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Abstract In this paper, we investigate some classes of skew polycyclic codes and polycyclic
codes over R = Za[u]/{u* —2). We first obtain the generator polynomials of all (1, 2u)-polycyclic
codes over R. Then, by defining some Gray maps, we show that the images of (skew) (1, 2u)-
polycyclic codes over R are cyclic or quasi-cyclic with index 2 over Z4. Finally, an example of
some (1, 2u)-polycyclic codes over R is given to exhibit the main results of the paper.

Keywords skew polycyclic code; polycyclic code; cyclic code; generator polynomial; Gray map

MR(2020) Subject Classification 94B05; 94B15

1. Introduction

In the early 1990s, Nechaev [1] discovered that the binary nonlinear codes can be regarded
as images of linear codes over Z4 under some Gray maps. Then Hammons et al. [2] proved that
some good binary nonlinear codes, such as Kerdock codes, Preparata codes and Goethals codes,
can be considered as the Gray images of some cyclic codes over Z,. These important discoveries
made scholars turn to the coding theory on finite rings, especially on Z, (see [3-8]). Recently,
codes over some ring extensions of Zy (Za[u]/(u?), Zs[u]/{u*—1) and Z4[u]/{u® —3) for examples)
have also been widely studied [9-12].

In order to give some more linear codes on engineer, Peterson [13] introduced the notion
of pseudo-cyclic codes in 1972. Until 2009, Lépez-Permouth et al. [14] re-defined pseudo-cyclic
codes from the viewpoint of linear algebra and called them polycyclic codes. To give a further
generalization, Matsuoka [15] put forward the concept of skew polycyclic codes over a finite field
in 2011. More studies on polycyclic codes and skew polycyclic codes can be found in [16-21].

Throughout this paper, we denote by R = Z4[u]/(u? —2) and R* the set of all units in R. In
the paper, we mainly study skew polycyclic codes and polycyclic codes over the ring R. We first
obtain the generator polynomials of all (1, 2u)-polycyclic codes over R, where we always denote
by (1,2u) = (1,2u,0,...,0) in this paper. Then, by defining some Gray maps from R" to Z3",
we show that the images of (skew) (1, 2u)-polycyclic codes over R are cyclic or quasi-cyclic with
index 2 over Z4. Finally, an example of (1,2u)-polycyclic codes over R is given to verify the

main results of the paper.
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2. Preliminaries

In this section, we mainly give some basic knowledge on skew polycyclic codes over the finite

ring R.

Definition 2.1 Let r = (rg,r1,...,7—1) € R™, 0 be a ring-automorphism of R, the vector
a = (ap,a1,...,an—1) € R™, where ag € R*. Define the #-a-polycyclic map of R™

To.a: R" — R"
Te,a(Tm T1y.00, rnfl) = (G(Tnfl)a@a o(rnfl)al“i’e(TO)a o(rnfl)a2+9(rl); oo ,9(7"”,1)&",14»9(7"”,2)).

Furthermore, for the linear code C of length n over R, if 79 ,(C) C C, then C is called a
0-a-polycyclic code over R. Let ¢ = (co,¢1,...,¢n-1) € R™,

0
Infl

apg ayp - Qp—1

and 0(c) = (0(co),0(c1),...,0(cn—1)). If 0(c)D, € C for any ¢ € C, then the linear code C is
called a 6-a-polycyclic code over R. In particular,

(1) If 0 is an identity map, C is called an a-polycyclic code over R;

(2) Ifa=(aop,0,...,0), C is called a #-ag-constacyclic code over R;

(3) Ifa=(1,0,...,0), C is called a 6-cyclic code over R;

(4) If 6 is an identity map and a = (ay,0,...,0), C is called an ag-constacyclic code over R;

(5) If 0 is an identity map and a = (1,0,...,0), C is called a cyclic code over R.

In order to study the Euclidean dual codes of skew polycyclic codes, we introduce the skew

sequential codes over R.

Definition 2.2 Let ¢ = (r9,r1,...,7—1) € R", 0 be a ring-automorphism of R, the vector
a = (ag,a1,...,an—1) € R™, where ag € R*. Define the #-a-sequential map of R"

Tha: R"— R"
Té7a(7"0,7"1, ceytne1) = (0(r1),0(r2), ..., 0(rn—1),0(r0)ap + 0(r1)ar + -+ - + 0(rn—1)an—1).

Furthermore, for the linear code C' of length n over R, if 7y ,(C) C C, then C' is called a 0-a-
sequential code over R. That is to say, if §(c)DL € C for any ¢ = (co,c1,...,cn1) € C, then C
is called a 8-a-sequential code over R.

Let C be a linear code over R. Then we can correspond a codeword ¢ = (co, ¢1,...,¢p—1) € C
to a polynomial c(z) = ¢y + c1z + -+ + ¢,—12" " € R[z] with deg(c(z)) < n — 1. Under this
point, a linear code C is a #-a-polycyclic code over R, if and only if for any ¢(z) = ¢y + 12 +

st ep1a™ € C, we have
b

0(co)x + 0(c1)x? + -+ 0(cn2)2™ ' +0(ch_1)(ap + a1 + -+ ap_12" ) € C.
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Similarly, a linear code C' is a #-a-sequential code over R, if and only if for any ¢(z) = ¢o+ 1z +

s dep12™ "t € C, we have
O(c1) +0(co)x + -+ 9(cn,1)x”*2 + (apb(co) + a10(c1) + -+ + an,lﬁ(cn,l)):ﬂ’“1 e C.

For a given ring-automorphism 6 of R, the set R[z;0] = {ap+ a1+ -+ anz" | a; € R,n > 0}
of formal polynomials forms a ring under the rule (3-; az*)(3_; ba’) = 3=, ; af"(b)z**/. The ring
RJx; 6] is called a skew polynomial ring over R. Note that R|[x; 6] is not necessary commutative.
We always denote by (™ — a(z)) the left ideal generated by 2™ — a(x). If (z™ — a(z)) is a
two-sided ideal, the quotient R[xz;0]/(z™ — a(x)) is also a ring. The following proposition shows

that a f-a-polycyclic code over R can be seen as a left ideal of R[z;0]/(z™ — a(x)).

Proposition 2.3 Let (" — a(x)) be a two-sided ideal, then C' is a #-a-polycyclic code over R
if and only if C' is the left ideal of the quotient ring R[x;0]/(z™ — a(x)).

Proof A linear code C' is an a-polycyclic code over R,
if and only if for any ¢ = (¢g,c1,...,cn—1) € C, then 6(c)D, € C,
if and only if for any c(x) € C, 0(co)z+---+0(ch_2)x" +0(ch_1)(ao+:--+an_12" ') € C,
if and only if for any c(z) € C,zc(x) € C (mod(2™ — a(x))),
if and only if for any r(x) € R[z;0]/(2™ — a(z)),r(x)c(z) € C (C is linear),
if and only if C the left ideal of quotient rings R[z;6]/(z" — a(z)). O.
Let C be a linear code of length n over R. The Euclidean dual code C+ of C is denoted by

n—1
inci =0 for any ¢ = (cg,¢1,...,Cn—1) € C}.
i=0

C’L = {(IQ,Il,. --7xn—1) e R"

The following Theorem gives a relationship of skew polycyclic codes and skew sequential codes.

Theorem 2.4 Let C' be a linear code of length n over R, 6 be a ring-automorphism of R,
(™ —a(x)) be a two-sided ideal of R[z;0]. Then C is a #-a-polycyclic code over R if and only if
C* is a 0=1-071(a)-sequential code.
Proof A linear code C is a #-a-polycyclic code over R,

if and only if for any ¢ € C, then 6(c¢)D, € C,

if and only if for any y € C*, then 0 = ((c)Da,y) = 0(c)Day”,

if and only if

0=07"(0(c)Day”) = 7 (Da)0™" (y") = cDg-1(a) (07" (1))"
= c(@fl(y)DGT_l(a))T (0 is a ring-automorphism of R),
if and only if for any ¢ € C, (e, 9*1(y)D9T_1(a)> =0,

if and only if 6" (y) D", ,, € C*,

if and only if Ct is a §~1-0~1(a)-sequential code. O
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3. Skew polycyclic codes over R

It is trivial that R can be seen as a Zs-module Z4 + uZ4 with u2 = 2. One can verify that R
has 8 units {1, 3, 1+u, 3+u, 14+2u, 3+2u, 14+-3u, 3+ 3u}, and 5 ideals: (0) C (2u) C (2) C (u) C R.

Next, we show all ring-automorphism of R. Construct a Z4-homomorphism 6; : R — R satisfying
91(0) = 07 91(1) - ]-a ol(u) = 3“7
namely, 01(a + ub) = a + 3ub, Va,b € Zy. And construct a Zs-homomorphism 65: R — R

satisfying
92(0) =0, 92(1) =1, 92(“) =2+u,

namely, 02(a + ub) = a + (2 + u)b, Va,b € Zy.
Theorem 3.1 There are exactly 3 ring-automorphisms of R: 01, 05, the identity map 05.

Proof Let 6 be a ring-automorphism of R. Since u? = 2 in R, we have 0(u?) = 0(u)f(u) =
02(u) = 2. Set O(u) = a + ub, a,b € Zy, then (a + ub)? = 2. It follows that §(u) = 3u,2 + u or
u. Set 61 (a + ub) = a + 3ub, O2(a +ub) = a + (2 + u)b, O3(a + ub) = a + ub, a,b € Zy. One can
verify 61,60 and 03 are all ring-automorphisms. 0O

Set a(z) = 1+ 2ux. Then the following proposition gives some equivalent conditions of
(™ — a(z)) to be a two-sided ideal of R[z;6;].

Proposition 3.2 Let 6; be the automorphism of R, where 01 (s + ut) = s + 3ut with s,t € Zy,
a(x) = 1+ 2ux. Then the following three statements are equivalent:

(1) (x™ —a(x)) is a two-sided ideal of R[x;01];

(2) n is an even number;

(3) =™ —a(x) is a center element of R[x; 6;].

Proof (1)=(2). Let (2™ — a(z)) be a two-sided ideal of R[z;6;]. Then for any o € R, there
exists = s + ut € R such that

a(z" —a(r)) = («" —a(z))s.
It follows that a(a™ — 1 — 2uz) = (2™ — 1 — 2ux)pf, i.e.,
az™ — a — 2aux = 07 (B)x" — f — 2ub1(B)x.
By comparing coefficients, we can obtain
a=07(8), a=p0, 2au =2ub(B).
This means
B=07(8), 2u(61(8) — B)u = 0.
Since 2u(01(8) — ) = 2u(f1(s + ut) — (s + ut)) = 2u(s + 3ut — s — ut) = 2u2ut = 0, we have
2u(01(B) — B) = 0. Now, s +ut = 3 = 0%(B) = 07 (s +ut) = s+ 3"ut, ie., (3" —1)t =0. If
t =0, then (3" — 1)t =0; If t = 1, then (3" — 1) =0, so 4|3" — 1; If t = 2, then (3" — 1)2 = 0,
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so 23" — 1; If ¢t = 3, then (3™ — 1)3 =0, so 4|3™ — 1. From the above, 4|3™ — 1, so n is an even
number.

Let (z™ — a(x)) be a two-sided ideal of R[z;0;]. Then z(a" — a(z)) = (2™ — a(x))f(x),
where f(z) € R[z;6,]. Comparing the degree of polynomials on both sides, we might as well set
f(z) = ax + B, where a, § € R, then

z(z" —1—2ux) = (2" — 1 — 2ux)(ax + ).
Since za = f(a)x and R is a commutative ring,
2"~ — 0, (2u)2? =x"ax + 2" B — axB — 2uxaxr — 2uxf
=07 () z" T + 07 (B)z"™ — ax — B — 2ub; (a)x? — 2uby (B)x.
Comparing the coefficients on both sides, we have 07 (a) = 1, 07(8) = 0, 2ubi(a) = 2u, o +
2ub,(B) =1,  =0. This means a« = 1 and § = 0. Therefore, x(z" — 1 —2uz) = (2" — 1 — 2uzx)x.

(2)=(3). Let 43" — 1. For any = s +ut € R, then (3" — 1)t = 0. Namely, 3"t = ¢, for any

t € Z4. Hence
07 (B) = 67 (s +ut) = s+ 3"ut = s +ut = 5.

As 01(s + ut) = s + 3ut, where s,t € Zg4, and u? = 2, it follows that
ub1(8) = u(s + 3ut) = u[(s + ut) + 2ut] = u(s + ut) = up.
Let k € NT. Note that fa*2ux = BOF(2u)2*+! = B3k 2urk*t! = 2uBz**!, we have
(2" — a(z))Bz" =(2™ — 1 — 2uz)Bz* = 2" Ba" — B2 — 2uxpa”
=07 (B)z" Tk — Bak — 2uf,(B)a* ! = BantF — g2k — 2upat ]
=Bzk (2" — a(x)).
Then f(z)(z"™ — a(x)) = (2™ — a(x))f(x), for any f(z) € R[z;61]. Thus 2™ — a(z) is a center

element of R[z;6].
(3)=(1). Let (z™ — a(x)) be a center element of R[x;#] with a(z) = 1+ 2uz. Then

f(@)(@" —a(z)) = (2" —a(x)) f(z) € (z" —a(z)), for any f(r) € R[z;6:].

It follows that (2™ — a(z)) is a two-sided ideal of R[z;6;]. O

By Lemmas 2.3 and 3.2, we obtain the following proposition.

Proposition 3.3 Let n be an even number. Then C is a 61-a-polycyclic code over R if and
only if C' is a left idea of R[x;01]/(z™ — a(x)).
The rest of this section mainly studies some Gray images of skew polycyclic codes over R.

We first define a new Gray map as follows:
¢1: R — 72, b1(c) = (s + 2t,3s + 2t),
where ¢ = s + ut € R with s,t € Z4. The Gray map ¢; can be extended to R™:

¢1: R" — 73",
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(cosC1yevyCno1) > (S0 + 2to, .oy Sp—1 + 2tn—1,350 + 2to, ..., 38n—1 + 2tn_1),
where ¢; = s; +ut; E R (0<i<n—1).
Then we define another Gray map as follows:
¢2: R — 73, s+ ut > (35 + 2t,3s + 2t),

where s =1+ 2q € Zy, t = w+ 2p € Z4 with r,q,w,p € F5. The Gray map can be extended to
R™ similarly.
Suppose m, [ are positive integers. Let C be a linear code over Z4. Define a quasi-cyclic map
with index [ of Z{™ as follows: n, : Z™ — Z4™,
7’”(0070, ey CO,m—l; |Cl,0, - ;Cl,m—h | ey |Cl_1707 ey cl—l,m—l)
= (CO,mfla €0,05 - - - CO,m—2; |Cl,m71; C1,0y--+5C1,m—2, | R |cl71,m717 Cl—1,05- > lel,m72)-
If n,(C) C C, then C is a quasi-cyclic code with index [ over Zj.

Lemma 3.4 Let 7y, (1,2,) be the 01-(1,2u)-polycyclic map of R™, 1y be the quasi-cyclic map
with index 2 of Z3". Let ¢1 be defined as above. Then G170, ,(1,20) = M2P1-

Proof Let ¢ = (co,c1,...,¢n—1) € R™, where ¢; = s; +ut; with s;,¢; € Zg, fori =0,1,...,n—1.
Since 01 (s + ut) = s + u3t is a ring-automorphism and u? = 2, we have
To,,(1,20) (€) =(0,01(co),01(c1), ..., 01(cn—2)) + b1(cn-1)(1,2u,0,...,0)
=(01(8p—-1 + utn_1),01(so + uto) + 01(sp—1 + uty—1)2u,01(s1 + uty), ...,
01(Sn—2 + uty_2)
=(Sp—1 + 3tn_1u, So + (3to + 28p—1)u, 81 + 3t1u, ..., Sp—2 + 3tn_ou).
Then

170, (1,20)(€) =(8n—1 + 2tn_1,50 + 2lo, ..., 8n—2 + 2tn 2,35, 1 + 2ty_1,350 + 2lo, . . .,
3Sp—2 + 2tn_2).
On the other hand, since ¢;(s + ut) = (s + 2¢,3s + 2t) and
a1 =(Sn—1 + 2tn_1,80 + 2to, ..., Sn—2 + 2tn_2,38n—1 + 2tn_1,3s0 + 2to, .. .,
3Sn—2+ 2tn_2),

we have ¢17g, (1,24) = 72¢1. O

By Lemma 3.4, we can obtain the following theorem 3.5.

Theorem 3.5 Let C be a 01-(1, 2u)-polycyclic code of length n over R. Then ¢1(C) is a quasi-

cyclic code with index 2 of length 2n over Zy.

Proof Assume that C is a 61-(1, 2u)-polycyclic code of length n over R. By Lemma 3.4, we see
that 7261 (C) = ¢179,,(1,20)(C) = ¢1(C), which means ¢;(C) is a quasi-cyclic code with index 2
of length 2n over Z4. O
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Lemma 3.6 Let 7y, (1,24) be the 61-(1,2u)-polycyclic map of R™, o be the cyclic map of 72",
Let ¢2 be defined as above. Then ¢27g, (1,2u) = 0P2-

Proof Since ¢a(s + ut) = (3s + 2t,3s + 2t), we have
Opo = (35n—1 4+ 2t,_1,3s50 + 2to, ..., 3Spn—1 + 2t,_1,350 + 2tg,...,3Sn—o + Qtn_g).
It is easy to verify that ¢a7p, (1,24) = 02. O

Theorem 3.7 Let C be a 01-(1, 2u)-polycyclic code of length n over R. Then ¢5(C) is a cyclic

code of length 2n over Z,4.
Proof Let C be a 60;-(1,2u)-polycyclic code of length n over R. By Lemma 3.6, we have

0$2(C) = ¢27p, (1,20)(C) = 2(C).

It is easy to verify ¢2(C') is a cyclic code of length 2n over Zy4. O

4. Polycyclic codes over R

In this section, we mainly study polycyclic codes over R, which is a special case of skew
polycyclic codes. In the rest of this paper, we always denote a = (1, 2u) to be (1,2u,0,...,0) for
short. We first consider the Gray images of a-polycyclic code.

Lemma 4.1 Let 7 2, be the (1,2u)-polycyclic map of R", 1z be the quasi-cyclic map with
index 2 of Z3". Let ¢1 be defined as the previous section. Then G17(1,2u) = N2P1.

Proof Let ¢ = (co,c1,...,¢n—1) € R™, where ¢; = s; +ut; with s;,t; € Zy for i =0,1,...,n—1.

Since u? = 2, we have
T(1,2u)(¢) =(0,¢co,¢1,. ., cn2) + cn-1(1,2u,0,...,0)
=(sp—1 + utn_1,80 +u(to + 28p-1), 81 +ut1,...,Sp—2 + uty_2).
So

G17(1,20) (€) =(8n-1 + 2tn—1,80 + 2t0, ..., Sn—2 + 2tn_2,35,-1 + 2tn_1, 350 + 2t0, . . .,
3Sn_2+ 2tn72).

On the other hand, as ¢1(s + ut) = (s + 2t,3s + 2t), we can obtain

N1 =(Sp—1 4+ 2tn—_1,50 + 2to, ..., Sn—2 + 2tn_2,38,_1 + 2t,,_1, 350 + 2to, .. .,
3Sn_2+ 2tn72).

Consequently, ¢17(1,24) = n2¢1. O

By Lemma 4.1, we can obtain the following result.

Theorem 4.2 Let C be a (1, 2u)-polycyclic code of length n over R. Then ¢1(C) is a quasi-

cyclic code with index 2 of length 2n over Zy.
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Proof Assume that C is a (1, 2u)-polycyclic code of length n over R. By Lemma 4.1, we have

N2¢1(C) = d17(1,20)(C) = ¢1(C).

It is easy to verify ¢1(C) is a quasi-cyclic code with index 2 of length 2n over Z4. O

Lemma 4.3 Let 7(1,24) be the (1,2u)-polycyclic map of R™, o be the cyclic map of Z3". Let

¢2 be defined as the previous section. Then ¢27(1 24) = 0ha.
Proof Since ¢a(s + ut) = (3s + 2t,3s + 2t), we have
opy = (35n—1 4+ 2t,_1,3s50 + 2to, ..., 3Spn—1 + 2t,,_1,350 + 2tg,...,3Sn—o + Qtn_g).

It is easy to verify that ¢27(1 2,) = 0. O
By Lemma 4.3, the following theorem can be obtained.

Theorem 4.4 Let C be a (1,2u)-polycyclic code of length n over R. Then ¢3(C) is a cyclic

code of length 2n over Z,.

Proof Let C be a (1, 2u)-polycyclic code of length n over R. By Lemma 4.3, we get
0$2(C) = ¢27(1,20)(C) = ¢2(C).

It is easy to verify ¢2(C) is a cyclic code of length 2n over Z4. O

To study the Gray images over Fy of polycyclic codes, we define a Gray map as follows:

$3:R—T5 s+ut (r,r +w,q+w,r+q+w),
where s =7 +2q € Zy, t =w + 2p € Zy with r,q, w,p € Fy. The Gray map ¢3 can be extended
to R™:

¢3: R" — F3",
(CO;Cla"';C’nfl) — (T07"'7T.n7177ﬂ0+w07"';rn71 + Wn—1,q0 + Wo, ...,

Qn—1 + Wn—1,70 +qo + Wo, ..., "n +qn-1+ wnfl)a

where ¢; = (r; + 2¢;) + u(w; + 2p;) € R with 7, g;, w;,p; € Fo (0<i<n—1).

Lemma 4.5 Let 7(1,,) be the (1,2u)-polycyclic map of R", ny be the quasi-cyclic map with
index 4 of F3™. Let ¢3 be defined as above. Then O37T(1,20) = NaP3-

Proof Since ¢3(s +ut) = (r,r + w,q + w,r + g+ w), where s =r+2q € Zy, t =w+2p € Zy
with r, ¢, w,p € Fa, we have

T(1,2u)(¢) =(0,co,¢1,. .., cn2) + cn1(1,2u,0,...,0)
=(rn—1+2qn—1 +u(wn_1+2pn_1),70 + 2q0 + u(wo + 2(po + rn-1)),
r1 4 2q1 +u(wy +2p1), - a2 4 2¢n—2 + w(wn—2 + 2pp—2)).
Then

0-(72537—(17214) :(T’nfla 70y oy Th—2,Tn—1 + Wn—-1,T0 + Wy -3y Tn—2 + Wn—2,
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Qn—1 + Wn—1,90 + Wo, .-, qn—2 + Wn—2,"n—-1+ qn-1 + Wn—1,

To +qo + W0, ..y Tn—2+ Gn_2 + Wnp_2).

By the definition of ¢3, we obtain ¢37(1 2,y = o¢3. O

By Lemma 4.5, we can obtain the following result.

Theorem 4.6 Let C be (1, 2u)-polycyclic code of length n over R. Then ¢3(C) is a quasi-cyclic

code with index 4 of length 4n over Fs.

Proof Let C be a (1,2u)-polycyclic code of length n over R. By Lemma 4.5, we have

?37(1,20) (C) = na9p3(C).

It is easy to verify ¢3(C) is a quasi-cyclic code of length 4n over Fsy. O

Therest of thissection will study the generator polynomialsof (1, 2u)-polycyclic codes over R.

Lemma 4.7 ([22]) Let C be a cyclic code of length n over Zy.

(1) Ifn is odd, then C = (g(x),2r(x)) = (g(z) + 2r(z)), where g(z),r(z) are polynomials
with r(x)|g(x)|(z™ — 1) mod 4.

(2) Assume that n is even, then either:

(a) C is a free module of generator C' = (g(x) + 2p(x)), where g(x)|(z™ — 1) mod 2 and
(9(x) + 2p(x))|(z™ — 1) mod 4, or,

(b) C = {g(x)+2p(x),2r(x)), where g(z),r(x) and p(x) are polynomials with g(x)|(z™ — 1)
mod 2, r(x)|g(z) mod 2, r(x)|(p(x) ”;(;)1) mod 2, and deg(r(z)) > deg(p(x)).

We can associate a linear code C' over R with two linear codes over Z, of length n. The residue
code Res(C) = {z € Z}|Fy € Z} : x+uy € C} and the torsion code Tor(C) = {y € Zj|uy € C}.
Let

w: R = Zy, (co 1y oy Cna1) > (50,81, -+, Sn—1),

where ¢; = s; + ut; for 1 = 0,1,...,n — 1. Clearly, the map p is a Zs-homomorphism with
Ker p = Tor(C) and pu(C) = Res(C). In the following result, we give the generator polynomials
of all (1 4 2u)-polycyclic codes over R.

Theorem 4.8 Let C be a (1,2u)-polycyclic code of length n over R.

(1) Ifnis odd, then C = (g1 (x)+2r1(x)+ub(x), u(gz(x)+2r2(z))), where b(x) is a polynomial
over Zy, and g;(x),r;(x) are polynomials with r;(z)|g;(x)|(2™ — 1) mod 4, i = 1, 2.

(2) Assume that n is even, then either:

(a) C = (g1(z)+2p1(x) +ud(x),u(gz(z) + 2p2(x))), where d(zx) is a polynomial over Z,, and
gi(x), pi(x) are polynomials with g;(x)|(2™ — 1) mod 2, (g;(x) + 2p;(x))|(2™ — 1) mod 4, i = 1, 2.

(b) C = (g1(z)+2p1(z)+uei(x),2ri(x)+ues(x), u(ge(x)+2p2(x)), 2urs(z)), where e;(x) is a
polynomial over Zy, and g;(x),r;(z), p;(x) are polynomials with g;(z)|(z"™ — 1) mod 2, r;(x)|g;(x)

mod 2, m(x)|(pz(ac)f]j(;)1) mod 2, deg(r;(x)) > deg(pi(z)), i = 1,2.

Proof (1) Suppose n is an odd integer. Let ¢ = (co,c1,...,¢n—1) € C, where ¢; = s; + ut; (0 <
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it < n—1), then (sg,s1,...,8,—1) € Res(C). Since C is a (1, 2u)-polycyclic code of length n
over R, we have (0,co,...,cn—2)+ cn-1(1,2u,0,...,0) € C. Note that 2uc,_1 = 2us,—1. So we
obtain that

(Sn—1,50,---,Sn—2) € Res(C).

Hence Res(C) is a cyclic code over Z4, which means u(C) is a cyclic code of length n over Z4. By
(1) of Lemma 4.7, we obtain that p(C) = (g1(z) + 2ri(z)), where g1(x),r1(x) are polynomials
with 71 (z)|g1(2)|(z™ — 1) mod 4. Note that u(C) = Res(C'). By the definition of Res(C'), there
exists a polynomial b(z) € Zy[x] such that gi(x) + 21 (z) + ub(x) € C.

Also, let (utg,uty,...,utp—1) € C. Obviously, (utg,uty,...,ut,—1) € Keru. Since C' is a
(1,2u)-polycyclic code of length n over R, we get

(0,utg, ..., utn_2) +uty,—1(1,2u,0,...,0) € C.

Since u? = 2, (ut,_1,uto,...,ut,_2) € C. Obviously, u(ut,_1,uto,...,ut,—2) = 0, then

(uty—1,utg, ..., ut,—2) € CNKeru. Therefore, CNKerp is a cyclic code of length n over Zy+uZy.
By Lemma 4.7 again, C' N Kery = u(ga(x) + 2r3(x)), where ga(z),r2(x) are polynomials with
ro(x)]g2(x)](z™ — 1) mod 4. Hence

(g1(2) + 2r1(2) + ub(z), u(ga(x) + 2r2(x))) € C.

On the other hand, for any f(z) = fi(z) + ufo(z) € C, where fi(z) € Z4[z], i = 1,2, then
fi(x) € u(C). So there exists m(x) € Zy[z] such that

f(@) =f1(x) + ufo(x) = m(z)(g1(z) + 2r1(x)) + ufo(z)
=m(z)(g1(x) + 2r1(x) + ub(x)) + u(f2(x) — m(z)b(z)).

Since u( fa(x) —m(x)b(z)) € CNKerp, f(x) € (g1(z)+2r1(x)+ub(x),u(ge(x)+2r2(x))). That is
to say C' C (g1(z)+2r1(x)+ub(x), u(gz(z)+2r2(x))). Then C = (g1 (x)+2r1 (x)+ub(z), u(gz(x)+
2r(2))).

(2) Assume that n is even, we only prove (b) since (a) is similar. By (b) of Lemma 4.7 and sim-
ilar proof of Theorem 4.8 (1), we can get u(C) = (g1 (z)+2p1(x), 2r1(z)), where g1 (x), 1 (), p1(x)
are polynomials with ¢;(z)|(2™ — 1) mod 2, r1(z)|g1(x) mod 2, r (z)|(p1 (x)f:—(;%) mod 2, and
deg(ri(x)) > deg(pi(x)). Note that u(C) = Res(C). By the definition of Res(C'), there exist
e1(x),e1(x) € Zy[z] such that gy (z) + 2p1(z) + uei(x) € C with 2rq(z) + uea(x) € C. By (b) of

Lemma 4.7 and similar proof of Theorem 4.8 (1), we also have
C N Kerp = u(ga(z) + 2p2(x), 2ra2(2)),

where go(x), r2(x), p2(2) are polynomials with

go(@)|(2" = 1) mod 2, ra(z)[ga(x) mod 2, ra(2)|(p2(x)
and deg(rz(x)) > deg(p2(x)). Then

(91(2) + 2p1(x) + wer (), 2r1 (2) + wez(2), u(g2(2) + 2p2(2)), 2ury(z)) C C.



On skew polycyclic codes over Zalu]/{u® — 2) 251

On the other hand, for any f(z) = fi(x) + ufa(x) € C, where f;(x) € Z4[z] for i = 1,2, we
have fi(x) € u(C). Hence there exist my(z), ma(x) € Z4[z] such that

f(@) =fi(@) +ufa(x) = ma(2) (g1 () + 2p1(x)) + 2ma(z)ri () + ufa(z)
=my(z)(g1(x) + 2p1(x) + uer(x)) + ma(z)(2ri (v) + uex(z))+
u(fz2(x) —ma(z)er(x) — ma(r)es(x)).
Since u( fa(x) —mi(z)er(x) —ma(x)ea(x)) € CNKerp, f(x) € (g1(x) + 2p1(z) +uer(x), 2r (z) +
ues(x), u(ga(x) + 2pa2(x)), 2ure(x)). That is to say
C C (91(x) + 2p1(2) + uer(x), 2r1 () + uea(x), u(g2 () + 2pa()), 2urs (x)).
Hence,

C = (91 (2) + 2p1(2) + uei (x), 2r1 () + uea(x), u(ga() + 2p2(x)), 2urz(x)). O

5. An Example

This section will verify some main results of this paper through an example.

First, we recall some weights of linear codes over Z,. Define the Hamming weight of elements
0,1,2,3 in Z4 as 0,1,1,1, respectively; the Lee weight of elements 0,1,2,3 in Z4 as 0,1,2,1,
respectively, and the Eulidean weight of elements 0,1,2,3 in Z4 as 0,1,4, 1, respectively. Let
x = (xo,...,%n—1) € Z}. Define the Hamming (resp., Lee, Eulidean) weight for x, wy(z) =
S wi (x3) (vesp., wr () = Y0 wi(2), we(z) = 1) we(z;)). Assume that C is a linear
code of length n over Zs, the Hamming (resp., Lee, Eulidean) distance of C' is defined as the

minimum value of Hamming (resp., Lee, Eulidean) weights of non-zero codewords in C.

n g1 (z) gb(z) Zy dg | dr | dp
3 0 x+1 4922 | 4 | 8 | 16
3 3z +1 0 4200 | 4 | 4*
3 322+ 3x+3 0 41201 6 | 6*
4 x+3 0 4320 | 4 | 4*
4 2 +322+x+3 0 4120 1 8 | 8*
5 0 3z +1 4924 | 4 | 8 | 16
5| 32%4+32% 4+ 322 +32x+3 0 4120 110 | 10* | 10
6 3 +22% + 22 +3 0 43201 4 | 8 | 8
7| 328+ 32° + 32* + 323 0 41201 14 | 14* | 14
9 0 2T+ 325+t + 323+ 4+ 1| 4922 | 12 | 24% | 48
9 3z7 + 25 + 3z* + 23 0 4220 | 12 | 12% | 12
9| 2®+27+ 25 +2° +2* 0 4120 1 18 | 18* | 18

Table 1 Some (1, 2u)-polycyclic good codes of length at most 9 over R

Example 5.1 Let C be a (1, 2u)-polycyclic code of length n over R. By (1) and (a) of Theorem
4.8, we can set C = (¢} (x),ugh(x)). By Theorem 4.2, we get ¢1(C) is a linear code of length 2n
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over Zy. Therefore, it is of type 4%12%2 (see [6, Proposition 1.1]). Using MATLAB, we can give
Table 1. In the table, the column of Z4 represents the type of ¢1(C) in Z4. The column of dy,
dy, and dg represent the distance of Hamming, the distance of Lee and the distance of Eulidean,

respectively. The Gray images marked * in the column dj, are good codes over Z4 (see [23]).
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