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Abstract Let (X, d, ) be an RD-space satisfying both the doubling condition in the sense of
Coifman and Weiss and the reverse doubling condition. In this setting, the author obtains the

definition of grand generalized weighted Morrey space on (X, d, i), and also investigates some p-
roperties of these spaces. As an application, the boundedness of the Hardy-Littlewood maximal
operator and the 0-type Calderén-Zygmund operator on spaces EZ)’%(I)(X ) is also obtained.
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1. Introduction

As we all know, to investigate the local behaviour of solutions for the second order partial
differential equations, Morrey in [1] has introduced the Morrey space, which generalizes the
Lebesgue space and has important applications in harmonic analysis [2-4]. On the other hand,
weighted inequalities play a key role in harmonic analysis, but their use is best justified by the
variety of applications. In 2009, Komori and Shirai [5] introduced the weighted Morrey spaces on
the classical FEuclidean space equipped with Lebsgue measure, and also obtained the boundedness
of Hardy-Littlewood maximal operator and Calderén-Zygmund operator on this space. In 2016,
Nakamura [6] extended the Komori and Shirai’s results to generalized weighted Morrey spaces.
Moreover, many results from real analysis and harmonic analysis on Euclidean space have been
proved valid underlying spaces replaced by metric measure spaces. One of the most important of
these spaces is the space of homogeneous type in the sense of Coifman and Weiss [7,8]. Since then,
many papers focus on the space of homogeneous type in the sense of Coifman and Weiss. For
example, Nakai in [9] studied the Morrey spaces on the space of homogeneous type. Meskhi and
Sawano provided several structural properties of grand variable exponent Lebesgue and Morrey
spaces over spaces of homogeneous type [10]. In 2021, Kokilashvili and Meskhi in [11] obtained
the boundedness of Hardy-Littlewood maximal operator and Riesz transforms in weighted grand

Morrey spaces over space of homogeneous type. However, in 2008, Han et al. introduced a special
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space of homogeneous type, i.e., RD-space [12]. Recently, we mention that some papers focus on
the different function spaces over RD-spaces and its applications; for example, see [13-16] and
the references therein. For Morrey spaces in other setting of metric measure spaces, such as non-
doubling measure and non-homogeneous metric measure spaces, we refer readers to see [17-20]
and so on.

In this paper, the author first obtains the definition of grand generalized weighted Morrey

L'f,)’(p&(X ) and establishes some properties about spaces Eﬁ)’w’q)(X ). Secondly, the author

space
proves that Hardy-Littlewood maximal operator M is bounded from space Eﬁ)’w’q)’g(X ) into
spaces Ef,)’w"p’a(X), where 1 < p < 00, ¢(+) is a continuous positive function defined on (0,p — 1]
with satisfying lim._,0 ¢(g) = 0, ® is an increasing function defined on (0,00) and 0 < o < p—1.
Finally, the boundedness of #-type Calderén-Zygmund operator Ty on spaces Lg)’w(X ) and on

spaces Lf,)"”"b’a(X) is also investigated.

The definition of spaces of homogeneous type and RD-spaces is as follows.
Definition 1.1 ([8,21]) Let (X,d) be a metric space equipped with a regular Borel measure u
such that all balls defined by d have finite and positive measure. Then:

(i) The triple (X,d,u) is called a space of homogeneous type if there exists a constant
Cy € [1,00) such that, for any x € X and r € (0,00),

u(B(x,2r)) < Cru(Ba, ). (L1)

(ii) The triple (X,d, p) is called an RD-space if there exists constants k € (0,n] and Cy €
[1,00) such that, for any v € X, r € (0,diam(X)/2) and X € [1, diam(X)/(2r)),

(Co) N u(B(z, 7)) < u(B(x, \r)) < Col"u(B(z,7)), (1.2)
where diam(X) = sup, , v d(z,y) and n measures the “dimension” of X.

Remark 1.2 (i) If we take A = 2 in (1.2), then RD-space is just the space of homogeneous type

in the sense of Coifman and Weiss [7, 8].

(ii) Han et al. in [12] have showed that, if measure p satisfies (1.1), then pu satisfies (1.2) if
and only if there exists ag, Cy € (1, 00) such that, for any = € X and r € (0, diam(X)/ag),

u(B(z,aor)) > Cou(B(x,r))

and equivalently, for any x € X and r € (0,diam(X)/ao), B(x,aor) \ B(z,r) # 0.

Throughout the paper, C' represents a positive constant being independent of the main pa-
rameters involved, but it may be different from line to line. For any ball B, we use cp and rp
to denote its center and radius, respectively. Given any ball B and § € (0,00), 5B represents
the ball which has the same center as ball B and radius is § times of B. For any p € [1,0), we
denote by p’ its conjugate index, i.e., % + % = 1. Given a measurable set £ C X, xg denotes

its characteristic function.
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2. Grand generalized weighted Morrey spaces

In this section, we establish two classes of definitions of grand generalized weighted Morrey
spaces on RD-spaces, and then obtain the embedding, density and equivalence properties about
the grand generalized weighted Morrey spaces on RD-spaces.

Here and in what follows, we always assume that (X, d, p) is an RD-space with pu(X) < oo,
and a function w is called a weight if it is a locally integrable function on (X, d, ) and take
values in (0, 00) almost everywhere. Moreover, for any measurable set E C X and a weighted w,
we have w(FE) = [, w(x)du(z).

Definition 2.1 (grand generalized weighted Morrey space) Let 1 < p < oo, ¢ : (0,p—1] — (0, 00)
be a continuous positive function satisfying the condition lim._,o ¢(¢) = 0, w be a weight and
® : (0,00) = (0,00) be an increasing function. Then the grand generalized weighted Morrey
space Eﬁ)"p’q)(X) is defined by setting

loc

LX) = {f € Lipolw, X) + [l poso ey < 00},

where
1

||f||L5),q,,q>(X) ::O<§l<1127181;p @(5)(@ /B |f(1-)|17*5w(x)d,u(1')) PE=

o(e)
=, S sup WHJCHLKE(B) (2.1)
and the supremum is taken over all balls B C X.
We also denote by Wﬁﬁ)’w’q)(X ) the grand generalized weighted weak Morrey space of all
locally integrable functions satisfying

1y cpposy = | Sup_ supsupp(e)[@(w(B)) 7= thw({w € B [f@)] > 7= (22)

Moreover, for any f € Eg)’LP@(X), by applying (2.1) and (2.2), it is easy to verify that

1l ey < 171 mpose -

Remark 2.2 (1) If we take ¢(e) = €7 with § > 0 in (2.1) and (2.2), then Ef,)’e"b(X) =
Eﬁ)"p’q)(X ) and Wﬁﬁ)’a’q)(X )= Wﬁf,)"’;"b(X ), which are the grand generalized weighted Morrey
space and the grand generalized weighted weak Morrey space in the original form.

(2) If we take w = 1 in Definition 2.1, then spaces Eﬁ)’w’q)(X) and spaces Wﬂﬂ)’¢’¢(X)
are just the grand generalized Morrey space Ep)"P"I)(X ) and the grand generalized weak Morrey
space Wﬁp)"P’q)(X), respectively.

(3) If we take ®(t) =t ¢ ' witht>0and 1 < p < g < ooin (2.1) and (2.2), then grand
generalized weighted Morrey space ﬁﬁ)"P"b (X) and grand generalized weighted weak Morrey space
Wﬁﬁ)"p’q)(X ) are just the grand weighted Morrey space Mﬁ)’q’w(X ) and the grand weighted weak
Morrey space WM£)’q’¢(X), respectively, see [11].

(4) If we take ®(¢t) = 1 with ¢ > 0 in (2.1) and (2.2), then grand generalized weighted
Morrey space Eﬁ)"p’q)(X ) and grand generalized weighted weak Morrey space WEZ)’W"b(X ) are
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just the grand weighted Lebesgue space Lﬁ)"p(X ) and the grand weighted weak Lebesgue space
WLE?(X).

We now recall the following notion of Muckenhoupt class A, (u).

Definition 2.3 ([22]) Let 1 < p < co. A weight w belongs to the Muckenhoupt A, (u) if
- 1 1 1—p' p—1
el = 50 (5 [ w@du@) {5 [w@l 7 au@} ™ <o (23
where the supremum is taken over all balls B C X.

Further, a weight w is called an A;(u) weight if there exists a positive constant C' such that,
for any ball B C X,

1 .
m/Bw(ac)du(ac) < Cezsellglfw(y). (2.4)

As in the classical setting, let Ao (p) := U2, Ap(1).

The embedding and density properties on the spaces L'f,)’(p&(X ) are as follows.

Lemma 2.4 (embedding property) Let 1 < r < p < co. Assume that the mapping t — ®(t)/t
is almost decreasing, namely, there exists a constant ¢ > 0 such that

20 20
S t

<ec for all s >t > 0. (2.5)

Then
LoP(X) e L0 (X) s L£7)0%(X).
Moreover, if (X)) < oo, then

LP)#®(X) ey LT)P(X). (2.6)

Proof For any f € £P®(X), by applying (2.1) and the Holder inequality with exponent =

67

we have
0
Hchz)’e’@(X):0<325—1S%p[ cj(B /'f I w@)dute )
gb ‘l e
R i DAL G Rt
59 1 P(Tlfa)
< s swplp ) / F@)Pul@dn() ) ( /B wl(w)dp(a))
_ 2 PW(B))1- 1
=, e gy [ erewane ) T

Case 1. If rp < 1, then from (2.5) and the monotonicity on function v~ 5= with £ > 0 and
0 <e < p—1, it follows that

1 » 3.1 ®w(B(cp,1))),1_ 1
Wllepeon) <6, 200 i Ly J, P} 1 ey

ScprHgg@(X)-
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Case 2. If rg > 1, then by applying (2.5), we can deduce that

sup supsp E /|f )|Pw(z)dp(x )} [M]%—pia

O<e<p—1 B W( )
®(w(B) Blcgp, 1
< Collfll g x) Supils%p[ EJ 59) ) X <I>((wg(3§,1§§

< CprH[;gf@(x)-

Combining the Cases 1 and 2, we obtain that the embedding £7®(X) < Eﬁ)’a’q)(X).
Now we show the embedding Eﬁ)’e’q)(X) — E;)’e’q)(X). For any f € Eﬁ)’e’q)(X), from (2.1),
Remark 2.2 (1) and the Holder inequality with exponent 2=, it then follows that

0

[M1 S (.
’ 1
5(3 {/ |f ()| [w(@)]) 7 5 dp(a )}us
SGB (/ |f(x)|Pfw )dﬂ(lﬂ)) X (/ w(z)dp(z ))%
<e [ (( B) ] /|f )P~ w(z)dpu(x ))
< Cpllfll zryoe x-

Taking the supremum for 0 < ¢ < r — 1 at the left of the above inequality, we have

Hf”[;:)vqu’(x) < CprHgg%"v‘I’()Q'

Thus, we complete the proof of Lemma 2.4. O

Example 2.5 Let (X,d,pn) := (R,|-|,dz), where | - | denotes the Euclidean distance and dx
represents the Lebesgue measure on R, namely, let I = (0,1] C R, p € (1,00), w(z) =1, ¢(c) =
ere, f(z) = I7%X[(I) and ®(t) = t with ¢ > 0. Then it is easy to show that f € L£P)#»®(T)
and f ¢ LP®(I).

Lemma 2.6 (density property) Let 1 < p < oo, w be a weight, (X,d, 1) be an RD-space, and
u(X) < oco. Then, for all f € Zf)),qz,‘b

where ZZ)’w’q>(X) is the closure of space LP;®(X) in space Ef,)’w"b(X).

(X), the following equation lime o || f| zp-c.# ) = 0 holds,

Proof Let f € Zf))’w"b(X) and € > 0. Assume that the mapping ¢ — ®(¢)/t is almost decreasing
which satisfies (2.5). Then there exists a function f,,, € £F;®(X) such that

€
Hf - fnoch%%é(X) < 5 (2.7)
For fn, and €, by applying Definition 2.1, the Hlder inequality with exponent -= and (2.5),
we obtain
p(e)
sup ————— || fnol 1<
B [®(w(B))]7—= oNLET(B)
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= su (E) fro ()P~ 8 [w(x RS x e
<su (E) T fno () [Pw(x)dp(x » w(B 7 p

€
< Mo(E)| frollpre(x) < >

DeB))) )~ 5t
w(B) :

Further, taking such function f,,, for any small €, by the Minkowski inequality, we have

when ¢ is sufficiently small, because lim._,o ¢(¢) = 0 and M = supp|

€ €
PN N gge () < PENS = Frall g0y + 9 Tl pgmern ) < 5+ 5 <

moreover, ¢ defined on (0,p — 1] is a continuous positive function. Thus, we complete the proof
of Lemma 2.6. O
We now introduce another definition of grand generalized weighted Morrey space depending
on more parameters, o € (0,p — 1), and is defined by
1 _ e
o, ®,o = sup sup 5(7/fxp6wxd,ux) , 1< p<oc. 2.8
||f||££)¢® (X) Verco B ()0( ) (I)(CU(B)) B| ( )| ( ) ( ) ( )

The following lemma is valid.

Lemma 2.7 Assume that the mapping t — ®(t)/t is almost decreasing and satisfying (2.5).

Then the norm || f|| sp).¢.9.0 y i equivalent to || f[| .).c.¢ y; that is, there exists a constant ¢ > 1

(X) (x)’

independent of f such that

C_1||f||£5)f%‘1’ff’(x) < ”f”ﬁg)f%q’(x) < C||f||£5),w,@,o(x)-

Proof From Definition 2.1 and (2.8), it is easy to see that Hf|‘£5),<p,<1>,a(x) < Hf|\£5>,¢,q>(x) holds.

Hence, we only need to show that there exists some constant Cy 5, > 0 such that

Hf”yg))vwﬁ(x) < C%ml’”f”gf))v%q’v"(x)'

Since

sup_sup ol [ 1P w(eaut)]

O0<e<p—1 B
1 boe 7
< s s o) G /B @ w)du(@)] "+

1

s sup o (6) [ g [ 1P i)

0<e<p—1 B

we only need to estimate the second part of the right hand. For 0 < e < p — 1, by applying the

Holder inequality with ’I’) —7, we have

1

p(e) -
W(/B |f(2)] w(m)du(x)>
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1

el (] B S ()}

— flx)|P~ —odu(z
7 |y T )

- () F(@) P w(z)d w(B)|79G-2

—[W<B>>“/' ) )u()) " w(B)

< p(e) 1 p(o) —[w(B)] G- x
[@(w(B))]T (B 7

o) (g [ FOP @)

< ”f”Lp)w'i’G(X)(p( 1)[@(0)]_1[W]E P
< Coollfll o

Thus, we obtain the desired result. O

3. Boundedness of Hardy-Littlewood maximal operators

In this section, we investigate the boundedness of Hardy-Littlewood maximal operator M
on spaces Eﬁ)’w’q)’g(X ). Respectively, the Hardy-Littlewood maximal operator M is defined by
setting

1
M) i=swp i [ (F0)lduty). for any x € X. (3.1)
B K(B) Jp
The main results of this section are stated as follows.

Theorem 3.1 Let 1 < p < oo, u(X) < o0, w € Ay(X) and ¢ : (0,p — 1] — (0,00) be a
continuous positive function satisfying the condition lim._,o p(¢) = 0. Then M defined as in
(3.1) is bounded on spaces Lf,)’w(X).

Theorem 3.2 Let 1 < p < 00, u(X) < 00, w € A,(X), ¢ : (0,p—1] = (0,00) be a continuous
positive function satisfying the condition lim._,o p(g) = 0, ® : (0,00) — (0,00) be an increasing
function and o € (0,p — 1). Then the operator M defined as in (3.1) is bounded on spaces
Eg),tp,q%U(X).

Once Theorem 3.2 holds, by applying Lemma 2.7, it is easy to obtain the following corollary.

Corollary 3.3 Let 1 <p < 00, u(X) < 00, w € Ap(X), ¢ : (0,p—1] = (0,00) be a continuous
positive function satisfying the condition lim._,o ¢(¢) = 0, ® : (0,00) — (0,00) be an increasing
function and o € (0,p — 1). Then the operator M defined as in (3.1) is bounded on spaces
Eg)a%‘l’(X)'

To prove the above main theorems, we need to recall the following lemma in [23].

Lemma 3.4 Letp € [1,00) and w € A,(X). Then M defined as in (3.1) is bounded on spaces
LP(w) for p € (1,00) and bounded from spaces L'(w) to spaces L''*°(w).

Proof of Theorem 3.1 By the openness property of the Muckenhoupt class A,(X) (see [23]),
there exists some number ¢ such that 0 < § < p—1 and w € A,(u). By applying Lemma 3.4,
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we have

HMfHLg*J(X) < Cle||Lg*‘5(X)v I € Lf;_é(X)a

IM fllzex) < Callfllez e, f e LEX),

where the positive constants C and Cy are independent of f.
By virtue of Calderén-Zygmund interpolation theorem for sublinear operators, we conclude

that there exists some constant C' > 0 independent of € and f such that
IMfllpp-ex) < Collfllpp-e(x), f€LEE(X), 0<e <. (32)

Write

p—¢

131 ey = s e@)( [ IMF@Pwla)dute)

< swp o) [ MF@P - wlon) T+

s o(6) ([ MA@ wl)nte) T

i<e<p—1

:iﬁD14*D2.
By (3.2), we have

Dy < sup p(@)[Mfllpp-—x) < C sup @) fllp-=x) < ClFll Lo xy-
0<e<s 0<e<s

From the Hélder inequality with exponent Z—:g and Lemma 3.4, it then follows that

Dy< s gle / M (@) w(e)du(e ))—[w(X)]#%

i<e<p—1

<0 sw o) o) [ 1F@l tulaut) " 0]

6<e<p—1
<CUT o 00— DI (XN < Coll Fll -

Combining with the estimate of Dy, we complete the proof of Theorem 3.1. O

Proof of Theorem 3.2 By applying (2.8) and (3.2), we have

1

sup s o) (g [ IMI@P @)

0<e<oc B

w(e
< sup sup¢|\Mf||Lgfg

0<e<o B [®(w(B) )

€

) p—
sup su L )P w(x x pe
<0 o s B ([ 1P eein)

< Cllf”gf)v%q’v“(x)'

Hence, the proof of Theorem 3.2 is completed. O
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4. Boundedness of 6-tyep Calderon-Zygmund operators

Before stating the main theorems of this section, we first recall some necessary definitions
and notation and give the lemma needed in the proof.

For any z,y € X and § € (0,00), set

Vs(x) i= u(B(x,0)) and V(z,y) = p(z, d(z,y)).

It follows from (1.1) that V(z,y) ~ V(y, x).

We now recall the definition of 6-type Calderén-Zygmund integral operator as follows

Definition 4.1 ([24]) Let 0 be a non-negative, non-decreasing function defined on [0, +00) and

/1 @dt < 0. (4.1)

And a measurable function Ky(-,-) on X x X \ {(z,z) : © € X} is called a 0-type kernel if there
exists some constant C' > 0 such that
(i) For all x,y € X with x # vy,

satisfy the following condition

K < —. 4.2
Koo < g (12)
(ii) For all z,2',y € X satisfying d(z,2") < 2d(z,y),
d(z,x") 1
K — Kp(a K — K, Nl < . 4.
| H(Iay) Q(Iay)|+| 9(y7x) 9(y7$)|_09( d(l’,y))V(Z,y) ( 3)

Let Lg°(u) be the space of all L>°(p) functions with bounded support. A linear operator Ty
is called a O-type Calderén-Zygmund singular integral operator with kernel Ky satisfying (4.2)
and (4.3) if, for all f € Lp°(p) and z € (X \ supp(f)),

1)) = [ Kolwry)f(0)an). (4.4)
X
The main theorems of this section are stated as follows:

Theorem 4.2 Let 1 < p < oo, u(X) < 00, w € Ay(X) and ¢ : (0,p — 1] — (0,00) be a
continuous positive function satisfying the condition lim._,o ¢(¢) = 0. Suppose that the 0-type
Calderén-Zygmund operator Ty defined by (4.4) is bounded on L?(u). Then Ty is bounded on
spaces L?)"?(X).

Theorem 4.3 Let 1 < p < oo, u(X) < 00, w € A,(X), ¢ : (0,p—1] = (0,00) be a continuous
positive function satisfying the condition lim._,o ¢(¢) = 0, ® : (0,00) — (0,00) be an increasing
function and o € (0,p — 1). Suppose that the 0-type Calderén-Zygmund operator Ty defined as
in (4.4) is bounded on L?(y1). Then Ty is bounded on spaces £2)**7 (X).

To prove the above theorems, we need to recall the following lemma in [24].

Lemma 4.4 Let 1 < p < oo and w € A,(X). Suppose that the 0-type Calderén-Zygmund
operator Ty defined as in (4.4) is bounded on L?(u). Then Ty is bounded on spaces LP,(X) for
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p € (1,00), and also bounded from spaces L} (X) to spaces L':*°(w).

Remark 4.5 By using Lemma 4.4 and similar arguments used in the proofs of Theorems 3.1

and 3.2, it is easy to show that Theorems 4.2 and 4.3 hold, respectively.
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