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Abstract In this paper, the existence and growth of entire solutions of some type of nonlinear
delay-differential equations are studied. Using Cartan’s second main theorem and Nevanlinna
theory of meromorphic functions, we obtain the exact forms of its entire solutions with hyper-
order less than one.

Keywords Nevanlinna theory; differential equation; delay-differential equation; entire solution

MR(2020) Subject Classification 30D35; 39B32

1. Introduction and main results

The solvability and growth of solutions are two important properties in the study of the
differential, or difference, or delay-differential equations in complex domain. One of powerful
research tools is Nevanlinna theory of meromorphic functions and its difference counterparts [1,2]
and references therein. In this paper, we assume that the readers are familiar with the basic
notations and results of the above theories such as m(r, f), N(r, f),T(r, f), the first and second
main theorems, lemma on the logarithmic derivative etc. [2,3]. In 2010, Yang and Laine [4] used
the above tools to obtain certain similarities in solvability between some types of differential

equation and difference equation, see Theorems 1.1 and 1.2.

Theorem 1.1 ([4]) Let p be a nonzero polynomial, and b,c be nonzero constants. If p is

nonconstant, then the differential equation

3(2) +p(2)f"(2) = csinbz (1.1)

admits no entire solutions, while if p is constant, then Eq.(1.1) admits three distinct entire
solutions, provided (pb?/27)3 = %02.

Theorem 1.2 ([4]) The difference equation

2(2) +p(2)f(z + 1) = esinbz, (1.2)
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where p is a nonconstant polynomial and b, c are nonzero constants, admits no entire solutions
of finite order, while if p is a nonzero constant, then Eq.(1.2) has three distinct entire solutions
of finite order, provided b = 37k and p3 = (—1)’“"’1%02 for a nonzero integer k.

Observing that the right side of Eq. (1.2) is a linear combination of two exponential functions
ibz

e and e~®* Zhang and Huang [5] studied the growth of solutions of the general difference

equation containing m exponential terms

fr(2) +p(2)f(z+n) = Pre*" + - + Brem? (1.3)

and obtained the following result.

Theorem 1.3 ([5]) Let n > m + 2 be an integer, p be a nonzero polynomial, f1,...,m,n be
nonzero constants, and let wy,...,w,, be distinct nonzero constants. Assume that zj—] #+ n for
all i,5 € {1,...,m}, and that nwy # lpiw1 + -+ + lgmwm for 5 < k < m, where ly1,...,lgm €
{0,1,...,n—1} and ly1 +- - -+ lgm = n. Then any meromorphic solution f(z) of Eq. (1.3) satisfies
oa(f) > 1.

The above symbol o2 (f) denotes the hyper order of a meromorphic function f. In this paper,
we will also use the symbols o(f) and A(f) to denote the order and the exponent of convergence
of zeros of f. Please refer to reference [1] for their definitions. Theorem 1.3 has been extended
by Li-Hao-Yi [6] and Mao-Liu [7], respectively. The following is a partial result in [7, Theorem
1.1].

Theorem 1.4 ([7]) Let n,k,m,q be positive integers with n > 2, n be a nonzero constant,
W1, ...,wy be distinct nonzero constants, and let p, Hy, ..., H,, be nonzero entire functions of

orders less than q. If f is a meromorphic solution of the equation
Fr=) +p()f P (= 4 ) = Hi(2)e™ + -+ Hy(2)e " (1.4)

satistying oo(f) < 1 and N(r, f) = S(r, f), then we have two possibilities:

(i) f(z)= fyj(z)ew%tzq and m = 2, where 'yj"(z) =H;(z),w; = nwe ({j,t} ={1,2}).

(ii)) Mf)=o0(f)=qandn <m+ 1.

Theorems 1.1 and 1.2 show when replacing p(z) f”(2) in Eq. (1.1) by p(z) f(2+1), the existence
of entire solutions to Egs. (1.1) and (1.2) are similar except for order restriction of solutions. It
is natural to ask whether there exist some similarities if replacing f™ in the above equations by

f™f. In this paper, we study the delay-differential equation
M@ @)+ )Pz +n) = Hi(2)e ™ + -+ 4 Hy(2)e (1.5)
and obtain some results similar to Theorem 1.4 for entire solutions.

Theorem 1.5 Let n, k, m,q be positive integers, 11 be a nonzero constant, w1, . . . ,w,, be distinct
nonzero constants, and let p, Hy,..., H,, be nonzero entire functions of orders less than q. If
n > m+ 2 and Eq. (1.5) admits an entire solution f(z) of o2(f) < 1, then we have

m = 27 f(Z) = cp(z)eoczq’
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where {a, (n + 1)a} = {w1, w2}, ¢(2) is an entire function satisfying A\(¢) = o(¢) < q.

Remark 1.6 Theorem 1.5 provides us a method for judging the existence of finite order entire
solutions of Eq. (1.5) and finding its exact forms if such solutions exist, see Examples 1.7 and
1.8.

Example 1.7 The equation f(2)f'(2) + p(2)f¥) (2 +n) = Hi(2)e* + ze(®TV? has no entire
solutions of hyper-order less than 1, where n > 4 is an integer, p, H1 are nonzero entire solutions of
orders less than 1. In fact, if the above equation admits an entire solution f of o2(f) < 1, then by
Theorem 1.5 we have f(z) = ¢(z)e?, where ¢(z) is an entire function satisfying A(¢) = o(p) < 1.

Substituting this expression into the above equation, we get

k
(¢ () + ¢ () = 232+ {p(2)e" Y Cle (2 +m) — Ha(2) e = 0.

Since max{o(p),o(H1),0(p)} <1 and o(e™*) =1, we have

P (2)¢' (2) + 9" (2) = 2. (1.6)

If ¢(z) is transcendental, then by A(¢) = o(p) < 1, we know that ¢ has infinitely many zeros.
This is impossible by (1.6). If ¢(2) is a polynomial, then by comparing the degrees of polynomials

at both sides of (1.6), we get a contradiction.

Example 1.8 Considering the equation f™(z)f'(2) — 2 f ) (z + mi) = ze* 4+ ("1 where n > 4
is an integer, by Theorem 1.5, we know that it has only one entire solution f(z) = e* satisfying
oa(f) < 1.

From Theorem 1.5, we know that finite order entire solution f of Eq.(1.5) satisfies A(f) <
o(f) provided n > m + 2. But this is not the case for n < m + 1. For example, the equation
F2(2)f(2) + f"(z + i) = €** + 2e%* has a solution f(z) = e* + 1 satisfying A(f) = o(f) = 1. In

fact, for n < m + 1 we have the following result.

Theorem 1.9 Let n, k, m, g be positive integers, 11 be a nonzero constant, wi, . . .,w,, be distinct
nonzero constants, and let p, Hy,..., H, be nonzero entire functions of orders less than q. If
n < m+1 and Eq.(1.5) admits an entire solution f(z) of o2(f) < 1, then o(f) = q. Moreover,
if f(z) satisfies A\(f) < o(f), then

(n,m) € {(1,2),(2,2),(3,2)}
and f(z) has the form in Theorem 1.5.

We give the following examples to illustrate the existence of entire solutions in Theorem 1.9.

Example 1.10 The entire function f(z) = e® 4 e~ * solves the equation
PP () + £ (x4 i) = % — 207 — 7,

where k is a positive integer. Here m = 3 and A(f) = o(f) = 1. This also shows that the

condition m = 2 is necessary to guarantee that any finite order entire solutions of Eq. (1.5)
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satisfies A(f) < a(f).

Example 1.11 The entire function f(z) = e® 4 1 solves the equations
F)F(2) — 2f B (2 + i) = 2 + (1 + 2)e?,

where k is a positive integer. Here m = 2, but A\(f) = o(f) = 1. This also shows that the
condition m = 2 is not sufficient to guarantee that any finite order entire solution of Eq. (1.5)
satisfies A(f) < o(f).

Example 1.12 The entire function f(z) = ze™ solves the equation
) f'(2) + (2 4 2i) = (w2t + 23)e*™ + (722 + 27 + 27%0)e™ .

Here m = 2 and \(f) < o(f) = 1.

2. Lemmas

In this section, we give some preliminary results for the proof of our results. We will use
the symbol F (or E7) to denote a set of finite logarithmic measure (or finite line measure), not
necessary the same at each occurrence. Firstly, we give a double inequality for the growth of

entire solutions of Eq. (1.5).

Lemma 2.1 Under the conditions of Theorem 1.5, if n > 2 and f(z) is an entire solution of
Eq. (1.5) satisfying o2(f) < 1, then there exist positive numbers A; < Az and a set E of finite
logarithmic measure, such that

Ar? <T(r, f) < Agrf

hold for sufficiently large r ¢ E.

The proof of Lemma 2.1 needs the following Lemmas.

Lemma 2.2 ([8]) Let f be a nonconstant meromorphic function of o3(f) < 1, and n be a

nonzero constant. Then for each ¢ > 0,
T
m(r, f(z+n) (r, f)

@ )~ =
Remark 2.3 Lemma 2.2 is a version of the difference logarithmic derivative lemma. By this

), T—=o00, r&E.

lemma, [8, Lemma 8.3] and the logarithmic derivative lemma, we have the following conclusions.

Let f,n satisfy the conditions of Lemma 2.2. Then

T(r, f(z+mn)) =T(r, f(2)) +o(T(r, f)), r—o00, r¢E,

1 1
N(Tam)*N(Ta%)JFO(T(T,f))a r—o0, 1 ¢ FE,
7f(k)(z+n) =0 T T oo, T

T, f(])(z) )_ (T( 7f))a — ) ¢Ea

where f) %0 and k> j > 0.
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Lemma 2.4 ([7]) Let m,q be positive integers, ¢; (0 < j < m) be meromorphic functions of
o(pj) < q, such that ¢; # 0 (1 < j < m), and let w1, ...,w, be distinct nonzero constants.
Set p(z) = po(z) + Z;”:l ©;(2)e“i*" | then there exist positive numbers Dy, Do, such that for
sufficiently large r, we have Dyr? < T'(r,¢) < Dor?, and m(r, é) = o(r?) for vy # 0.

Proof of Lemma 2.1 By Lemma 2.4, Remark 2.3 and Eq. (1.5), there exists a positive number
D1, such that

fr(2)f'(z) + P(2)f W (2 + 1)
fz

D1ir? < m(r, i )
< (n+1)m(r, f) + o(T(r, f)) + o(r)

) +m(r, f(2))

holds for sufficiently large » ¢ E. This means that T'(r, f) > Ayr? holds for a constant 4; > 0
and sufficiently large r ¢ F.

Let G(z) = Z;nzl H;(z)ewi*". For a fixed r > 0, let
Ay ={0€[0,2n) : |f(re”)| > 1}, Ay =[0,27) — Ay,

then by the definition of m(r, f), Lemma 2.4, Remark 2.3 and Eq. (1.5), we obtain

mir f22) = 5= [ ogt P ]a0

< % N {log™* IWI +log* IP(Tew)fj:Ei)e(iZ;w =14 0(1)3a0
< i, G(2)) + mir, 2 i LRy 4 g

<70, J}é; )+ Dor? + o(T(r, f))

<N J}(()B + Do + o(T(r, f))

< T(r, f(2)) + Dor? + o(T(r, f))

holds for a constant Dy > 0 and sufficiently large » ¢ E. This means that T'(r, f) < Asr? holds
for a constant Ay > 0 and sufficiently large r ¢ E. Lemma 2.1 is proved. O

The following three lemmas will be used to estimate the zero distribution of entire solutions of
Eq. (1.5), in which Lemma 2.5 is a simple version of Cartan’s second main theorem. The symbol
Ni(r, %) below denotes the integrated counting function corresponding to ny(r, %), where each

zero of f(z) of multiplicity [ is counted min{l, k} times.

Lemma 2.5 ([9,10]) Let fi, fa,..., fx be linearly independent entire functions. Assume that

for each complex number z, max{|fi(2)|,...,|fx(2)|} > 0. Forr >0, set
1 2 "
T(r)=— u(re)dd — u(0), u(z) = sup log|f;(2)].
27 Jo 1<j<k
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Set fr41 = f1+ - -+ fx. Then
k+1

k+1
<ZNk 1 (r)g(anN(r,finS(r),

where S(r) is a quantity satisfying S(r) = O(logT(r)) + O(logr) (r — oco,r & Ey). If at least
) =0o(T(r)) (r — oo,r & E1), while if all
(

(r
one of the quotients f;/fm is transcendental, then S(r
) < —sk(k—1)logr+O(1) (r — oo,r & E).

the quotients f;/ fn, are rational functions, then S(r %

Lemma 2.6 ([9,10]) Assume that the hypotheses of Lemma 2.5 hold. Then for any j and m,

we have
T(r, fi/fm)=T(r) +O0(1), r— oo,

and for any j, we have
N(r,1/f;))=T(r)+0(1), r— oo.

Lemma 2.7 ([11, p.39]) Let f be a nonconstant meromorphic function, and k be a positive

integer. Then

N(r, f(k) })Jrkﬁ(r,f)JrO(T(r, ), r—o0, r¢&E.

The next lemma will be used to prove Theorem 1.5, which play an important role in judging

) < N(r,

the linear dependence of entire functions over complex domain.

Lemma 2.8 ([11, p.70]) Let fi, fa,..., fn be linearly independent meromorphic functions
satisfying 23;1 f; = 1. Then for 1 < j < n, we have

(1) < SN ) 4 V(e )+ N D) = 3N ) = NG ) +of e 17(r0)
k=1 k=1 =F=
<3 N f (n—1) ZNrfk )+o(1r<n,3<x {T(r, fi)})

E
Il

1
asr — oo, r & Eq, where D is the Wronskian determinant W (f1, fa,..., fn).
The following is Borel’s theorem on the combinations of entire functions, which will be used

to judge the existence of entire solutions satisfying A(f) < o(f) in the proof of Theorem 1.9.

Lemma 2.9 ([11, p.77]) Let f;,9; (j = 1,...,n) (n > 2) be entire functions satisfying the

following conditions.
(1) X fiz)en® =0;
j=1

(2) The orders of f; are less than that of e9t()=0k(2) for 1 < j<n,1<t<k<n.
Then fj(2)=0(j =1,...,n).

3. Proofs of results

This section is devoted to proving Theorems 1.5 and 1.9.
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Proof of Theorem 1.5 Let f(z) be an entire solution of o2(f) < 1 of Eq. (1.5), by Lemma 2.1

we have

o(f) =g (3.1)

On the other hand, by Lemma 2.1 and Remark 2.3, there exists a constant D1 > 0 such that for
sufficiently large r € F,

2) R (2 "(2)f (2
P PO, e PEFE)

T R) CICED)
n _ Tf(k)(z"i_n) —o(r?
T(r, "(2)) = T gy ) = 00r)
") (5
T(r, /(=) — N(r, L E o, 1)) — or)
()
n — N(r L — o(r?
T(r, () = NG 5) = o)
>T(r, ["(2)) = T(r, '(2)) — o(r)
>(n—1—=0(1))Dyri. (3.2)

Now we discuss the following two cases.
Case 1. Suppose that —p(z)f®) (z4n), Hy(2)e**" ..., H,,(2)e“*" are linearly independent.

Let ¢1(z) denote the canonical product (or polynomial) generated by the common zeros of

—p(2)fF) (z4n), Hi(2), ..., Hn(z), each common zero is counted the minimum of its multiplicity.
Then —2 (Z)J(;(lk()z()z +n)7 m E;)(e;w ey H’”E;)(e:)mz are entire functions without common zeros, and
1
N(r, m) =o(r?), r— oo. (3.3)
Rewrite Eq. (1.5) in the form
f"( f: H] G AICER)) (3.4)
= ¢i(z) '

It follows from (3.2) that £ )(;( () )ZJ”’)/ - ¢ I)Z is transcendental. So by (3.3), (3.4), Lemmas

2.5-2.7, Remark 2.3 and Lemma 2.1, we obtain

1 q
T, W) +o(T1(r)) + o(r?)

) T oTa(r) +o(r?) (3.5)
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asr — oo and r € F, where

1

T 2r

Ty (r) /0 ) ul(rew)de —uq(0),

Hj(2)ews*
$1(2)
Let zp be a zero of f(z) with multiplicity I. Then zo is a zero of f™(z)f’(z) with multiplicity

— anllo p(2)f®)(z +n) o
u1(z) = sup{log | o) |, log |

[:1<j<m}.

(n+ 1)l — 1. Since n > m + 2, the contribution of zy to n(r, m) — N (1, W) is
(n+ 1) —1—m (> 2l) when |zo| <. This means that
N(r,;)me(r,;) Z2N(T,L). (3.6)
f(2)1'(2) f(2)f'(2) f(2)

So by (3.5) and (3.6), we obtain
1
1)
On the other hand, by (3.5) and Lemma 2.1, there exists a constant Ds > 0 such that
(1= o()Ti (1) < N 55)+ N, oy zrg) + o)

<T(r f(2) + T(r, f"(2)f'(2)) + o(r?)
< (n+2)T(r, ) + or)

< Dsorl, r—o0, régkE,

N(r, ) <o(Ty(r)) +o(r?), r— oo, r & E. (3.7)

which means that
o(Ty(r)) Co(r?), r— oo, r & E. (3.8)

So combining (3.7) and (3.8), we obtain
1
1)
Then by (3.9), Lemma 2.7 and Remark 2.3, we obtain

N(r, y=o(r?), r— o0, r ¢ E. (3.9)

ZN(T 7‘7”;(2)]“(2) )+ N(r, —f”(z)f’(z) y=o(r?), r—o0, r¢FE (3.10)

p " Hj(z)ewi#” p(2)f® (= + 1)
and
v HiEe e p@F et
j:1N(7’; f"(z)f’(z))+N( ) () f(z) ) = o(r?), — o0, 1€ E. (3.11)
Let N
= max{T(r p() (= +n) r Hj(z)e“’qu . < m
Ty(r) = {r(r, () f'(2) ), T'(r, () ):1<j<m}.

Note that (1.5) implies

"H (e p)f W)
L BrE T rere "

Jj=1



Entire solutions of some type of nonlinear delay-differential equations 333
then by Lemma 2.8, (3.10) and (3.11), we obtain
Ty(r) =o(r?), r—o0, r¢E,

which implies that
p(2) [P (z +1)

T = oo

y=o(r?), r—o0, r¢ E.

This contradicts (3.2).
Case 2. Suppose that —p(2)f*¥) (2 4+ 1), Hy(2)e**" ..., H,,(2)e*m*" are linearly dependent.
Since Hy(z)e“*" ..., Hy,(2)e“m*" are linearly independent, there exist constants ¢y, ..., c,, that

are not all zero, such that
p(2)f P (z+1n) = Zc] . (3.12)
Substituting (3.12) into (1.5), we obtain

= (1= cj)Hj(2)e”*", (3.13)

j=1
Now we discuss the following two subcases.

Subcase 2.1. If at least two among 1 — ¢1,...,1 — ¢, are not zero, without loss of generality,
we assume that 1 —cq,...,1 —¢ (2 <t < m) are not zero, then by (3.13) and Lemma 2.4 there

exists a constant D3z > 0 such that

1 1
N(r,—————) = N(r,
ey U A cj>Hj<Z>e<wrwl>zq>
t
,T(r,z 1—¢j)Hj(2)e@i—1)? ) —o(r?)
j=1
> Dsr?, r — 0. (3.14)
On the other hand, using the argument similar to that of Case 1, there exists an entire function
¢2(z) such that (= cl)fl((zz))ewz . c*)gt((;))e are entire functions without common zeros,
and
1
N(r,——) =o(r?), r — oo. 3.15
) = o) (3.15)

Rewrite (3.13) in the form

f"( :

(1 —c¢j)Hj(2)e wizt
J s . (3.16)

! (2)
(l—cl)Hl(z)e“’lzq/(1—02)H2(z)e“’2;q
@2(z) #2(z)

(3.15), we obtain

Since is transcendental, by Lemmas 2.5 and 2.6, (3.16) and

N ) <N(, %) Fofr?)

<To(r) +o(r?)
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! $2(2) $2(2)
= ZNt_l(r’ (1 —c¢j)H;(z)ewi=* )+ N, WH

1 q
W) + o(Tz(r)) + o(r?)
<T(r, f"(2)f'(2)) + o(T2(r)) + o(r?)
<+ 1T (r, f(2)) +o(T2(r)) + o(r?), r—o00, r€E, (3.17)

where
1

TQ(T) = %

2
/ g (re'?)dl — uy(0),
0

o lloe | (LT G H(R)e ™"
uz2(z) = sup{log| o2) |:1<j <t}

Combining (3.17) and Lemma 2.1, we have
o(Ta(r)) Co(r?), r— o0, r ¢ E. (3.18)

Then by (3.17), (3.18), (3.6) and Ne—1(r, 7ozypzy) < Nn(rs Fzypey )» We obtain

1
N(r,—)=o0(r?), r— oo, r & E.

0 Fr5) = o0r%)

From this, Lemmas 2.7 and 2.1, we obtain
1 1
N(r,—————) < (n+ 1)N(r,—) +o(T(r, f)) = o(r?), r — o0, r & E,
O ) < (DN 7)o ) = ofr)
which contradicts (3.14).
Subcase 2.2. If only one among 1 — ¢;,...,1 — ¢, is not zero, without loss of generality, we

assume that 1 — ¢y # 0, then (3.13) reduces to the form

U2 (2) = (1 — 1) Hy(2)e*" (3.19)
We claim that only one among ci,..., ¢y, is not zero. If not, then by (3.12) and Lemma 2.4,

there exists a constant Dy > 0, such that for sufficiently large r,
1 1 1

Mo gme g 2N o T
= N(r, — 1 ) — ofr)
> ¢jHj(z)eles )"

=T(r,Y cjHj(z)e 0"y — o(r7)
j=1
> Dyrf, (3.20)

where jo € {1,...,m} such that ¢;, # 0. By (3.20), (3.19), Lemma 2.7, Remark 2.3 and Lemma
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2.1, we obtain for sufficiently large r ¢ F,

1 1
TG <N

This is a contradiction. So we have only ¢;, # 0, and (3.12) gives

Dyr? < N(r )+ o(T(r, f)) < N(r,

p(2)f ¥ (2 + ) = ¢jo Hj, (2)e0™". (3.21)

By (3.19) and (3.1), we have A(f) < o(f) = ¢. So by Hadamard’s factorization theorem, we

obtain

f(2) = p(2)e, (3.22)

where ¢(z) is an entire function satisfying o(p) = A(¢) = A(f) < ¢, a is a nonzero constant.
From (3.22), we obtain

fO2) = ¢j(2)e™", j=1,....k, (3.23)

where @;(2) = ¢}_1(2) + qaz ;1 (2)(# 0) (j = 1,...,k), wo = . Substituting (3.22) and
(3.23) into (3.19) and (3.21), respectively, we have a = ;%4 = wj,. So jo # 1. From this, (3.19),
(3.21) and (1.5), we get m = 2. Theorem 1.5 is thus proved. O

Proof of Theorem 1.9 Let f be an entire solution of Eq. (1.5) satisfying oo(f) < 1. If n > 2,

then by Lemma 2.1 we have o(f) = q. Now we discuss the case n = 1. Let G(2),A1, Az be

defined as the proof of Lemma 2.1. By (1.5) we know that

rei?) fR) (ret? + ) |
f(re??)

holds for 8 € A;. From this, Lemma 2.1 and Remark 2.3, there exists a constant D5 > 0, such

that for sufficiently large r ¢ F,

1 (rei®)] < [Grei®)] + |2

/ 1 T f (1ol 1 G
mir £ < 5 [ dogt e ian + 5 [ 1o 15

7‘](‘(@(2"‘77) m(r z o T
£+ m(rp(=) + ofT (1)

< Dsr?. (3.24)

|do

<m(r,G(2)) + m(r,

Since o(f) = o(f'), by (3.24) we have o(f) < q. If o(f) < g, then by (1.5), we obtain that

q= U(Zm:Hj(z)e”qu) <q.

P

<

This is a contradiction. So we have o(f) = g. The first result of Theorem 1.9 is thus proved.

Next we consider the case A(f) < o(f). By o(f) = ¢ and Hadamard’s factorization theorem,
we know that f(z) and f*)(2) have the form of (3.22) and (3.23), respectively. Substituting
(3.22) and (3.23) into (1.5), we obtain
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Since the orders of ¢™(2)p1(2), p(2)pr(z +n)e*(GFM =) [ (2) (j =1,...,m) are less than g,
by (3.25) and Lemma 2.9, we obtain that m = 2, {c, (n + 1)a} = {w1,w2}. Then by n < m + 1,
we have (n,m) € {(1,2),(2,2),(3,2)}. Theorem 1.9 is thus proved. O
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