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Abstract In this paper, we consider the solutions of 2-D incompressible magnetohydrodynamic
(MHD) equations with homogenous Dirichlet boundary condition for velocity and with nonho-
mogenous Dirichlet boundary condition for magnetic field. We obtain a condition of boundary
layer separation by Taylor expansion of functions in the MHD equations and by structural bi-
furcation theory for divergence free flows with Dirichlet boundary conditions. Furthermore, the
condition, determined by external forces, initial values and the value of magnetic field on the
boundary, can predict when and where boundary layer separation for the magnetic fluid will
occur.
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1. Introduction

Magnetohydrodynamic(MHD) equations govern the motion of electrically conducting fluids
in the presence of a magnetic field such as plasmas, liquid metals and electrolytes, which are
formed by coupling the hydrodynamics equations and the magnetic field equations. There are
many researches in MHD equations over past three decades [1-7]. He and Xin [1] studied partial
regularity for MHD equations. Xiao, Xin and Wu [2] investigated zero viscosity and diffusion
vanishing limit for MHD equations. Jiang, Ju and Li [3] concerned the incompressible limit of
the compressible MHD equations with vanishing viscosity coefficients. Ju, Li and Li [4] obtained
asymptotic limits for the full compressible MHD equations. Ai, Tan and Zhou [5] got global
well-posedness for MHD equations. Lin, Ji, Wu and Boardman [6,7] investigated stabilization of
a background magnetic field on a 2D MHD flow.

MHD equations are the special kind of hydrodynamic equations. In hydrodynamics, bound-
ary layer is an important research topic. There are many results about boundary layer theory of

hydrodynamic equations [8-11] and on boundary layer of magnetic fluid [12]. Wang and Xin [12]
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considered the zero magnetic diffusion limit problem of Dirichlet initial boundary value problem
of viscous diffusion MHD system with general initial value in viscous solids.

An important bifurcation phenomenon in hydrodynamics is boundary layer separation, which
is a very common phenomenon in geophysical dynamics. There are many researches about
boundary layer separation [13-19]. Chorin and Marsden [13] proposed the key question of how
the separation or boundary layer separation takes place. Ghil, Ma and Wang [14, 15] provided
a first rigorous account on boundary layer separation. Ghil and Liu [16] studied the bifurcation
process in the flow’s topological structure for a two-dimensional incompressible flow subject to
the Dirichlet boundary conditions and its connection with boundary layer separation. Gargano
and Sammartino [17] analyzed boundary layer separation with 2-D incompressible fluid by a
rectilinear vortex. Luo, Wang and Ma [18,19] obtained the separation location and time of
solutions of the Navier-Stokes for straight boundary and curved boundary, respectively.

Enlightened by the researches of boundary layer for the MHD equation and the study of
boundary layer separation for the Navier-Stokes, we investigated the boundary layer separation

of MHD equations in this paper. So, we study the following MHD equations:

g+ (u-V)u — R;VAu— S(V x b) x b+ Vp = g(z), in Qr, (1.1)
bi —V x (uxb)+R,'V x (Vxb) =0, inQp, (1.2)
divu =0, divb=0, in Qp, (1.3)
uloq =0, blag = h(x), in [0,T], (1.4)
u(z,0) = afx), b(z,0) = B(x), inQ, (1.5)

where €2 is bounded and open domain of R? with boundary 92, 0 < T < oo, Q7 := Q x (0,T].
u, b and p are the velocity of the fluid, the magnetic field and the pressure, respectively. And a(x)
and fB(x) are initial values of the velocity and the magnetic field, respectively. g(x) is external
force and h(x) is the value of the magnetic field on the boundary. Here R, > 0 and R,, > 0 are
the Reynolds number and the magnetic Reynolds number, and S = M?/(R.R,,) with M being
the Hartman number.

We can get a condition of boundary layer separation for MHD equations by analyzing the
solutions of (1.1)—(1.5) and by using the lemma of boundary layer separation [14,15,20], and the
condition is determined by initial values, external forces and the value of the magnetic field on
the boundary. Then we can predict when and where boundary layer separation will be found for
MHD equations.

The paper is organized as follows. In Section 2, we introduce preliminaries containing the
concept of boundary layer separation, boundary singularity and lemma of boundary layer sepa-

ration. In Section 3, we draw a main conclusion and present some remarks.

2. Preliminaries

Let  be a bounded and open domain of R? with boundary 9, which is C"1. C7(Q) is the
space of all C" fields on ©Q and Bj(Q2) = {u € C"(Q)|divu = 0,ulspq = 0}. We use n and 7 to
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denote the unit normal and tangent vector of 0f, respectively, and u, = u - 7.

Before stating our main results, we recall some basic concepts.

Definition 2.1 ([14,15,20]) Suppose u € Bj(2) (r > 2). & € 09 is called a boundary singularity

of u, if %“n* (z) = 0.

Definition 2.2 ([14,15,20]) We call that the boundary layer separation governed by a 2-D vector
field u € C1([0,T]; B3(2)) occurs at to, if u(x,t) is topologically equivalent to the structure of
Figure 1 (a) for any t < to, but u(x,t) is topologically equivalent to the structure of Figure 1 (c)
for t > to. That is, if t < to, u(x,t) is topologically equivalent to a parallel flow, and if t > to,
u(x, t) separates a vortex. Furthermore, we call that boundary layer separation occurs at T € OS2,

if T is an isolated boundary singularity at time t = t.

—— =

X X P~ ¢

(a) (b) ()

Figure 1 Definition of boundary layer separation

Lemma 2.3 ([14,15,20]) Let u € C*([0,T]; B3(Q)) be 2-D vector field and & € 99Q. Boundary

layer separation represented by u occurs at (Z,ty), if there exists 0 < to < T such that

%(z,t) £0, t<to, r€d, (2.1)
our
(@, t0) = 0, (2.2)
our ,_
5o (z,t) # 0, (2.3)

where Z is an isolated boundary singularity of u(-,ty) on 0.

3. Main result

Choose one party I' C 9Q. We take a coordinate system (x1,x2) with Z at the origin and T
given by
I={(z1,0)] 0 < |z1] < 6}

for some § > 0. Obviously, the tangent and normal vectors on I' are the unit vectors in the x;-
and zo-directions, respectively.
If a(z) € C3(Q; R?) satisfying a(r)|sq = 0, diva(z) = 0, then we get

a1 () = a1 (x1) e + ana(w1)2s + arz(xr)zs + o(23), (3.1)
() = a9y (21)T3 + ago(w1)zs + o(x3). (3.2)
Let B(z) € C?(; R?). Because 3(x)|aq = h(z), div 5(x) = 0, we obtain

Br(x) = ha(z1) + Bur(z1)z2 + Pra(z1)23 + o(23), (3.3)
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Ba(x) = ha(w1) + Bar (21)2 + Paz(21)2] + of}). (34)
Let g(z) € C'(Q; R?). We present the Taylor expansion of g(z) at x5 = 0,
91(2) = gro(z1) + g11(z1)z2 + o(2), (3.5)
92(x) = gao(x1) + g21(z1)22 + 0(22). (3.6)
After these preparations, we present the main result.

Theorem 3.1 Let a(x) € C3(Q, R?), B(x) € C*(Q, R?), and g(x) € C*(Q, R?). If
—o11
2R o)) + 6R: gz — SRyh3an + g1 — gho

0 < min < 1, (3.7)

Then there exist to > 0 and T € T' such that boundary layer separation of the solution to (1.1)—

(1.5) occurs at (tg, T), where aq1, 13, g11, 920 and hs are as (3.1)—(3.6).

Proof From the formula of cross product, we know

(VXxb)yxb=0b-Vb— %V(|b|2), (3.8)
V x (V xb) =Vdivb — Ab, (3.9)
Vx(uxb)=b-Vu—u-Vb+udivb—bdivu. (3.10)

Combining (3.8)—(3.10), we can rewrite (1.1) and (1.2) as follows.
ug — RyYAu+ - Vu — Sb- Vb + gV(|b|2) + Vp = g(z), (3.11)
by — R,VAb+u-Vb—b-Vu=0. (3.12)

Let w and b have the Taylor expansion at ¢t = 0,

u=a-+tp+o(t), b=p+t(+ot), (3.13)

where ¢ = (¢1,12) and ¢ = ((1, (2) satisty, respectively,

T/)|F:0a divy =0, <|F =0, div(=0.

Let
Y1 = Y1172 + 0(x2), Yo = o173 + 0(x3),
G = Cuze +o(x2), G = (a3 + o(a3).
Thus,
¥ = (Y1122 + o(x2), Ya173 + o(23)), (3.14)
¢ = (Cuwa + o(x2), Cara3 +o(x3)). (3.15)
Let
p=po+tp1+o(t), po=por+poawa+ o(rz). (3.16)

Substituting (3.1)—(3.6), (3.13), (3.14) and (3.16) in (3.11), we can get

Yiire — RNl 2o — RO (2012 + 6a13w2) — Shafin — 2ShafBraza—
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SB11B2122 + Shohy 4+ ShiBa1xa + Sha 22 + phy + Phota

= g10 + g11x2 + o(x2), (3.17)
— 2R ag1 — Shihly + Sy + poa = gao + o(1). (3.18)

Substituting (3.1)—(3.4), (3.13) and (3.15) in (3.12), we obtain
— R'hY — 2R, Bra — hoouy +o(1) = 0, (3.19)
— R,'hly — 2R, Bas + o(1) = 0. (3.20)

From (3.17) and (3.18), we get

Y11 =g11 + R, ey + 6R; tans + 2SB12he + SB11Bn

— Shiyfa1 — ShaBs; — oo, (3:21)
po2 = g20 + 2R, 'aa1 + Shihh — SPiiha. (3.22)

By (3.19) and (3.20), we have
hY = —=2B12 — Rpphocin, hy = —2B20 = B1;. (3.23)

Putting (3.22) into (3.21), we get
Y11 = g1 + 2Rg10/1/1 + 6R;10613 + 25812hs + Shgh/{ - g;o — Shlhg + Sﬁilhl. (3.24)
Combining (3.23) and (3.24), we obtain

wll - 2R_10/1/1 + 6R6_10513 — SRmhgoql + g1 — 9120. (325)

From (3.1), (3.13), (3.14) and (3.25), we have
Our) Oy = deatintold) (1)
T Oxs 2=0 Oxa O #2=0
=aq +t(2R; '), +6R; Yars — SRy hian + g1 — gh) + o(t).

If

—Q11
2R o)y + 6R: gz — SRyh3ann + g1 — gho
then we can get there exists ty such that
our,
—|r.t=t, = 0.
an |F,t to

In other words, if there is a point = € I" such that

O<mFin < 1,

—Qq1
2R, + 6R: anz — SRyh3an + 911 — gho

can take the minimum value, then

(i‘)’u,T(j,tQ) —0
on o
which implies (2.2).
Combining (3.13) and (3.14), we get
Pu,  0%u
=2 =Y.

oton  Otdxs
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Obviously,
0%u,
oton

(i’,to) 7é 0;

which satisfies (2.3).
From (3.1), (3.13), (3.14) and (3.25), we have

8uT| o %| - 8(041 +tl/}1+0(t))|

on " Gxg 2TV T Oxs #2=0
_ Oay Oy
- (81'2 +ta +0(t))|3«‘2=0

aq1 + t(2Re_10/1I1 + 6Re_10413 — SRmhgan + g11 — 9120) + O(t) 7é 0

at t < tg, which satisfies (2.1). O

Remark 3.2 The condition (3.7) for boundary layer separation can be observed by ¢11, aq1,
oy, axs, he and gb,. And the condition is related to the value of magnetic field on the boundary,

the initial value of the velocity and external force.

Remark 3.3 When the magnetic field is zero, the condition of boundary layer separation for
MHD equations will become
—Q1]

0 < min —— — — < 1,
r g11 + 2R. aqq + 6Re @13 — Goo

which is the condition of boundary layer separation of 2-D incompressible fluid flows in [18].

Remark 3.4 From the proof of Theorem 3.1, it can be seen that the separation time is ap-
proximately obtained, but the result is of great significance in practical application. To be more
specific, we can get the separation time if the value of magnetic field on the boundary, the initial

value of the velocity and external force are known.
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