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Abstract In this paper, we describe the structure of Verma modules over the two kinds of Lie
algebras g(A) of W-type. We determine the reducibility and the singular vectors of their Verma
modules under some conditions.
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1. Introduction

The twisted Heisenberg-Virasoro algebra HV was first introduced in [1], it is the universal
central extension of the Lie algebra of differential operators on a circle of order no more than one.
Its structure and representation theory have been discussed by many authors. For example, the
irreducibility of Verma modules over HV was discussed in [1,2], its derivations and automorphism
group were computed in [3], the classification of irreducible Harish-Chandra modules over HV
was discussed in [4].

For a,b € C, denote by W(a,b) the complex Lie algebra with C-basis {L,,, I,,,|n € Z} and

define the relations
[Lna Lm] :(m - n)Lerna

[Ln, Iy =(a +m + bn) 1 in,

(L, I

0, where m,n € Z.

The Vir(a, b) is the universal central extension of W (a,b) (see [5]). The algebra Vir(a,b) is very
meaningful because it generalizes many important algebras, for example, the algebra Vir(0, 0) is
the twisted Heisenberg-Virasoro algebra, the algebra Vir(0, —1) is the W (2, 2) Lie algebra whose
representations were discussed in [6]. Classification of non-weight Vir(0, b)-modules over C|s, t]
and the irreducibilities and isomorphic relations of these modules were constructed in [7].
Infinitesimal deformation of a Lie algebra is one way to give new Lie algebras. As a special
W-algebra, the twisted Heisenberg-Virasoro algebra HV is a Z-graded algebra. The infinitesimal

deformations of the HV were given in [8], which were called deformed HV algebras. The deformed
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generalized Heisenberg-Virasoro algebra g(G, A) was introduced in [9], where X is a deformation
parameter, and G is an additive subgroup of C such that G is free of rank v if A = —2.

Verma module is a highest weight module, investigation of Verma module on infinite dimen-
sional Lie algebras was initiated in many papers, such as the Verma module and its singular
vector of the twisted Heisenberg-Virasoro algebra at level zero were determined in [2], the Verma
module and its singular vector of the W-algebra W (2, 2) were determined in [6,10-12], the Verma
modules over the generalized Heisenberg-Virasoro algebras were determined in [13], the Verma
modules over the Virasoro algebra were determined in [14], the generalized Verma modules over
some Block Lie algebra were studied in [15]. In [16], the author completely determined the irre-
ducibility of the two type deformed generalized Heisenberg-Virasoro algebras, one is the deformed
generalized Heisenberg-Virasoro algebra g(G, \) with the deformation parameter A # —1, where
G is an additive subgroup of C such that G is free of rank v > 1 if A = —2, the other is the
deformed Heisenberg-Virasoro algebra g(Z, \). In particular, the author gave the necessary and
sufficient condition of the Verma module over g(G, \) with A # 0, —1.

In this paper, we want to make certain contributions to the reducibility of Verma modules
over the two types of Lie algebras g(Z, \) of W-type, denoted g(A) for short. One is g(—1), this
is the special Vir(a,b) with @ = 0, b = 1, the other is g(0). The rest of the paper is organized as
follows. In Section 2, we introduce the W-algebras g(\), and their Verma modules. In Section
3, we determine the necessary and sufficient condition of the irreducibility for Verma module
of g(—1) and all its singular vectors. In Section 4, we determine the necessary and sufficient

condition of the irreducibility condition for Verma module of g(0).

2. W-algebras g(\) and their Verma modules

In this section, we recall the W-algebras g(A) and their Verma modules. The W-algebras g(\)

are a kind of infinite-dimensional Lie algebras related with the parameter A with the C-basis
{Lna In; Cla 02|7l € Z}
and the Lie brackets given by

1
[Ln, Lin] =(m — 1) Lygn + 5m+n7oﬁ(n3 —n)Ch,

1, .
[Lru Im] :(m - )\n)Im—i-n + (5m+n,0(5)\,1ﬁ(n3 - n)C2 + 6m+n,05)\,—171027
I, 1] =[Ci,g] =0, where m,ne€Z, i=1,2.

It is clear that the W-algebras g(\) are a kind of Z-graded Lie algebras and have triangular

decomposition
g(\) = g(N) () @ 9(N)0) ® 8(N) (1)

where
9(A)0) = Spanc{Lo, lo, C1,C2},

9(N)(x) = Spanc{Ln, In|n € £N}.



Verma modules over some Lie algebras of W -type 449

Let ¢1,co,h,h; € C. Denote by I(c1,co,h,hr) the left ideal of the universal enveloping
algebra U(g(\)) generated by the elements

{L;,I;|i,j >0} U{Lo — h,Io — h;,C1 — c1,Cs — c2}.
The Verma module with highest weight (c1, co, h, hy) over g(\) is defined as
M(cy,ea,h,hy) =U(g)/I(c1,c2,h, b)),
which is a highest weight module with a basis consisting of all vectors of the form
) ST SN JNSPR S

where r,s >0, ny >+ >mn. >0, my >--->mg >0, v=1+I(c1,ca,h,hy). For simplicity
denote M = M (cy,ca,h, hy). Clearly, M is graded by the Ly-eigenvalues:

M = ®p>oM,,
where

M, = {w € M|Low = (n+ h)w}

is spanned by vectors of the form I_,,, -+ I_,,, L_p, -+ L_,, v such that m; +--- 4+ ms +n1 +
‘e + Ny = N.
A nonzero homogeneous vector £ in a highest weight g(A)-module is called singular if g(\) (1)

= 0. M has a unique maximal submodule J(c1, co, h, hy) so that

M(Clac2ah7h1) = M/J(CI;CQahahI)

is an irreducible highest weight module.

Let P = {(m1,...,mg)|m1 > --- > ms > 0,5 € N}. For a = (ay,...,a),b = (b1,....,b;) € P,
denote by |a| the length of a. We may define a total order > on P as follows. If k = |a| > |b] =1,
set bjy1 = -+ = by =0, then

a > b if and only if there exists 1 < ¢ < k such that a; > b; and a; = b; for j <.
The algebra g(A\) has an anti-involution o : g(\) — g(\) defined by
o(Lp)=L_pn, o(l,)=1_,, o(C;)=C;, fori=1,2.
Then we get a symmetric bilinear form (-|-) on M defined by
(zolyv)v = m(a(x)y)v,

for z,y € U(g(N)), where  : U(g(A)) — U(g(A)(0y) denotes the projection and the anti-involution
o :U(g(N) — U(g(N)) is given as follows:

o(xy - xn) =o0(xy) --o(xy) for any 1, ...,z, € g(A).
Clearly, we get (v|v) =1 and

(Lnplv) = (L), (Implv) = (B -mv),
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where m € Z, p,v € M. Moreover, the distinct graded components of M are orthogonal, that is
(M,,|M,,) = 0 for m # n.

We know the radical of the symmetric bilinear form is the maximal g(\)-submodule of M.
So it is enough to consider the restriction of the bilinear form on each M, when we determine
the irreducibility of M.

Let S, be the set of the basis of M,, consisting of vectors of the form

I Ty Ly Ly .
We introduce the total order on S,, as follows:
Iy Do Ly L v Tgy oo I Ly - Ly v

if one of the following conditions stands,

(1) >omi <3 ki

(2) Yomi = ki, (ma,..ms) = (k1, ... kp);

(3) omi=> ki, (ma,...,ms) = (k1, ... kp), (n1, ..., ny) < (L1, .0, 1g).

Clearly, if S,, = {1, ..., wa} with p; = p; if i < j, we know that d = dim M,,. For example,
when n = 2, we have L%lv —L_ov>=1 1L _qv>=1_9v > Iglv and

Sy ={L? v, L_gv,I_1L_yv,1_ov, I v}.

Denote by A, = (A;;) the d x d matrix with A;; = (wi|tta+1—;), next we compute the
determinant det A,, of A,,.

3. Verma module over the W-algebra g(—1)

Let A = —1. We know that the W-algebra g(—1) becomes Vir(0,1) Lie algebra, its Lie
brackets are
1

[Lru Lm] :(m - n)Lm-i-n + 6m+n,OE(n3 - n)Ch

[Lna Im] :(m + n)Iern + 5m+n,0nc2a

I, In) =[C;, Vir(0,1)] = 0, where m,n € Z, i =1,2.
In this section, we discuss the reducible property of Verma module and the corresponding singular
vectors.
Lemma 3.1 If (ny,...,n.) > (m1,....ms), 7,8 >0, 07 > -+ >n,. >0, my > -+ >mg >0, then

(Lepy o L 0Ty - Ty ) = (T, - Ty 0| Ly, -+ L_pp, 0) = 0.
Proof For any integer m > my, we have
Lo ypy - Lo, =l LIy - I v + [Lm; I—ml]l—mz o dpm,v
=I Loy I v+ (m—m1) L Loy o+ T 0+

Om—my,0mCol_pp, -+ Iy 0.
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Continuing to compute, we get
Om, - Ifms),u
ol_,,
We know there exists 1 < ¢ < min{r, s} such that n; > m; and n; = m; for i < ¢, so we obtain

that L, -+ Lp, I, -+ Iy, v =0, that is

LI g - Iy, v = mCo

(V| Ly, Ly Iy - Iy 0) = (L—yy - Lo 0|y - Ty ) = 0.
Because of the symmetry, we also have
(Lp, Ly Iy - I v|v) = (T~ Iy 0| Lpy -+ Ly v) =0. O
Lemma 3.2 The determinant det A,, is a product of a nonzero integer and some
flm)=mca,meZ+.
Proof Set 1 <b<a <d, for s, up € Sy, we have u, < up. Write
fra =T n, T pn L L v, pp=1I_p, Ty Ly - L_yv.

Then we obtain
Hd4+1—a = Ifml T IfmSLfnl T Lfn,.v;
payr—o =Ty T L g - L.

Next we consider the three cases of = on S,,. If case (1) stands, so we get

S q

Z m; < Z lj.
i=1 j=1

Then we have
(I—py - T 0| Ly - L_y,v)=0.

It follows from Lemma 3.1 that I, -+ I, L_g, -+ Ly, v = 0. Hence
Ly, Loy Iy, -1y Iy - Iy Ljy - L_j,v =0.
So
Ay = (palppar1—v) =L —ny - I p, Loy - Ly ll gy - I L_p, - L_,v)
(Lo, =+ Loy Iy - Dy Ty - Ty L, - L, v)
=L, - Ly I—qy -+ Iy, Iy, -+ Iny Ly -+ - L_j,0)
( Iy I v)(Iopy - I, 0|L_jy -~ L, 0)

=Ly, Lpm.v

If case (2) stands, that is Y ;_, n; = Z§=1 k; and (n1,...,n,) < (k1,....kp), by Lemma 3.1, we

have

(L, - --L,kpv|Ln1 ool v)y=(I_p, - I | L_p, - -L,kpv) =0.
Thus

Aay = (palptar1—v) =(I-n, I, Loy - Lo v {gy - Iy Ly, - - L_p,v)
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(L, -+ Loy Doy -+ Ipy gy - Tg L_gey -+ L, v)
(L, - Loy Ity - Ig Iy -+ Iy gy -+ L, 0)

(L Lo 0| gy - - T )Ty - Ty 0| L, -+ L )
=0.

If case (3) stands, that is D27, ny = D20 by, (01, nyp) = (ks oy )y (M, ey mis) = (L, s L),

by Lemma 3.1, we have

(L, - L_py.v

I—l1 .. .I_quu) = (I—ll .. .I_lq’UlL_ml ce L_mS’U) = 0.

Thus
Aap = (ptalppasi—s) =Ly Iy, Ly, ++ Ly vy -+ Iy, L_p, -+~ L_ v)
=L, -+ Lyny L, o+ Ly Igy - Ty L_jyy -~ L, 0)
=(|Lm, - Ly Iy - Iy, Iy, -+ Iy, Ly -+ - L_j,0)
=Ly - L vl dg, -+ T 0)(I—p, -+ Ty 0|L_p, -+ L_,v)
=0.

From the above three cases, we see that if 1 < b < a < d, we have Ay, = 0, so the matrix A, is
upper triangular. Thus the determinant det A,, is the product of diagonal elements. By Lemma

3.1, we have

Ada = (palptari—a) =T, T Loy, - Lm0, - Topn. L, - L_,0)
=L, - Loy In, - Iny Iy - I Ly -+ Ly 0)

Ly, - Ly Iy - I In, - Iy Ly -+~ L_p v)

=Ly Lo 0y T )y - Ty 0| Ly, -+ Ly, 0)

=Ka [T £(ma)* anj :

where K, is some nonzero integers, z;, y; are the times of n;, m; appearing in (ni,...,n,),

(mq,...,ms). This completes the proof of the lemma. O

Next is our main result.
Theorem 3.3 The Verma module M over g(—1) is irreducible if and only if ¢y # 0.

Proof If ¢o # 0, then f(m) # 0 for any m € Z,. So the bilinear form on M is non-degenerate.
The radical as the max submodule of M is zero, which implies that the g(—1)-module M is
irreducible.
Suppose co = 0, the bilinear form on M is degenerate, so the radical of the bilinear form is
nonzero and is a proper g(—1)-submodule of M, which contradicts the irreducibility of M. O
Next, we suppose ¢o = 0, then J(c1,0,h, hy) # 0.

Lemma 3.4 The singular vectors of the Verma module M (c1,0, h, hy) must be in U(I_)v where
I =@ CI

neN —-n-
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Proof Suppose s € M(c1,0,h,hy) is a singular vector and homogeneous, then we can write
s = Sv for some S € U(Vir(0,1)_). We can obtain

I()S = I()S’U = SI()U + [Io, S]U = h]S + [Io, S]U
It is easy to see that if S ¢ U(I_), [Iy,S] # kS for any k € C. So s € U(I_)v. O

Lemma 3.5 If ¢; = 0, then the Verma module M(c1,0,h,hy) possesses a singular vector

u’ € M(c1,0,h, hr), for some p € N, and up to a scalar factor, it is unique and can be written as
w =17 v.
Proof It is easy to show that I,,,I” ;v =0 for m > 1, IoI” ;v = hI” v and
LI? v= prII[Lm,I_l]U =p(m — 1)]{;1],”_11) =0 for m > 1.
So I” v is singular vector. By Lemma 3.4 and the definition of M(c1,0, h, hy)p, if
(al_p+bI_(p yI_y+cl oyl o+dl_ oI%) + - +el_oI"*),
where a, b, ¢, ...,e € C, is also singular vector, for ¢ > 1, we have

Li(al_p + bI,(p,1)1_1 + CI,(p,Q)I_Q + d],(p,Q)Izl + -+ 61_21312)’()
= (a(i —p)Licp +b(i + 1 = p)Lip1—pl 1 +b(i — VI 1yLim1 + -+ e(i — 2)[;_o 177 %)o.

Then, choosing different 7, we obtain that these coefficients a« = b =c=--- = e = 0. So the

singular vector p/ € M(c1,0,h, hp), is I” ;v for some p € N. O

Theorem 3.6 Let co = 0. Up to a scalar vector, all the singular vectors of M(c1,0,h, hy) are
(u')"v forn > 1.

Proof By Lemma 3.5, we have
L,(I” )"v =0, for m > 1,
Io(Ifl)"v = h]([ﬁl)n’l)

and

L (I )"0 = np]f’l’_l[[/m, I_1)Jv=np(m— 1)]ﬁ’1’_1Im_1U =0, form > 1.

So (I”,)™v is singular vector. If there are some other singular vectors v, then by Lemma 3.4, we
have v € U(I-)v. Choosing the leading term of v to be I_,, and using L,—1 to act on v, we get
L,—1v # 0. So all the singular vectors of M(c1,0, h, hr) are (¢')"v for n > 1. O

4. Verma module over the W-algebra g(0)

When A = 0, the basis of the Lie algebra g(0) is

{Ly,I,,Ciln € Z}
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with the Lie brackets given by

1
[Ln, Lin) =(m — 1) Lygn + 5m+n7oﬁ(n3 —n)Ch,
[Lru Im] :mIm+n7

I, In) =[C1,9(0)] =0, where m,n € Z.
In this section, we discuss its Verma module and the corresponding singular vectors.
Lemma 4.1 If (ny,...,n.) > (m1,....,mg), 7,8 >0,n1 > -+ >n, >0,my >--->mg >0, then
(Lepy o L 0Ty - Ty ) = (T, - Ty 0| Ly, -+ Ly, v) = 0.
Proof For any integer m > mi, we have
Lo - Ioppv=I_y LipI g - Iy 0+ Loy Iy [y -+ - L 0
=l Lop Iy Iy 04 (=) I Iy -+ - T 00

Continuing to compute, we get

8(I—ml o 'I—ms)
ol_,,

Lpd_py - Iy, v=—mhy

We know there exists 1 < ¢ < min{r, s} such that n; > m; and n; = m; for i < ¢, so we obtain
that Ly, -+ Ly, Iy - I, v =0, that is

(| Ln, -+ Ly Iy -+ Lo, 0) = (Lepy - L [ Iy -+ I v) = 0.
Because of the symmetry, we also have

(L, - Loy I, - I v

v)=I_pmy, I v|L_p, - L_pv)=0. O
Lemma 4.2 The determinant det A,, is a product of a nonzero integer and some
f(m)=—mh;,me Z.

Proof Set 1 <b<a <d, for g, up € Sy, we have u, < up. Write

fro =1T-ny - Ton Ly~ Loyv, py=1I_p Iy Ly L.
Then we obtain

fast—a =T m, T . Ly, -~ L_p v,
par1—b =1y, Ty L, -+ Ly, v.

Next we consider the three cases of = on S,. If case (1) stands, so we get Y57, m; < 327, ;.

Then we have

(Ipy I |l g, -+ L_g,v) = 0.
It follows from Lemma 4.1 that I, -+ I, L_g, -+ L_g,v = 0. Hence

Lms c LmlIfll .. 'Ifqun,. .. 'InlLfkl c Lfkpv =0.
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Thus we have

Iy I g Loy Lol gy - T g L, - L_y,v)
=L, - Ly I, - Iy Iy - T L_g; -+~ Ly, v)

L.~ Lo Iy, - Iy, I, Iy L_jy -+ Ly, 0)

Loy Lol o+ Iy 0) (I, - I 0| L, -+ Ly, v)

Aap = (Halppar1-v) =

If case (2) stands, that is Y _, n; = Z?Zl k; and (n1,...,n,) < (k1,....kp), by Lemma 4.1, we
have
(Logy o Loyl o T v) = (I, - T 0| Ly -+ L) = 0.

Thus

Iy Iyl g - L_y,v)

P

Aab = (Balptar1-b) =(I-n, -+ I-n, Lo, - Loy v

(O Lo, -+ Loy Iy - Iy Ty -+ T Ly -+ L, )
(v]

(

L.~ L Iy, - Iy, Iy, - Iy L_jy -+ Ly, 0)

v

Iy oo I 0)Ipy - I 0L gy - Loy, 0)

L—m1 R A
=0.

If case (3) stands, that is >/ ; n; = >.7

j=1 kja (nla "'777’7”) = (kla “'akp)v (mla "'ams) - (lla ~"7lq)7

by Lemma 4.1, we have
(Lemy - Lol gy - T v) = (Iqy -+ - T 0| Ly - Ly, v) = 0.
Thus

Aap = (palptasi—s) =(I—ny - Top, Loy -+ Lo o[l - Ty, L g, -+ L_j,v)
(Lo, =+ Lo Iy Ty Ty - Ty L, -~ Ly, v)

(v]

(

O\ Lo, - Loy Iy - Ty Iy - Ty Logey -+ - L, v)
Iy T 0)Iop, - T 0|Lgy -+ Ly, v)

L,m1 - L_pmv
=0.

From the above three cases, we see that if 1 < b < a < d, we have A,, = 0, so the matrix A, is
upper triangular. Thus the determinant detA,, is the product of diagonal elements. By Lemma

4.1, we have

Aua = (alpas—a) =Uomy - Ton Loy - L ol oy - T Doy -+ L, 0)
=Ly, Ly I, - Ly Iy = Iy Ly -+ - Ly 0)
=| L, - Loy Iy T ogp I, Iy Ly - Ly, 0)
=Ly Lo [y - Togn )Ty -+ T 0|L_yp, -~ Ly, 0)

:Ka Hf(mz)xl H f(nj)yja
i=1 j=1
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where K, is some nonzero integers, z;,y; are the times of n;,m; appearing in (ni,...,n,),
(m1,...,ms). This completes the lemma. O

Next is our main result.

Theorem 4.3 The Verma module M over the W-algebra g(0) is irreducible if and only if hy # 0.

It follows from a similar proof as the one of Theorem 3.3.
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