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Abstract In this paper, we give some isoperimetric upper bounds for the first eigenvalue of
the p-biharmonic operator of an n-dimensional embedded closed hypersurface in an Euclidean
space. We also give Reilly-type inequalities for the first eigenvalue of the p-biharmonic operator
of an n-dimensional closed submanifold immersed into a higher dimensional manifold such as an
Euclidean space, a unit sphere, a projective space.
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1. Introduction

In 1966, Mark Kac [1] wrote a paper named Can one hear the shape of a drum which
tried to tell some geometric and topological properties from the information of eigenvalues. The
spectrum consisting of the eigenvalues of a surface is often treated as an important characteristics
to classify shapes of graphics appearing in engineering and medical science. In fact, the research
on eigenvalues is also motivated by the phase transformation theory in physics and computer
graphics, see [2] for some important physical interpretations of eigenvalues and eigenfunctions. In
recent years, eigenvalue problems of some elliptic operators such as the usual Laplace operator,
the p-Laplacian, the drifting Laplacian, the biharmonic operator and their weighted versions have
been investigated for static Riemannian metrics under no boundary condition or various types of
boundary conditions such as Dirichlet boundary condition, Neumann boundary condition, Robin
boundary condition, Navier boundary condition, Steklov boundary condition, Wentzell boundary
condition etc. (see [3-5] and the references therein). To avoid confusion of notations below, we
denote the first nonzero eigenvalue of the Laplace operator as A$*. To our knowledge, Reilly [6]
gave an upper bound for the first eigenvalue of the Laplace operator on a closed submanifold
immersed in Euclidean space. Specifically, let N be an m-dimensional closed manifold immersed

in k-dimensional Euclidean space R* (k > m). Then the first nonzero eigenvalue of the Laplace
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operator on N satisfies
m

AR (N) < W/N|H|2d’/97
where A(N) = [ n dvy and H denote the area and inward mean curvature vector of the subman-
ifold N immersed in R¥, respectively.

Du and Mao [7] generalized Reilly’s work and obtained similar upper bounds for the p-
Laplace operator. One can see [8] and the references therein for more research about Reilly-type
inequalities for other operators such as the Schrodinger operator, Jacobi operator, linearized
operator of the r-th mean curvature on submanifolds in special ambient manifolds such as space
forms.

In addition, Wang and Xia [9] gave an isoperimetric upper bound for the first eigenvalue of
the Laplace operator on a closed hypersurface embedded in R™. Specifically, let N be a connected
closed hypersurface embedded in n-dimensional Euclidean space R™ (n > 3), and 2 be a region
bounded by N. Then the first nonzero eigenvalue of the Laplace operator on IV satisfies
- (n—l)A(N)( wn, )7%

- aV(Q) V()
where V() denotes the volume of 2, A(N) the area of the hypersurface N embedded in R,

wy, the volume of unit ball in R™.

AT (N)

Afterwards, Du and Wu [10] generalized their work and obtained isoperimetric upper bounds
for the first eigenvalue of the Paneitz operator and the p-Laplace operator.

Motivated by these work above, in this paper, we wish to get similar inequalities for the
p-biharmonic operator.

First we would like to give a sketch of the eigenvalue problem of the p-biharmonic operator.

The usual Laplace operator is defined as

1 < 9 d
A=—— — (VGg¥ —),
”Giyz::l axi( ! axﬂ')
in a local coordinate system {x1,z2,...,2,}, where the matrix (¢*/) is the inverse of the metric

matrix (gi;), gij = g(%a %), G = det(gij)-

For a compact manifold M without boundary, A is a self-adjoint operator, then it has discrete
eigenvalues according to the spectral theory in functional analysis. Obviously, the smallest
eigenvalue in the problem

Af=-=-X\f, on M

is zero and the corresponding eigenfunctions should be nonzero constant functions. By Rayleigh’s
theorem and extreme principle, the first nonzero closed eigenvalue Ay (M) (A\; for short) can be
defined by

. I} (Vf)2dv, 7 -
Py - 1nf{W|f £0,feW! 2(M),/M fdv, = o},

where W12(M) denotes the Sobolev space given by the completion of C°°(M) for the norm

I fllwrzan = (/M Py, + /M |Vf|2d1/g) ‘.



Isoperimetric upper bounds and Reilly-type inequalities for the first eigenvalue 489

Now let us recall some facts of the p-biharmonic operator (1 < p < co). The eigenvalue problem

of the p-biharmonic operator often concerns the partial differential equation
ALF =Nl fIP72f, on M,

where Af, f is given by

AL = A(AfPT2AS).
As shown in [11], let M be a bounded region of Euclidean space R", the above eigenvalue problem
with the Navier boundary conditions f = Af = 0 on 0M has at least a simple and isolated posi-
tive eigenvalue A;. Additionally, by [12], we know that the spectrum of the p-biharmonic operator
with the Dirichlet or Navier boundary conditions contains at least a nondecreasing sequence of

positive eigenvalues. By variational characterization, the first nonzero closed eigenvalue X{yp(M )
(A, for short) can be defined by

o S [Af Py
l,p . nf{ip(i
Jar 1 fIPdyyg
where W2P(M) denotes the Sobolev space given by the completion of C°°(M) for the norm
IFlwescan = (32 [ 19 f1dng)”.

lal<2

£ #0.8 €W, [ 1172 pav, = o},

The p-biharmonic operator is a natural generalization of the biharmonic operator for the
fact that p-biharmonic operator is the biharmonic operator when p = 2, in this case, the above
eigenvalue problem describes the clamped plate problem. The main difference between the
two operators is that the p-biharmonic operator is nonlinear when p # 2 but the biharmonic
operator is linear. As shown in [13,14], the research of the p-biharmonic operator is used in
fields of micro-electro-mechanical system, thin film theory, nonlinear surface diffusion on solids,
interface dynamics, deformation of a nonlinear elastic beam and control of the nonlinearity
artificial viscosity of diffusion surface of non-Newtonian fluids.

Here in this paper, we follow the arguments used in [7, 10, 15] and conclusions obtained
in [16] to get the following isoperimetric upper bounds and Reilly-type inequalities for the first

eigenvalue of the p-biharmonic operator.

2. Isoperimetric upper bounds inequalities for the first eigenvalue of
the p-biharmonic operator

In this section, before giving conclusions and the corresponding proofs, we first introduce a

formula, see [18] for more details. Let y be the position vector of p € M™ in RY, define

y=((z1, - xn), - yn(T1, ..., 2p)),

where (21, ...,2,) is the local coordinates for a neighbourhood around p.
Let g be the metric induced by RY, then

N
> Ayal? = (Ay)® = n?[H]. (2.1)
a=1
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Theorem 2.1 Let M™ (n > 3) be a connected closed orientable hypersurface embedded in
R+ Let Q be the region bounded by M™, M™ = 9. Denote by V() the volume of Q. Then

the first nonzero eigenvalue A} ,, of the p-biharmonic operator acting on functions on M™" satisfies

71(wn+1)%fM|H|pdyg (n—|—1) s P22,
V() V(Q) m+1)%2", 1<p<2,

AT, <nP(n+1) (2.2)

where wy, ;1 is the volume of the unit ball in R"*! H the inward mean curvature vector of M
embedded in R" ™!, |H| the length of the vector H. The equality in (2.2) holds if and only if M™

is a sphere of radius ro of R"*1 with ro = (/\A ) 2 and p = 2.

Proof Here we follow the argument used in [10]. Let y be the position vector of point p € M™
in R**!, define

Yy = (yl(xla' N axn)w' -7yn+1(3017-- .,$n)),

/ |ya|p72yadl’g =0,
M

without loss of generality, set

fM |ya‘p72yadl’y

where 1 < a < n + 1, we can substitute |y|? ?ya by Y|’ %Yo — B Yo vy a— if necessary,
where A(M) = |, o Avg denotes the area of M. It follows from the Rayleigh-Ritz inequality that
My [ by < [ |Agalras, (23)

M M

Summing the above inequality (2.3) with respect to « from 1 to n + 1, we obtain

n+1 n+1

ij/ ZIyaI dvy < / ZIAyaI dvg. (2.4)

Similar to the discussion in [10], we divide the subsequent discussion into two cases.
Case 1. If p > 2, it follows from the Hélder’s inequality that
n+1 n+1

b= 3ol < (D)7 (Z|ya|p)5 (2.5)

then if p = 2, the equality in (2.5) holds obviously. If p > 2, the equality in (2.5) holds if and

only if |y1| = -+ = [yn1l.
Furthermore, it follows from the Minkowski’s inequality

(;af) (Za) 1<s<r a>0,1,...,n,

and (2.1) that
n+1 n+1 p

> 1Ayl < (Yo 18val?) " = nrHP, (2:6)
a=1 a=1

then if p = 2, the equality in (2.6) holds obviously. If p > 2, the equality in (2.6) holds if and
only if Ay, = 0 for some 1 < a < n+ 1. Hence, when p > 2, the equalities in (2.5) and (2.6)
hold simultaneously if and only if Ay, =0, a = 1,...,n 4+ 1. Whereas, substituting Ay, = 0,
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a=1,...,n+1into (2.4), we have Al , = 0, this is a contradiction. Therefore, the equalities in
(2.5) and (2.6) hold simultaneously if and only if p = 2.
Combining (2.4)—(2.6), we have

A;p(nﬂ)"%”/ ly|Pdu, §np/ |H|Pdy,. (2.7)
’ M M

Choose a ball B of radius r centered at the origin such that V(B) = V() (V(B) denotes the
volume of B), then
V()

T 2.8
wmﬁ (2.8)

r=(

It follows from the weighted isoperimetric inequality in [19] and (2.8) that

[ vy [ alrar = a@pr = o pvie) S 29)
M oB Wn+1
where A(OB) denotes the surface area of the ball B. Substituting (2.9) into (2.7), we get the
desired inequality (2.2).

Case 2. If 1 < p < 2, it follows from the Minkowski’s inequality and the inverse Hdélder’s

inequality that

n+1 n+1

= (D lwal?)* < D lual”. (2.10)
a=1 a=1

. n+1 2 n+1
(n+ 1) (D 1Aval)” < 3 1Ayal? = n?HP, (2.11)

a=1 a=1
similar to the discussion in Case 1, the equalities in (2.10) and (2.11) hold simultaneously if and

only if p = 2.
Substituting (2.10) and (2.11) into (2.4), we have

Ai,p/ Iyl”duggnp(nﬂ)%p/ [H|Pdv,. (2.12)
M M

Substituting (2.9) into (2.12), we get the desired inequality (2.2).
From the discussion above, the equality in (2.2) holds if and only if p = 2, by [9] and [16],
%

the equality in (2.2) holds if and only if M™ is a sphere of radius ro of R with 7o = (3%)2. O
1

Theorem 2.2 Same assumptions as in Theorem 2.1. Denote by V(Q) and A(M) = [,, dv,

the volume of ) and area of M, respectively. Then the first nonzero eigenvalue \i , of the

p-biharmonic operator acting on functions on M" satisfies

(AQD)P! [y HPdyy [ (n+1)"7, p>2,
V() (n+1)2", 1<p<2,

Al <nP(n+1)77 (2.13)
where H is the inward mean curvature vector of M embedded in R™*!, |H| the length of the
vector H. The equality in (2.13) holds if and only if M™ is a sphere of radius ro of R"*! with

ro = (%)% and p = 2.

Proof Here we follow the argument used in [15]. Let y be defined as in Theorem 2.1. Since



492 Xuesen QI, Yunguang YUE and Ximin LIU

div(y) = n+ 1, by the divergence theorem, we have

e+ 0V = [ divto)du= [ v, < [ lyidv, (2.14)

Q
where v denotes the outward unit normal vector field.

Then by the Holder’s inequality of the integral form, since p > 1, we have

[ty < ([ alran)” a0 (215)
M M
Therefore, by (2.14) and (2.15), we have
(n+ DP(V ()P
/M ly[Pdvy > A (2.16)
Substituting (2.16) into (2.7) and (2.12), respectively, we get the desired inequality (2.13). By
the proof of Theorem 2.1 and [15, Theorem 1.3] and [16], the characterization of equality in (2.13)

can be obtained. O

3. Reilly-type inequalities for the first eigenvalue of the p-biharmonic
operator

In 1977, Reilly [6] gave an inequality for the first eigenvalue of the Laplace operator, for the

p-biharmonic operator, we can prove the following Reilly-type inequalities.

Theorem 3.1 Let M™ (n > 3) be an n-dimensional connected closed orientable Riemanni-
an submanifold immersed in RN (N > n +1). Then the first nonzero eigenvalue X}, of the

p-biharmonic operator acting on functions on M™ satisfies

(i) fN=n+1andre{0,1,...,n—1},

p _r_ p—1 JVPT%7 p > 2,
)\T P‘ / Hrdl/g‘ § np(/ |H|pdl’g) (/ |Hr+1|p71dl’g) 2—p (31)
Vs M M N7=Z, 1<p<2.

(ii) If N >n+1 andr is even and r € {0,1,...,n — 1},

p—2
> o\l NP p>2,
)\*{p‘/ H,du,| gnp(/ |H|Pdug)(/ [FL | 757y ) ., e (3.2)
M M M N7z ,1<p<2,

where H,, H and H, 1 (see [6, 7] for more details) are the r-th mean curvature, the inward mean
curvature vector and (r + 1)-th mean curvature vector field of M immersed in RY , respectively.
Particularly, Hy = 1, H; = H. If H, 1 does not vanish identically, the equality in (3.1) holds if
and only if M™ is a sphere of radius ro of R"*1 with ro = (%)% and p =2 when N =n+1 and
the equality in (3.2) holds if and only if M™ is minimally immersed in a sphere of radius ro of
RN with ry = (%)% and p =2 when N >n+ 1.

Proof Here we follow the argument used in [7]. Let y be the position vector of p € Q@ C M™ in
RN and define

y= ey, zn) YN (@1, T0).
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Without loss of generality, set
/ lys [P ysdy = 0,
M

J}leg|p72ygdug
A

where 1 < 3 < N, we can substitute |ys|P~2ys by |ys|P~2ys — o) if necessary. It

follows from the Rayleigh-Ritz inequality that

My [ s, < [ s, ()
M M

Summing the above inequality (3.3) with respect to 5 from 1 to N, we obtain

N N
AT,p/ > lyslPdv, S/ > | Ayg|Pdy,. (3.4)
M g=1 Mgy

Similar to the discussion in [7], we divide the subsequent discussion into two cases.

Case 1. If p > 2, similar to the proof in Theorem 2.1, we can obtain

AN [ iy <o [P,
’ M M
then

()\I,p)%N%p (/M |y|pdyg)% < n(/M |H|Pdug>%, (3.5)

p—1

Multiplying both sides of (3.5) with ([, |HT+1|ﬁdl/g)T (if N > n+1, let r be even and
re{0,1,...,n — 1}), then we get

p—1 p=1

2-p % _p_ P % _p_ P
AN ([ ) ([ el ) T <n( [ pan) ([ HalPd)
M M M M
(3.6)
Since by the Holder’s inequality of the integral form,

([ wran) ([ el an) ™ =1 [ ) (3.7

where the equality holds if and only if |y|? = ¢|H,..1|7 T for some constant c.

Moreover, by the Minkowski formula [6, Proposition 1],

/ (y, Hyjq)dyy = —/ H,dv,. (3.8)
M M

By (3.6)—(3.8), we get the desired inequalities (3.1) and (3.2) for the case p > 2.

Case 2. If 1 < p < 2, similar to the proof in Theorem 2.1, we can obtain

(AL)F ( /M |y|ﬁdug)% <N /M |H|Pdug)%- (3:9)

Noticing that (3.7) holds also for 1 < p < 2, similar to the process of the case of p > 2, together
with (3.9), we can get the desired inequalities (3.1) and (3.2) for the case 1 < p < 2.

Since we have conducted some process similar to the proof of Theorem 2.1 for both two cases
above, we can easily infer that the equalities in (3.1) and (3.2) hold if and only if p = 2. By [16],

the characterization of equalities in (3.1) and (3.2) can be obtained. O

Remark 3.2 From the proof of Theorem 2.1 in [16] and Theorems 2.1, 2.2 and 3.1, we know
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the inequalities (2.2), (2.13), (3.1) and (3.2) still hold for n = 2, one can turn to [16] for the
corresponding characterizations of equalities for special cases.
Let » = 0 in Theorem 3.1. Noticing that Hy = 1, H; = H, we can derive the following

inequalities.

Corollary 3.3 Same assumptions as in Theorem 3.1. Denote by A(M) = fM dv, the area of
M™. Then the first nonzero eigenvalue A, of the p-biharmonic operator acting on functions on
M™ satisfies

" n _p_ p—1 Npr?a p > 2;
= iy, ) ([ LS e

where H is the inward mean curvature vector of M immersed in RY. The equality in (3.10) holds
if and only if M™ is a sphere of radius ro of R"*! with ry = (/\—715)% and p=2 when N =n+1
or M™ is minimally immersed in a sphere of radius o of RN with ro = (/\—715)% and p = 2 when
N>n+1.

Remark 3.4 When p = 2, then the p-biharmonic operator becomes biharmonic operator whose
eigenvalues are the square of corresponding ones of the Laplace operator, the special case when
p = 2 in Corollary 3.3 coincides with the case when r = 1 in [6, Theorem A] or the case when
p =2 in [7, Theorem 1.2] or the case when ¢ = 0, ¢ = 0 in [16, Theorem 2.1]. Moreover, it follows
from the special case when H is constant in Corollary 3.3 that A7 , < (nH?)P, when p = 2, this
coincides with the case when r = 0 in [15, Corollary 1.2].

By referring to Corollary 3.3, the proof of Theorems 1.5 and 1.6 in [7] and Theorem 2.1

in [16], we can obtain the following conclusions.

Corollary 3.5 Let M™ (n > 3) be an n-dimensional closed orientable Riemannian submanifold
immersed in the unit sphere SN¥~* € RN (N > n 4 1). Denote by A(M) = [,,dv, the area of
M™. Then the first nonzero eigenvalue A ,, of the p-biharmonic operator acting on functions on
M™ satisfies

p—2
n P _p p—1 | N7=,p>2
A< (———)P H>+1)2d / H|?>+1)G-0d I 3.11
o< Gy (L GRS, ) (f gaenyeiman )™ 0 T2 s

where H is the inward mean curvature vector of M immersed in SN 1. The equality in (3.11)
holds if and only if M™ is a geodesic sphere of radius r1 of SN=1 with r = arcsinrg and p = 2
when N = n + 2 or M™ is minimally immersed in a geodesic sphere of radius 1 of SN~ with
r1 = arcsinrg and p = 2 when N > n + 2, where rg = (%)%
Remark 3.6 The special case when p = 2 in Corollary 3.5 coincides with the case when ¢ = 0,
¢ =11in [16, Theorem2.1].

Corollary 3.7 Let M"™ be an n-dimensional closed orientable Riemannian submanifold im-
mersed in the projective space FP™ (see [7,8,17] for more details). Denote by A(M) = [, dv,

the area of M™. Then the first nonzero eigenvalue i, of the p-biharmonic operator acting on
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functions on M™ satisfies

Xp, < (Agw) )7”(/M(IH|2 + M)%d%) (/M(|H|2 + M)ﬁd%)p_l

m(m+1)dg p=2 >9
( 2 +m)£a p =z 4 (3.12)

(w—i—m) 7, 1<p<2,
where
1, F=R,
dp = dimgF = ¢ 2, F=C,
4, F=H,

H is the inward mean curvature vector of M immersed in FP™.
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