 <j<n—-1}U{(uss,usy1) : 1 <s<m-—1,
1<t<n}.

P, x Pg is shown in Figure 1.
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Figure 1 Py X Ps

In P, x Py, |V|=mn, |E| =2mn—m —n.

2. Preliminaries

Before we discuss the edge-balanced properties of Product of Paths, we present a result and

some notations which will be used to obtain our main results.

Notation 2.1 In the following discussions, for the vertices and edges on P,, X P,, the vertices
u; 1=1m1<j<nand2<i<m-—1,j=1,n) are said to be boundary vertices, the
others are said to be interior vertices. Similarly, the edges (u; j,u;j+1) (1 =1,m,1<j<n-—1)
and (us,¢, us+1) (1 <s<m—1,¢t=1,n) are said to be boundary edges, the others are said to
be interior edges.

The degrees of the boundary vertices are 2 or 3, and the degrees of all interior vertices are 4.

Notation 2.2 For any friendly labeling f of P, x P,, the maximum value of all |vy(1) — v (0)]
is denoted by M (m,n).

Without losing generality, assume m < n on P,,, X P,. An edge e is called a k-edge if f(e) = k,
k € {0,1}, a vertex v is called a k-vertex if fT(v) =k, k € {0,1}, a vertex v is called a *-vertex
if f*(v) is not defined. We will use v(0), v(1), v(x), €(0), e(1), instead of v+ (0), v+ (1), v+ (),
ef(0), ef(1), provided there is no ambiguity.
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Theorem 2.3 For any edge-friendly labeling f of graph G, v(1) — v(0) = 2v(1) 4+ v(*) — |V].

Proof Let f be an edge-friendly labeling of graph G. Since v(1)+v(0)+v(x) = [V, v(1)—v(0) =
v(l) = (V] —v(l) —v(x)) =20(1) + v(x) — |[V|. O

Notation 2.4 For a friendly labeling f of P,, x P,, with index a, when a = M (m,n), then the
number of 1-vertices in the interior vertices is denoted by A, ,, the number of x-vertices in the

interior vertices is denoted by B, .
Labeled graph A graph G with an edge labeling is called a labeled graph of G.

Notation 2.5 Embedding labeled graph method 1. Given a labeling of P, X P,,, for some fixed
j with 1 < j < n, let the label of the edge (u; j,u; j4+1) be k; j, where < i < m. Let the vertices
of a labeled path P, be v1,va, ..., vy and the label of the edge (v;,v;4+1) be l;, where 1 < i < m.
In the type 1 embedding labeled graph method, each edge (u; j,u; j+1) Is subdivided into two
edges (u; ;,v;) and (v;,u; j4+1), both of them are labeled k; ;. The newly inserted vertices v;s are
connected to form a path P,,, and the edges are labeled a;, b; and c;, respectively. The result is
a labeling of Py, X Ppy1.

Embedding labeled graph method 2. Let the vertices of a labeled P,, x P> be v; j, where
1 <i¢<mandj=1,2, and the labels of the edges (v;1,vi2), (vi1,vit1,1) and (v;2,vit1.2) be
a;, b; and ¢;, respectively. In a type 2 embedding labeled graph method, each edge (w; j, Wi j+1)
is subdivided into three edges (u; j, vi1), (vi,1,vi2) and (vi2,u; j+1), with both edges (u; j,vi 1)
and (vi2,u; j+1) labeled k; j. The vertices v; ; are connected to form a P, x P, and the edges
are labeled a;, b; and c¢;, respectively. The result is a labeling of Py, X Py, 42.

In general, given a labeled P, X Py, in a type k embedding labeled graph method, each edge
(ws,j, u; j41) is split into two (while keeping the same label k; ;) and attached to the left-most and
right-most column, respectively, of the given labeled P, x P} to form a labeling of P, X P, 1.

For example, embedding a labeled graph of P, on P, x P resulting in a labeled graph of

P, x Ps, is shown in Figure 2.
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Figure 2 Embedding P> on P X P»

3. EBI(P; x P,)

When n = 2, the graph P, X P» is cycle Cy. The fact that EBI(Cy) = {0} was obtained in [1].

So, in this section, we investigate the edge-balanced properties of P» x P, (n > 2).

n —2, if nis even,

Theorem 3.1 For any edge-friendly labeling f of Py x P,, M(2,n) =
n—1, ifnisodd.

Proof First, in P, X P, |E| = 3n — 2, all vertices are the boundary vertices. Next, all cycles
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are even. Finally, for any edge-friendly labeling f, if the label of any vertex u; ; is 1, then there

are at least two l-edges incident on wu; ;. Thereby, choose an even cycle that contains the edge

(u1,1,uz,1), and its length is: [2%L] for n = 0 or 1 (mod4); [22-1] for n = 2 or 3 (mod 4).
When n = 0 or 1 (mod4), define the labels of the edges on the above cycle as 1 (except

edge (u1,1,u2,1)), the labels of the remaining edges as 0, then e(1) = ¢(0) for n = 0 (mod 4);
e(l) =e(0) +1 for n =1 (mod4).

When n = 2 or 3 (mod4), define the labels of the edges on the cycle as 1, the labels of the
remaining edges as 0, then e(1) = ¢(0) for n =2 (mod 4); e(1) = e(0) + 1 for n = 3 (mod 4).

(1) n=0 (mod4).

Since e(1) = e(0) = 37” -1, 37” —1is odd, the maximum length of a cycle formed by 1-edges is
37” —2, two *-vertices can be obtained by one 1-edge and two 0-edges. Hence, the maximum value
of v(1) is 3 — 2, at this time, the maximum value of v(x) is 2. M(2,n) = 2v(1) + v(x) — |V| =
2x 3 —442-2n=n-2.

(2) n=2 (mod4).

’U(l) _ 3n272, 3n;2

the maximum value of v(1) is 222, at this time v(x) = 0. M(2,n) = 2v(1) + v(x) — |V| =
2x =2 _9p=n—2

(3) n=1 (mod4).

Using the manner of the discussion in Case 1, the maximum value of v(1) is ?’"TH — 2, at this
time, the maximum value of v(x) is 2, M (2,n) = 2v(1)+v(x)—|V| = 2x 3L — 4422 =n—1.

(4) n=3 (mod4).

Using the manner of the discussion in Case 2, the maximum value of v(1) is 3”2_ L at this
time v(x) = 0, M(2,n) =2v(1) +v(x) — [V| =2x 2L —2p=n—1.0O

is even, the maximum length of a cycle formed by 1-edges is 3"; 2 Hence,

Theorem 3.2 For any odd integer n > 3,

{0,1,...,n—2}, if nis even,

EBI(P;, x P,) =
e g {{0,17---,n—1}, if n is odd.

Proof The construction in Theorem 3.1 produces a labeling f with index M(2,n), where
M(2,n) =n — 2 for even n and M(2,n) =n — 1 for odd n. Starting with f with index M (2,n),
we can construct another labeling g by exchanging the labels of the two edges (ug,1, u2,2) and
(U1,n,U2,p), then

(1) whenn =0 or 1 (mod4), v(1) is decreased by 1, v(x) is increased by 1, the labeling ¢
with index M(2,n) — 1 is obtained.

(2) when n =2 or 3 (mod4), v(1) is decreased by 2, v(0) is decreased by 1, the labeling ¢
with index M(2,n) — 1 is obtained.

In the labeling f and g, there exist the edge labeling forms as illustrated in Figure 3.

Figure 3 Edge labeling form
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Starting with f and g, if exchanging 1-edge and 0-edge successively respectively, as illustrated

in Figure 4,

u the second exchange

B O D U |

1 1 1 1 g @

Figure 4 Exchange the edge labels

then in each exchange, v(1) is decreased by 1, v(*) is increased by 1.

When n > 3, in the labeling f, there are at least M exchanges as illustrated in Figure
% exchanges as illustrated in Figure 4. Once the
exchanges in the labeling f and the %

4, in the labeling g, there are at least
M exchanges in the labeling g are completed,
then the labelings with indices n —4,n—5,...,0 (since n is even) can be obtained; the labelings
with indices n — 3,n —4,...,0 (since n is odd) can be obtained.

When n = 3, starting with the labeling with index 2, exchange the labels of (uj 2,u22) and

(u1,3,u2,3), then the labeling with index 0 is obtained. The conclusion holds. O

4. EBI(P, x P,)

When n > 2, there exist interior vertices on P, X P,,. Since the degrees of the interior vertices
are 4, the degrees of the boundary vertices are 2 or 3. If index a = M (m,n), then the labels of all
boundary vertices must be 1, thus, when the number of 1-vertices on the interior vertices is the
greatest too, 2v(1) + v(*) must be the greatest. We can see the contribution of two *-vertices is
the same as that of one 1-vertices for 2v(1) +v(x), and when index a = M (m,n), O-vertices must
be adjacent to each other, most of these O-vertices associated with 0-edges, i.e., as illustrated in

Figure 5.

Figure 5 0-vertices in interior vertices

Now, we find the labeling with index M (m,n) by embedding a labeled graph method.
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Theorem 4.1 For P,, x P, and P,, X Pn+e<m72) (m > 2), has M (m,n + W) = M(m,n)+

2m2—8

—=, where a is the greatest common factor of 2m — 5 and 2m — 2.

Proof Define a graph with (0,1)-edge labeling of P,, x P, and a graph with 0-edge labeling of

P, as illustrated in Figure 6.

Figure 6 A graph with (0,1)-edge labeling of P, X P> and a graph with 0-edge labeling of Py,
Assume the labeling with index M (m,n) is obtained, e(1) = b, e(0) = ¢ (b=cor |[b—¢| = 1).
First, embedding a graph with (0,1)-edge labeling of P, x P as illustrated in Figure 7, then the

number of 1-edges is increased by 3m — 2, the number of 0-edges is increased by m.

Figure 7 Embedding a graph with (0,1)-edge labeling of P, x P
Since at most two *-vertices can be obtained by three interior 1-edges, at most one 1-vertices
and one *-vertices can be obtained by four interior 1-edges, at most two 1-vertices can be obtained
by five interior 1-edges, at most two 1-vertices and two *-vertices can be obtained by six interior
l-edges, ..., at most 2(m — 2) 1-vertices can be obtained by 3m — 2 1-edges on interior 1-edges,
thereby, embedding a labeled graph with an (0,1)-edge labeling of P, x P, with 2m — 2 interior
1-vertices as shown in Figure 7, does not alter the 1-vertices and O-vertices that have already be

obtained.

When embedding a labeled graph with 0-edge labeling of P,, on the label labeled graph with
index k as shown in Figure 5, this is equal to adding a row in interior of the label graph with
index k. The number of 1-edges is increased by 2, the number of 0-edges is increased by 2m — 3.

For e(1) = e(0) or |e(1) — e(0)| = 1 are satisfied, embedding some graphs with (0,1)-edge
labeling of P, x P, and some graphs with 0-edge labeling of P,,, the number of 1-edges increased
is equal to the number of 0-edges increased. Embedding a graph with (0,1)-edge labeling of
P,, X P», the number of 1-edges is 2m — 2 more than the number of 0-edges; embedding a graph
with 0-edge labeling of P,,, the number of 0-edges is 2m — 5 more than the number of 1-edges.

Hence, let a be the greatest common factor of 2m — 5 and 2m — 2, then when embedding @
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graphs with (0,1)-edge labeling of P,, x P, and % graphs with 0-edge labeling of P,,, the
number of 1-edges increased is equal to the number of 0-edges increased, the number of the rows

2m—5 | 2m—2 _ 6(m—2)
=2 4 === = —=—="_ Thus, we have

in interior of the labeled graph with index k is equal to 2 x
M (m,n+ 6('rr;—2)) = M(m,n)+2m x 2'rr;—5 +9x 27r;—2 _ 27r;—2 x (m—2) = M(m,n)+ 27”2_8.D

By Theorem 4.1, we obtain the following labeling with index M (m,n).

Figure 8 The labeling form in M (m,n)

The labels of the edges and the vertices that are not yet labeled will be determined by the
concrete values of m and n.

By Theorem 4.1, if the labeling with index M (m,n) is obtained, then the labeling with index
M(m,n + M) is also obtained. Thus, when the labelings with indices M (m,m), M (m,m +
1),...,M(m,m+ M — 1) are obtained, then the labelings with indices M (m,m + W)
M(m,m+l+W), ce M(m,erW —1)(k=1,2,...,) are also obtained. By exhaust

algorithm, when m is determined, the labelings with indices M (m, m), M (m,m+1),..., M (m, m+
6(m—2) 1)

)

can be obtained.

When m > 4, starting with the labeling with index M (m,m +t) (¢t =0,1,..., W —1),
exchange the labels of edge (u1,1,u2,1) and (usz,1,us22), then v(1) is decreased by 1, v(x) is
increased by 1, the labeling with index M (m,m +t) — 1 is obtained.

In the labeling with index M (m,m + t) and the labeling with index M (m,n +t) — 1, there
are some l-edges and 0-edges associated with wq j, s and u;, as shown in Figure 3. These
1-edges and 0-edges can be exchanged, and these two exchanges do not influence each other,
refer to the following discussions of P3 x P,,, Py X P,, the edge-balance index sets of P,, X P,

(m > 4) can be obtained.
EBI(P,, x P,) = {0,1,..., M(m,n)}.

When m = 3 and 4, the 1-edges and 0-edges associated with w1 ;, %, s cannot be exchanged
at the same time, in the following sections, the edge-balance index sets of P3 x P,, Py x P,, are

obtained, respectively.

5. EBI(P; x P,)

On P; x P, |V|=3n, |E| =5n—3. Since m =3, 2m—5 =1, 2m — 2 = 4, by Theorem 4.1,
a=1, M(3,n+6) = M(3,n)+ 10. Hence, assume M (3,n) = C, then M(3,n + 6t) = C + 10t.

When n > 5, the number of the boundary vertices is more than or equals to [5”2_ 3], thereby, we
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investigate M (3,n) for n =6,7,...,11. We obtain the following results.

(1) n=6.

Define the labels of the boundary edges as 1 and the labels of the remaining edges as 0, then
e(l)=14=¢(0) + 1, v(1) = 14, v(0) = 4, M(3,6) = 10.

(2) n=T1.

Define the labels of the boundary edges as 1 and the labels of the remaining edges as 0, then
e(1) =16 = e(0), v(1) = 16, v(0) =5, M(3,7) = 11.

(3) n=28.

Define the labels of the boundary edges and (uLg, uz2) as 1 and the labels of the remaining
edges as 0, then e(1) =19 = e(0) + 1, v(1) = 18, v(0) = 6, M (3,8) = 12.

(4) n=09.

Define the labels of the boundary edges and (uq 2,us2,2) as 1 and the labels of the remaining
edges as 0, then e(1) = 21 = ¢(0), v(1) =20, v(0) =7, M(3,9) = 13.

(5) n=10.

Define the labels of the boundary edges (except (ui2,u13)), (u12,u22), (u1,3,us3) and
(ug,2,us2,3) as 1 and the labels of the remaining edges as 0, then e(1) = 24 = ¢(0) + 1, v(1) = 22,
v(x) =2, v(0) =6, M(3,10) = 16.

(6) n=11.

Define the labels of the boundary edges (except (ui2,u13)), (u12,u22), (u1,3,us3) and
(u2,2,u2,3) as 1 and the labels of the remaining edges as 0, then e(1) = 26 = ¢(0), v(1) = 24,
v(x) =2,v(0) =7, M(3,11) = 17.

By the above results and Theorem 4.1, when n > 5,

M(3,n) =10+ 10 x ngG :5?” for n =0 (mod6);

M(3,n) =124 10 x ngS _on—d for n =2 (mod 6);
M(3,n) =16 + 10 x n_610 = 5”3_2 for n =4 (mod 6);
M(3,n)=11+10 x n;? = 5n3—2 for n =1 (mod6);
M(3,n) = 13 + 10 x ”gg = 5”3_6 for n = 3 (mod 6);
M(3,n) = 17+ 10 x ”_611 = 5"3_4 for n.= 5 (mod 6).

Theorem 5.1 Forn =0 (mod6), EBI(P3 x P,,) = {0,1,..., %}

Proof (1) n > 6.

Step 1. Define the labels of the boundary edges (except (ui j,u1,j+1), (usj,us j+1) (j =
2,4,...,5 —2)), the interior edges (uz j, u2 j1+1), (U1, u2;), (U2,5,u3;), (u1j41, U2 4+1), (U2 511,
uzjy1) (j = 2,4,...,5 —2) as 1, the labels of the remaining edges as 0, then e(1) = 2n + 2 —
(2-2)+(2-1)+2(2-2)=5—-1,¢e0) = (2 -2). v(l) =2n+2 =2 v(x) =0,

M(3,n) = 4% — 3n = 22 the labeling with index M (3,n) is obtained.
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Step 2. Start with the labeling with index M (3,n), exchange the labels (u1,2 —2,u1,2 1) and

(u1,2-1,u2,2 1), then v(1) is decreased by 1, v(0) is not changed and v(x) is increased by 1, the

labeling with index 5?” — 1 is obtained.
Step 3. Start with the labelings with indices 5?", %" — 1, successively exchange the labels of
(ug2,j,u3;) and (usj_1,u3;) (% <j <n—1),in each exchange such that v(1) is decreased by 1,
2n

v(0) is increased by 1, there are (%*) exchanges. Once all exchanges are completed, the labelings

withindices%”fQ,%”f?),...,%

Step 4. Start with the labelings with indices ¢ + 1, %, exchange the labels of (ugn—1,u2,,)

can be obtained.

n

n_
Step 5. Start with the labelings with indices § — 1, § — 2, successively exchange the labels

of (ug4—1,u2) and (ug,usy) (¢ =2,4,..., "T*G), in each exchange such that v(1) is decreased

by 1, v(0) is increased by 1, there are ("T*G) exchanges. Once all exchanges are completed, the

and (u2 n—1,u3n—1), then the labelings with indices 1, § — 2 are obtained.

labelings with indices § — 3,5 —4,...,0 can be obtained.

(2) n=6.

Define the labels of the boundary edges as 1, the labels of the remaining edges as 0, then the
labeling with index 10 is obtained.

Start with the labeling with index 10, exchange the labels of (u176, uz6) and (u2,5, us6), the
labeling with index 9 is obtained. Start with the labelings with indices 10 and 9, successively
exchange the labels of (ug ;,us ;) and (usj,us j+1) (7 =2, 3, 4), then the labelings with indices
8, 7,6, 5,4, 3 are obtained.

Start with the labeling with index 4, successively exchange the labels of (ug2,us32) and
(u2,5,u2,6), (u1,2,u2,2) and (u1,2,u1,3), then the labelings with indices 2, 0 are obtained.

Start with the labeling with index 3, exchange the labels of (u1,5,u1,6) and (u1,2,u2.2), then
the labeling with index 1 is obtained. O

Theorem 5.2 For n =2 (mod6), EBI(P; x P,) = {0,1,..., %4}

Proof (1) n > 8.
Step 1. Define the labels of the boundary edges (except (uij,u1,j+1), (usj,us j+1) (j =

2,4,..., %4)), the interior edges (’U;QJ,’U;Q,J‘J,_I), (uLj’ UQJ‘), (’U;QJ,U;?,,]‘), (U17j+1, UQJ‘_H), (U;QJJ,.I,
n—=_8

uzjy1) (J = 2,4,...,%3°) as 1, the labels of the remaining edges as 0, then e(1) = 2n +2 —

(P52 —2)+ (22 — 1) +2(252 —2)+1 =32 -2 ¢(0) = (32 - 1). v(1) =2n+ 252, v(x) =0,
M@3,n)=4n+ 2’3;4 —3n = 2=4 the labeling with index 22=% is obtained.

3 3
Step 2. Start with the labeling with index 5”3_ 4, exchange the labels (u, o8, Uy n—s) and
P 1y 3
(uy o3, Uy n-s), then v(x) is increased by 1, v(1) is decreased by 1 and v(0) is not changed, the
P y7 3

is obtained.

labeling with index 5”:; 7

Step 3. Start with the labelings with indices 5’73;4, 5"; T successively exchange the labels of

(uz,j,us;) and (usj—1,u3;) (%52 < j < n—1), in each exchange such that v(1) is decreased

by 1, v(0) is increased by 1, there are (%) exchanges. Once all exchanges are completed, the

labelings with indices @, %, ce ”T_S can be obtained.

Step 4. Start with the labelings with indices ”7_5, "7_8, exchange the labels of (ug n_1,u2,)
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n—11 n—14
3 7 3

Step 5. Start with the labelings with indices "*TH, ”*TM, successively exchange the labels
n—

of (ug1—1,u2,) and (ugy, uz,) (t=2,4,..., 314)7 in each exchange such that v(1) is decreased

by 1, v(0) is increased by 1, there are ("_TM) exchanges. Once all exchanges are completed, the

n—17 n—20
3 7 3

and (uy p—1,u2n—1), the labelings with indices are obtained.

labelings with indices
(2) n=28.
Define the labels of the boundary edges as 1, the labels of the remaining edges as 0, then the

,...,0 can be obtained.

labeling with index 12 is obtained.

Start with the labeling with index 12, exchange the labels of (uLg, ugg) and (u2,7, usg), the
labeling with index 11 is obtained.

Start with the labelings with indices 12, 11, successively exchange the labels of (us2 ;,us ;)
and (u3 j—1,us,;) (3 <j <T7), the labelings with indices 10,9,...,1 are obtained.

Start with the labeling with index 2, exchange the labels of (’U,L(;, u17) and (u1,7, u2.7), the
labeling with index 0 is obtained. O

Theorem 5.3 For n =4 (mod6), EBI(P3 x P,) = {0,1,..., 222}

Proof Step 1. Define the labels of the boundary edges (except (ui j, w1, j+1), (u3,j,us+1) (J =

2,4,..., 2510, (uy ns,uy na)), the interior edges (ug,j, ug,j+1), (U5, u2,5), (u2,5,u3,5); (u1j41,
u2,j+1)7 (u2,j+17 U’3,j+1) (,7 = 2745 B n;,lo)a (u27%7u2’%)5 (UL%,’U;Z%), (u27%7u3’%)

as 1, the labels of the remaining edges as 0, then

n—4 n—4 n—4 5n 5n
1)=2 2 — 1 2 —1)=—-1 0)=(— —2
e()=2n+2- "1+ ot ) = 21 e(0) = (5 - 2),

—10 2n — 20 on —2
o , v(x) =, Jv(1) —v(0)| =4n+ 4+ n +2-3n= n3 ,

v(l)=2n+2+

the labeling with index M (3,n) is obtained.
Step 2. Start with the labeling with index M (3, n), exchange the labels of (u17%4,u1’%4)

and (“1,%7“2,%% v(x) is decreased by 1, v(0) is increased by 1, v(1) is not changed, the
S5n—2

labeling with index — 1 is obtained.

3
Step 3. Start with the labelings with indices 5"3_ =3 5"3_ 2 _1, successively exchange the labels
of (ug,j,us ;) and (usj_1,us;) (%52 < j < n—1), in each exchange such that v(1) is decreased

by 1, v(0) is increased by 1, there are (22-2) exchanges. Once all exchanges are completed, the

labelings with indices 5”3—_8 -2, 5"§11, cee ”T_l can be obtained.

Step 4. Start with the labelings with indices ”T"’Q, "T_l, exchange the labels of (ug -1, us3n—1)
and (u2n—1,u2,,), then the labelings with indices 252, 2=7 are obtained

Step 5. Start with the labelings with indices ”7_4, "7_7, successively the labels of (ug ¢, us.)
and (ugy—1,u2,) (s = 2,4,...,252), in each exchange such that v(1) is decreased by 1, v(0) is
increased by 1, there are ”774 exchanges. Once all exchanges are completed, the labelings with
indices ”510, ";13, ...,0, can be obtained. O

Theorem 5.4 For n =1 (mod6), EBI(P; x P,) = {0,1,..., 525}
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Proof n > 7.
Step 1. Define the labels of the boundary edges (except (uij,u1,j+1), (usj,us j+1) (7 =

2,4,...,257)), the interior edges (ugj,usj41), (w1, uz;), (u2y,us;), (U1 41,u2541), (U241,
n—"7T

uzjy1) (J = 2,4,...,7%3%) as 1, the labels of the remaining edges as 0, then e(1) = 2n +2 —

(nT_l _2) + (nT_l - 1)+2(nT_1 _2) = 5n2—3, 6(0) = (%)a U(l) = 2n + nT_la U(*) =0,

M(3,n) = 4n + 222 — 3n = 522 the labeling with index M (3, n) is obtained.

The steps 25 are similar to those in Theorem 5.1, we can know that the conclusion holds.

For n = 7, the discussions are similar to those about n = 6. O
Theorem 5.5 For n =3 (mod6), EBI(P; x P,) = {0,1,..., 525}

Proof n > 9.
Step 1. Define the labels of the boundary edges (except (uij,u1,j+1), (usj,us j+1) (j =

2,4,..., %4)), the interior edges (’U;QJ,’U;Q,J‘J,_I), (uLj’ UQJ‘), (’U;QJ,U;?,,]‘), (U17j+1, UQJ‘_H), (U;QJJ,.I,

usjy1) (J = 2,4,...,"779) as 1, the labels of the remaining edges as 0, then e(1) = 2n +

2 (22 —2) + (223 — ) +2(252 —2) + 1 = 223 = ¢(0), v(1) = 2n + 252, v(x) = 0,

M(3,n) = 4n 4 2228 — 3n = 520 the labeling with index M (3,n) is obtained.

The steps 2-5 are similar to those in Theorem 5.2, we can know that the conclusion holds.

For n =9, the discussions are similar to those about n = 8. O
Theorem 5.6 For n =5 (mod6), EBI(Ps x P,) = {0,1,..., 524}

Proof Define the labels of the boundary edges (except (w1 j,u1,j+1), (us,j,usj+1) (j =2,4,...,

), (uy 25,1y n-2)), the interior edges (ug,;, uz,j4+1), (u15, u2,5), (u2,5,u3,5), (U141, Uz,541),

(u2,j+1, us,jv1) (1 =2,4,..., n_g,n)a (UQ,"T*S”%,”T*?% (%,"T*Sauz”T*)v (UQ,”T*%“?,,”T*?) as 1, the
labels of the remaining edges as 0, then e(1) = 2n+2— 23 4 14228 4 2(225 1) = 3023 — ¢((),
v(l) =2n+2+ 251 (%) =2, M(3,n) =4n +4 + 22522 4+ 2 — 3n = 224 the labeling with
index M (3,n) is obtained.

The steps 2-5 are similar to those in Theorem 5.3, and we can know that the conclusion

holds. O

Theorem 5.7 EBI(P; x P3) = {0,1,2,3}; EBI(Ps x P;) = {0,1,...,5}; EBI(Ps x Ps) =
{0,1,...,6}.

Proof (1) n=3.

Define the labels of the boundary edges (except (u1,1,u2,1), (u2,1,us3,1)) as 1, the labels of
the remaining edges as 0, then M (3,3) = 3, the labeling with index 3 is obtained.

Start with the labeling with index 3, exchange the labels of (uj 3,u23) and (ug,2,us2.3), the
labeling with index 2 is obtained. Start with the labelings with indices 3 and 2, exchange the
labels of (u2,1,us,1) and (us,1,us,2), the labelings with indices 1 and 0 are obtained.

(2) n=4.

Define the labels of the boundary edges (except (u1,1,u2,1)) as 1, the labels of the remaining
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edges as 0, then the labeling with index 5 is obtained. Start with the labeling with index 5,
exchange the labels of (u13,u1,4) and (ug,3,us2.4), the labeling with index 4 is obtained. Start
with the labelings with indexes 5 and 4, exchange the labels of (u32,us3) and (ug2,us,2), the
labelings with indices 3 and 2 are obtained. Start with the labeling with index 3, exchange
the labels of (u1,2,u1,3) and (u1,3,u2,3), the labeling with index 1 is obtained. Start with the
labeling with index 2, exchange the labels of (u1,3,u1,4) and (u1,2, u2,2), the labeling with index
0 is obtained.

(3) n=5.

Define the labels of the boundary edges (except (u1,1,u2,1)) as 1, the labels of the remaining
edges as 0, then the labeling with index 6 is obtained. Start with the labeling with index 6,
exchange the labels of (ug1,us,1) and (ug.4,us5), the labeling with index 5 is obtained. Start
with the labelings with indices 6 and 5, successively exchange the labels of (us j,us ;1) and
(ug,5,us,;) (j = 2,3), then the labelings with indices 4, 3, 2, 1 are obtained. Start with the
labeling with index 2, exchange the labels of (uj 3,41 4) and (41,4, us2.4), the labeling with index
0 is obtained. O

6. EBI(P, x P,)

On Py x P, |V|=4n, |E| =Tn—4.

Since m = 4, 2m — 5 = 3, 2m — 2 = 6, It follows from Theorem 4.1, a = 3, M(3,n+4) =
M(3,n) + 8. Hence, assume M (4,n) = C, then M (4,n + 6t) = C' + 8t. Thereby, we investigate
M(4,n) for n =4, 5, 6 and 7. By exhaust algorithm, then

(1) n=4.

Define the labels of all boundary edges as 1, the labels of the remaining edges as 0, then
e(1) =12 = e(0), v(1) = 12, v(0) = 4, M(4,4) = 8.

(2) n=5.

Define the labels of the boundary edges (except (u1,2,u1,3)), the interior edges (ug,2, us3) and
(w141, u2,5+1) (7 = 1,2) as 1, the labels of the remaining edges as 0, then e(1) = 16 = e(0) + 1,
(1) = 10, v(0) = 4, M(4,5) = 10.

(3) n=6.

Define the labels of the boundary edges (except (u1,2,u1.3)), the interior edges (ug,2,u2,3)
and (w1 j+1,u2,j+1), (U2,j4+1,us,j+1) (J = 1,2), (u2,2,us,2) as 1, the labels of the remaining edges
as 0, then e(1) =19 = e(0), v(1) = 17, v(0) = 6, M(4,6) = 11.

(4) n=T1.

Define the labels of the boundary edges (except (u1,2,u1,3)), the interior edges (u; 2, u;3) (i =
2,3) and (usy usy1e) (s = 1,2, = 2,3) as 1, the labels of the remaining edges as 0, then
e(1) = 23 = e(0) + 1, v(1) = 20, v(0) = 6, M(4,7) = 14.

By the above results and Theorem 4.1, then

n—4

M(4,n)=8+8x 4 = 2n for n =0 (mod 4);
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~5
M(4,n) =10+8 x _

=2n for n =1 (mod4);

M(4,n) = 114+ 8 x =0

=2n—1 for n =2 (mod4);

n—17

M(4,n) =14+ 8 x

= 2n for n = 3 (mod 4).

{0,1,...,2n}, ifn =0 (mod4),

Theorem 6.1 For even n, EBI(P, x P,,) =
{0,1,...,2n -1}, ifn=2 (mod4).

Proof (1) n =0 (mod4) and n > 4.

Step 1. Define the labels of the boundary edges (except (u;o2j,ui2j+1) (1 = 1,4, j =
1,2,...,%—1)), the interior edges (u;x, uit1,k) (i = 1,2,3,k =2,3,..., ”T_Q), (us 25, Us 2j41) (s =
2,3,7=1,2,..., ”T74) as 1, the labels of the remaining edges as 0, then e(1) = 2n+4—2 X "T"l +
6x 22 42x 2t =Tl — ¢(0). v(1) =2n+4+n—4=3n, v(x) =0,0(0) = n, M(4,n) = 2n,
the labeling with index M (4,n) is obtained.

Step 2. Start with the labeling with index M (4,n), exchange the labels of (uj1,u21) and
(ug,1,u2,2), v(1) is decreased by 1, v(x) is increased by 1, v(0) is not changed, then the labeling
with index 2n — 1 is obtained.

Step 3. Start with the labelings with indices 2n, 2n — 1, successively exchange the labels of

(w14, u1,041) and (w e41, w2, i41)s (Wa g, Uar1) and (ug 41, Ua 1) (8= %4, 5,...,n —2), there

are n exchanges, in each exchange such that v(1) is decreased by 1, v(0) is increased by 1. Once

all exchanges are completed, the labelings with indices 2n — 2,2n — 3,...,0 can be obtained.
(2) n=4.

Define the labels of all boundary edges as 1,the labels of the remaining edges as 0, then the
labeling with index 8 is obtained. Start with the labeling with index 8, exchange the labels of
(u1,1,u2,1) and (ug,1, u22), the labeling with index 7 is obtained.

Start with the labelings with indices 8, 7, successively exchange the labels of (u1 2,u1,3) and
(u1,3,u2,3), (u2,1,us,1) and (uz 1,u32), (U432, us,3) and (u33,us3), (u3,3,us,3) and (u33,u34), the
labelings with indices 6, 5,...,0 can be obtained.

(3) n=2 (mod4) and n > 6.

Step 1. Define the labels of the boundary edges (except (uioj,ui2jt41), @ = 1,4, =

1,2,...,22-1), (u17¥,u17#)), the interior edges (ui g, uit1,6) (i =1,2,3,k = 2,3,..., 25%),

(Us,2j, Usi2j41) (s =2,3,j=1,2,...,250), wl%?“&%) and (’U/Z%,UQ’%) as 1, the labels of
the remaining edges as 0, then e(1) = 2n4+4—-2x 28 —146x 28 4 2x 250 4 4 = Tnd — ¢(().
v(l)=2n+4+n—-6+1=3n—1,v(x) =1, v(0) = n, M(4,n) = 2n — 1, the labeling with index
M (4,n) is obtained.

Step 2. Start with the labeling with index M (4,n), exchange the labels of (u21,u22) and
(u2,2,u2,3), v(1) is decreased by 1, v(*) is increased by 1, v(0) is not changed, then the labeling
with index 2n — 2 is obtained.

Step 3. Start with the labelings with indices 2n — 1, 2n — 2, successively exchange the

labels of (u47n52,U4,%) and (uzn,usn), (U1, uree1) and (Ui ey1,u2e41), (Uar, Usri1) and
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(u3,t41,usey1) (t = 5, "T”, ...,n — 2), there are n — 1 exchanges, in each exchange such that
v(1) is decreased by 1, v(0) is increased by 1. Once all exchanges are completed, the labelings
with indices 2n — 3,2n —4,...,0 can be obtained.

(4) n=6.

Define the labels of the boundary edges (except (u1,2,u1,3)), the interior edges (wi g, Wit+1,k)
(1=1,2,3,k=2,3), (ug,1,u2,2) and (ug,2,us3) as 1, the labels of the remaining edges as 0, then
the labeling with index 11 is obtained. Start with the labeling with 11, exchange the labels of
(us1,us) and (us1,us2), the labeling with index 10 is obtained.

Start with the labelings with indices 11, 10, successively exchange the labels of (w42, u43)
and (u33,u4,3), (U1, u141) and (w41, U2,e41)5 (Uae; Uaet1) and (uz 1, ua i) (8= 3,4), the
labelings with indices 9,8, ...,0 can be obtained. O

Theorem 6.2 Ifn > 3 is odd, then EBI(Py; x P,) = {0,1,...,2n}.

Proof (1) n=1 (mod4) and n > 5.

Step 1. Define the labels of the boundary edges (except (u;2;,ui2;+1) (¢ = 1,4,j =
1,2,...,25), (“1,%”1,%))7 the interior edges (ui,uit1,k) (i = 1,2,3,k = 2,3,...,252),
(w8, Uy ns), (g no, iy no1), (s, s 241) (5 =2,3,7 = 1,2, 272), (g no1, Uy nin ) as
1, the labels of the remaining edges as 0, then e(1) = 2n+4—2x ”T_5 —146x "T_5 +2x ”T_5+3 =
M3 =e(0)+1. v(l)=2n+4+n—-5=3n—-1,v(x) =2,0(0) =n—1, M(4,n) = 2n, the
labeling with index M (4,n) is obtained.

Step 2. Start with the labeling with index M(4,n), exchange the labels of (u1,1,u21) and
(u2,1,u2,2), v(1) is decreased by 1, v(*) is increased by 1, v(0) is not changed, then the labeling
with index 2n — 1 is obtained.

Step 3. Start with the labelings with indices 2n, 2n — 1, successively exchange the labels
of (U4,nT—3,U4,nT—1) and (u37nT4,u47%4), (U47anl,u4,nT+l) and (ug,nT“,u47nT+1), (w1 ¢, up e41) and
(w141, u2,041), (Ua,ua41) and (ug 1, uae1) (E = HTH, nTw, coosn—2), (ug -1, Uspn—1) and
(u3,n—1,us,n), there are n exchanges, in each exchange such that v(1) is decreased by 1, v(0) is
increased by 1. Once all exchanges are completed, the labelings with indices 2n —2,2n—3,...,0
can be obtained.

(2) n=5.

Define the labels of the boundary edges (except (uj 2,u13)), the interior edges (w; g, Uit k)
(1 =1,2,3,k = 2,3), (uz2,u23) as 1, the labels of the remaining edges as 0, then e(1) = 16 =
e(0) + 1. v(1) = 14, v(x) = 2, v(0) = 4, M(4,5) = 10, the labeling with index 10 is obtained.
Start with the labeling with index 10, exchange the labels of (’U;l,l,u271) and (U2,1,UQ72), the
labeling with index 9 is obtained.

Start with the labelings with indices 10, 9, exchange the labels of (ug21,us,1) and (u31,us,2),
(ua,2,u4,3) and (u3 3, us3), (u1,3,u1,4) and (w4, u2,4), (w43, ua,4) and (uz 4, va,4), (uz,4,us,5) and
(us,4,us35) successively, the labelings with indices 8,7,...,0 can be obtained.

(3) n=3 (mod4) and n > 7.

Step 1. Define the labels of the boundary edges (except (u;2j,ui2j+1) (1 = 1,4, j =
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1,2,...,27), (u17n74,u1,%“)), the interior edges (w;, uiy1) (i = 1,2,3,k = 2,3,..., 251,
except (us,%,u&%), (us,%,u&%)), (Us,25,Us2j41) (8 = 2,3,j =1,2,...,273) as 1, the
labels of the remaining edges as 0, then e(1) = 753 = ¢(0) + 1. v(1) = 3n — 1, v(x) = 2,
v(0) =n — 1, M(4,n) = 2n, the labeling with index M (4, n) is obtained.

Step 2. Start with the labeling with index M (4,n), exchange the labels of (uj1,u21) and
(u2,1,u2,2), v(1) is decreased by 1, v(*) is increased by 1, v(0) is not changed, then the labeling
with index 2n — 1 is obtained.

Step 3. Start with the labelings with indices 2n, 2n — 1, successively exchange the labels

of (u1,s,u1441) and (ug 41, u2,41), (Uae, wags1) and (uggqr,uaesr) (6= 255, 250 00 n —2),

(u3.n—1,Ua,n—1) and (usn—1,usr), there are n exchanges, in each exchange such that v(1) is
decreased by 1, v(0) is increased by 1. Once all exchanges are completed, the labelings with
indices 2n — 2,2n — 3,...,0 can be obtained.

(2) n=T1.

Define the labels of the boundary edges (except (u1,2,u1,3)), the interior edges (w; k, wit1,x)
(t=1,2,k=2,3), (us,25, us,25+1) (s =2,3,5 = 1) as 1, the labels of the remaining edges as 0,
then M (4,7) = 14, the labeling with index 14 is obtained. Start with the labeling with index
14, exchange the labels of (ul,l, ug.1) and (’U,2,1, ug2), the labeling with index 13 is obtained.

Start with the labelings with indices 14, 13, successively exchange the labels of (u1 4, 1 ¢41)
and (w1,e41,U2,641), (Uat,Us41) and (ugq1,us 1) (=3, 4, 5), (use, uas) and (use, us,7),
the labelings with indices 12, 11, ..., 0 can be obtained. O
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