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Abstract Let T', U be two Artin algebras and y Mt be a U-T-bimodule. In this paper, we get

a necessary and sufficient condition such that the formal triangular matrix algebra A = (I} J) is

(m, n)-Igusa-Todorov when y M, Mr are projective. We also study the Igusa-Todorov dimension
of A. More specifically, it is proved that

max{IT.dim 7, IT.dim U} < IT.dim A < min{max{gl.dim 7, IT.dim U}, max{gl.dim U, IT.dim T'}}.
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1. Introduction

Given an Artin algebra A, we denote by mod A the category of finitely generated left A-

modules. We recall that the finitistic dimension conjecture states that
fin.dim A := sup{pd M|pd M < oo, M € mod A}

is finite, for any Artin algebra A. It is worth mentioning that the finitistic dimension conjecture
is still open and it is one of the main problems in the representation theory of algebras. For more
information about the history of the finitistic dimension conjecture, we refer the reader to [1].
Until now, it is known that this conjecture is true for several classes of algebras, among others:
algebras with radical cube zero, monomial algebras, left serial algebras, weakly stably hereditary
algebras and special biserial algebras. A large class of algebras, containing the mentioned before,
is the class of Igusa-Todorov algebras.

The concept of n-Igusa-Todorov algebra was introducted by Wei in [2]. Tt is proved that the
finitistic dimension of Igusa-Todorov algebra is finite . Also, Wei asked the following question:
Are all artin algebras Igusa-Todorov? Conde [3] gave a counterexample by pointing out the
following fact: Let A (k™) be the exterior algebra of a vector space k™ over an uncountable field
k. Then A (k™) is not Igusa-Todorov for m > 3.
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As a generalization of n-Igusa-Todorov algebras, Zheng [4] introduced the notion of (m,n)-
Igusa-Todorov algebras, where m,n are two nonnegative integers, and then the author proved
that all algebras are (m,n)-Igusa-Todorov algebras for some m,n. Moreover, he also gave an
upper bound for the derived dimension of (m,n)-Igusa-Todorov algebras. As a consequence, a
new upper bound for the derived dimension of n-Igusa-Todorov algebra was given.

In this paper, we will study the (m,n)-Igusa-Todorov triangular matrix algebras and its

Igusa-Todorov dimension, the idea comes from [5]. Our main result is as follows.

Theorem 1.1 Let A =( 1, () be a triangular matrix algebra such that yM € add(U),
My € add(T). Then A is (m,n)-Igusa-Todorov algebra if and only if T and U are (m,n)-Igusa-

Todorov algebras. Moreover,

max{IT.dim 7, IT.dimU} < IT.dim A < min{max{gl.dim 7, IT.dim U }, max{gl.dim U,IT.dim T} }.

2. Preliminaries

In this section, we review some facts and definitions of (m,n)-Igusa-Todorov algebras, IT-

dimensions and triangular matrix algebras.
2.1. (m,n)-Igusa-Todorov algebras

Let X € modA. Given an epimorphism f : P — X in mod A such that P is a projective
cover of X in mod A, then we write Q'(X) =: ker f. Inductively, for any n > 2, we write
O(X) =: QY Q" 1(X)). In particular, we set Q1 (X) := Q(X) and Q°(X) := X.

Definition 2.1 ([2]) Let A be an artin algebra and n be a nonnegative integer. Then A is said
to be an n-Igusa-Todorov algebra if there is a module V' € mod A such that for any module M

there exists an exact sequence
0>V = Vo — Q" (M) —0,
where V; € addV for each 0 <7 < 1.

The following definition is a generalization of Definition 2.1.

Definition 2.2 ([4]) Let A be an artin algebra and m,n be nonnegative integers. Then A is
said to be an (m,n)-Igusa-Todorov algebra if there is a module V' € mod A such that for any

module M there exists an exact sequence
0=V —=Vypr—- 2>V =2V = Q" (M) =0
where V; € addV for each 0 < i < m.
For each 7 > 1, we denote
Q' (mod A) := {X | X = Q(Y) @ P for some Y € mod A and projective module P in mod A}
={X | there exists an sequence 0 - X - P, > P,_1 — -+ = P,

with projective module P; in mod A for each 0 < i < n}.
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And Q°(mod A) := mod A. Recall that A is said to be n-syzygy-finite if Q" (mod A) := add M
for some M € modA. And A is said to be syzygy finite if there exists a nonnegative integer n
such that Q"(mod A) := add M for some M € mod A. In particular, A is 0-syzygy-finite if and

only if A is representation finite type.

Definition 2.3 ([6]) Let A be an artin algebra. We set the Igusa-Todorov dimension of A as
follows

IT.dim A := inf{m | A is an (m, n)-Igusa-Todorov algebra}.

Remark 2.4 (1) An algebra A is (0,n)-Igusa-Todorov if and only if it is n-syzygy-finite if and
only if IT.dim A = 0.

(2) An algebra A is (1,n)-Igusa-Todorov if and only if it is n-Igusa-Todorov if and only if
IT.dim A < 1.

(3) (m,n)-Igusa-Todorv algebras are (m + i, n — i)-Igusa-Todorov algebras for i < n.

(4) If gl.ldim A < oo, then A is a (gl.dim A, 0)-Igusa-Todorov algebra.

Let T', U be Artin R-algebras and M be a U-T-bimodule. Then the triangular matrix algebra

()

can be defined by the ordinary operation on matrices. Let Cy be the category whose objects are
the triples (A, B, f), where A is a T-module, B is a U-module and f € Homy (M &1 A, B). The
morphisms from (A, B, f) to (4, B’, f') are pairs of («, 8) such that the following diagram

M®TAf4>B

ol |

MorA —1 . p
Diagram 1 The morphism from (4, B, f) to (A’, B', f')
commutes, where o € Homp (A, A”) and 8 € Homy (B, B').
It is well known that there exists an equivalence of categories between mod A and Cx. Hence

we can view a A-module as a triple (4, B, f) with A € modT and B € modU. Moreover, a

sequence
1,61 B
0 — (A1, By, f1) (1.8 (A2, Ba, f2) (02:8) (A3, Bs, f3) = 0

in mod A is exact if and only if
04)141&)‘422)‘43*)0

is exact in mod 7" and

0%31&32&33—)0

is exact in mod U. All indecomposable projective modules in mod A are exactly of the forms
(P,M ® P,1) and (0,Q,0), where P is an indecomposable projective T-module and @ is an

indecomposable projective U-module.
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Lemma 2.5 ([5]) Let A =( ;. (/) be a triangular matrix Artin R-algebra such that yM €
proj(U) and My € proj(T'). Then, the n-th syzygy of the A-module (A, B, f) is

O"(A,B,f) = (A M@ PL,, M®iy) & (0,2"B,0).

3. Main result

Now, we can prove our main theorem.

Theorem 3.1 Let A =( 1, () be a triangular matrix Artin R-algebra such that y M € add(U),
My € proj(T'). Then A is (m,n)-Igusa-Todorov algebra if and only if both T and U are (m,n)-

Igusa-Todorov algebras.

Proof Assume that T and U are (m,n)-Igusa-Todorov algebras. Indeed, let (A, B, f) € mod A.

Hence we have the following two exact sequences
0=V =2 Viyor—= =2V =Q"A=0
and
0=>Wp =>Whpo1— - =>Wy—= Q"B =0
with V; € add(V) and W; € add(W), i =0,1,2,...,m.
Now, set K; := Ker(V; — V;_1) and L; := Ker(W; — W,;_1),0 <i<m—1, K;,_1 :=Vp,
and L,,_1 := W,,.

Consider the exact sequences,
l(? p(‘? n l(? p(? n
0—Ky—Vy—Q"A—0, 0— Ly — Wy — Q"B —0.

We have the following commutative diagram,

Mol M®pg
0—— M ® Ky MVy————>MQ"A— >0

o l (e ) l (weiz)

'
0 Lo Wo® (M®PL,) —=Q"B& (M@ Pt )—=0

(%) (46 9)

Diagram 2 The construction of morphism ko

where kg is induced by the universal property of kernel. It implies 153 ko = 0 and hence kg = 0.

Thus, we construct the following exact and commutative diagram

Mol Mepy
00— M ® K M ® Vy MO"4 —=0

0 0 0
l(M@lé‘) l<M®;ﬁf’3> l(M@i;?)
0——=Lod (M V) —=Wod(MePL ) (M V) —= Q"B (M ® P2 ) ——=0

15 0 (p{foo
00 010
01

Diagram 3 The construction of morphism <M(§>l§ )
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we obtain the exact sequence of A-modules
0
0— (Ko Loe M@ W), (1l ) — (vo, Woa (Ma PA Yo (M V), <M®i3pg >)
1
— (Q”A, O"Ba (M e PA ), (MgiA )) —0.
From the preceding exact sequence, we consider the exact sequences,
A a
OHKl—l)Vl 41)K0—>0
and
1 m
0— Ly — Wy — Ly — 0.
We have the following commutative diagram,

MLt M
M ® K, M®WV M ® Ky

0
l(M(%lf) l<M®7lff‘lé‘> l(M%l?)
0O—LidMeWV)——=W1aMaV)e(MeV)) —=Lo® (M ®Vy) —=0

I o 00
00 010
01

Diagram 4 The construction of morphism (MQ%Z{‘ )

0 0

In order to prove the result, we proceed by induction. Therefore, we have the following exact

and commutative diagram

MeIA Menf
0— = MQK; MeV; MoKy ——0

0 o . 0
l(M@l;“) l(wa li71> l(M@lf1>
0—>Li@(M®VZ—)—BO>W1-@(M®%4)@(M®%)—>LH@(M®VH)—>0

5 (ﬁoo)
00 010

01

Diagram 5 The construction of morphism (M(;lA )
And we have the following exact sequence

0
0— (KL & (M eV, (Méog)l;“ )) — <%,Wi &M@ Vi) @ (M V), <M®w1;f‘l?1 >)

—_ (Kifl,Lifl () (M ® ‘/;',1), (M®Ol‘:_471 )) — 0.
Thus, we have a long exact sequence

0— (Vm,Wm & (M Vy—_1), (M®(1Jf,§,1 ))

0
— (le,Wml OMRVy—2)® (M V1), <M®w:1132>>
1

0
— (Vm27 Wm72 (S¥) (M X meg) D (M ® Vm,2)7 <M®7T;?L2l;31,3)> R
1
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0
— (Wmoe (o pt e 0re V), (vein ))
1

— (Q”A, O"Ba (M e PA ), (MgiA )) —0.

Define C := @,_, (V. We&M&M®V, h;), where hy, ha, ..., h, are R-generators of Homy (M ®
V,W & M). Tt follows that A is (m,n)-Igusa-Todorov algebra.

Conversely, suppose that A is (m,n)-Igusa-Todorov algebra. Let us prove that T is an
(m, n)-Igusa-Todorov algebra. Indeed, there exists a module (X, Y, f) € mod A such that for any
A € modT, since A is an (m,n)-Igusa-Todorov algebra, there is an exact sequence of A-modules

0— (Xm7Ym7 fm) — (Xm—la Ym—h fm—l) — (X07Yb7 fO)
= (MAMRPA  M®id) =0
with (X;,Y;, fi) € add(X,Y, f). In particular, we get the exact sequence

0> Xm—=>Xmo1— > Xg—Q"A—-0
of T-modules with X; € add X. Then T is (m, n)-Igusa-Todorov algebra.
We assert that U is an (m,n)-Igusa-Todorov algebra. There exists a module (X,Y, f) €
mod A such that for any B € mod U, there is an exact sequence
0—(0,Y,,,0) — (0,Y;,—1,0) = - - — (0,Y5,0) — (0,Q"B,0) — 0
with (0,Y;,0) € add(X,Y, f). Hence, we get the exact sequence
0=-Y,—=>Yh 11— =>Yy—>Q"B—=0

with ¥; € addY. Then U is (m, n)-Igusa-Todorov algebra. O

Lemma 3.2 Let A =( 1. () be a triangular matrix Artin R-algebra such that yM € add(U),
My € proj(T). Then

max{IT.dim7T,IT.dimU} < IT.dim A < max{gl.dim7,IT.dim U}.

Proof Let t = max{gl.dim7,IT.dimU}. We can assume ¢ < oo, IT.dimU = m < t and U

is an (m,n)-Igusa-Todorov algebra. By Remark 2.4, T is (t,0)-Igusa-Todorov. Therefore, T

and U are (t,n)-Igusa-Todorov. Theorem 3.1 implies A is a (¢, n)-Igusa-Todorov algebra. So,

IT.dim A < max{gl.dim 7, IT.dim U}. max{IT.dim 7, IT.dim U} < IT.dim A is obvious. O
Similarly, we can prove IT.dim A < max{gl.dim U,IT.dim T'}. Thus we have

Theorem 3.3 Let A =( 1, () be a triangular matrix Artin R-algebra such that y M € add(U),
My € proj(T). Then
max{IT.dim 7, IT.dimU} < IT.dim A < min{max{gl.dim 7", IT.dim U }, max{gl.dim U,IT.dim T} }.

Remark 3.4 Let A =( ;. ) be a triangular matrix Artin R-algebra such that ¢y M € add(U)
and My € add(T). By [5], IT.dimT = IT.dimU = 0 if and only if IT.dim A = 0. Moreover,
max{IT.dim 7, IT.dimU} = 1 if and only if IT.dim A = 1.

Putting U = M =T in Theorem 3.3, we have the following Corollary.
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Corollary 3.5 Let T be an Artin algebra and A =(1 9). Then

T
T
IT.dim7T < IT.dim A < gl.dimT.

Corollary 3.6 Let A =( 1, ) bea triangular matrix Artin R-algebra such that yM € add(U)
and My € add(T). If T is semisimple, then

IT.dim A = IT.dim U.

Let k be a field. Given a finite dimensional k-algebra U and a U-module 7M. Recall that

the special matrix algebra A :( & 8) is said to be the one-point extension of U by M.

Corollary 3.7 Let U be a finite dimensional k-algebra and A be the one-point extension of U
by a projective U-module M. Then

IT.dim A = IT.dim U.
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