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Abstract In this paper, we consider compatible Hom-Lie triple systems. More precisely, com-

patible Hom-Lie triple systems are characterized as Maurer-Cartan elements in a suitable bidif-

ferential graded Lie algebra. We also define a cohomology theory for compatible Hom-Lie triple

systems. As applications of cohomology, we study linear deformations and abelian extensions of

compatible Hom-Lie triple systems.
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1. Introduction

The notion of Lie triple systems first appeared in Cartan’s work [1] on Riemannian geometry.

Since then, in [2, 3], Jacobson studied Lie triple systems from Jordan theory and quantum me-

chanics. After that, Lie triple systems have important applications in physics, such as quantum

mechanics theory, elementary particle theory and numerical analysis of differential equations.

The representation theory, deformation theory, cohomology and related properties of Lie triple

systems can be found in [4–6]. As a Hom-type algebra [7] generalization of a Lie triple system,

the notion of Hom-Lie triple systems was introduced by Yau in [8]. Later, Ma et al. considered

cohomology and 1-parameter formal deformation of Hom-Lie triple systems in [9]. The authors

have studied the relative Rota-Baxter operators on Hom-Lie triple systems in [10, 11]. The rep-

resentation, cohomology and abelian extension of modified λ-differential Hom-Lie triple systems

are investigated in [12].

Received November 6, 2023; Accepted February 18, 2024
Supported by the Scientifc Research Foundation for Advanced Talents of GUFE (Grant No. 2022YJ007), the Inno-

vation Exploration and Academic Talent Project of GUFE (Grant No. 2022XSXMB11), the Science and Technolo-
gy Program of Guizhou Province (Grant Nos. QKHZC[2023]372; QKHJC-[2024]QN081), the Research Foundation

for Science & Technology Innovation Team of Guizhou Province (Grant Nos. QJJ[2023]063; QJJ[2024]190), and

the Doctoral Research Start-Up Fundation of Guiyang University (Grant No.GYU-KY-2024).
* Corresponding author

E-mail address: tengwen@mail.gufe.edu.cn (Wen TENG)



634 Wen TENG, Fengshan LONG, Hui ZHANG and et al.

The purpose of this paper is to study the compatible Hom-Lie triple system, which is a pair

of Hom-Lie triple systems, so that the linear combination of their algebraic structures is also a

Hom-Lie triple system. Compatible algebraic structures have been widely used in various fields of

mathematics and mathematical physics. For example, in the study of bi-Hamiltonian mechanics,

the concept of compatibility of two Poisson structures on manifolds was introduced from a

mathematical perspective [13, 14]. Recently, compatible algebraic structures have been widely

studied, such as compatible Lie algebras [15], compatible L∞-algebras [16], compatible pre-Lie

algebras [17], compatible associative algebras [18], compatible Lie triple systems [19], compatible

3-Lie algebras [20], compatible Hom-Lie algebras [21] and compatible Hom-Leibniz algebras [22].

Motivated by these works, in this paper, we study the cohomology, linear deformations and

abelian extensions of compatible Hom-Lie triple systems.

The paper is organized as follows. In Section 2, we introduce the notion of compatible Hom-

Lie triple systems and give the bidifferential graded Lie algebra whose Maurer-Cartan elements

are compatible Hom-Lie triple system structures. In Section 3, we introduce the cohomology of

a compatible Hom-Lie triple system with coefficients in a representation. In Section 4, we study

linear deformations of a compatible Hom-Lie triple system. We introduce Nijenhuis operators

that generate trivial linear deformations. In Section 5, we study abelian extensions of compatible

Hom-Lie triple systems and give a classification of equivalence classes of abelian extensions.

Throughout this paper, K denotes a field of characteristic zero. All the vector spaces and

(multi)linear maps are taken over K.

2. Maurer-Cartan characterizations of compatible Hom-Lie triple sys-

tems

In this section, we recall concepts of Hom-Lie triple systems from [8] and [9]. Then we

introduce the notion of compatible Hom-Lie triple systems and give the bidifferential graded Lie

algebra whose Maurer-Cartan elements are compatible Hom-Lie triple system structures. We

also construct the bidifferential graded Lie algebra governing deformations of a compatible Hom-

Lie triple system.

Definition 2.1 ([8]) (i) A Hom-Lie triple system (Hom-Lts) is a vector space g together with

a trilinear operation [−,−,−]g on g and a linear map αg : g → g, satisfying αg([x, y, z]g) =

[αg(x), αg(y), αg(z)]g such that

[x, y, z]g + [y, x, z]g = 0, (2.1)

	x,y,z [x, y, z]g = 0, (2.2)

[αg(a), αg(b), [x, y, z]g]g = [[a, b, x]g, αg(y), αg(z)]g + [αg(x), [a, b, y]g, αg(z)]g+

[αg(x), αg(y), [a, b, z]g]g, (2.3)

where x, y, z, a, b ∈ g and 	x,y,z denotes the summation over the cyclic permutations of x, y, z,

that is 	x,y,z [x, y, z]g = [x, y, z]g + [z, x, y]g + [y, z, x]g. A Hom-Lie triple system as above
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may be denoted by the triple (g, [−,−,−]g, αg). In particular, the Hom-Lie triple system

(g, [−,−,−]g, αg) is said to be regular, if αg is nondegenerate.

(ii) A homomorphism between two Hom-Lie triple systems (g1, [−,−,−]1, α1) and (g2, [−,−,

−]2, α2) is a linear map ϕ : g1 → g2 satisfying

ϕ(α1(x)) = α2(ϕ(x)), ϕ([x, y, z]1) = [ϕ(x), ϕ(y), ϕ(z)]2, ∀x, y, z ∈ g1.

Remark 2.2 (i) Let (g, [−,−]g, αg) be a Hom-Lie algebra. Then (g, [−,−,−]g, αg) is a Hom-Lie

triple system, where [x, y, z]g = [[x, y]g, αg(z)]g, ∀x, y, z ∈ g.

(ii) A Hom-Lie triple system (g, [−,−,−]g, αg) with αg = idg is nothing but a Lie triple

system.

Definition 2.3 ([9]) A representation of a Hom-Lie triple system (g, [−,−,−]g, αg) on a Hom-

vector space (V, β) is a bilinear map θ : g× g → End(V ), such that for all x, y, a, b ∈ g

θ(αg(x), αg(y)) ◦ β = β ◦ θ(x, y), (2.4)

θ(αg(a), αg(b))θ(x, y) − θ(αg(y), αg(b))θ(x, a) − θ(αg(x), [y, a, b]g) ◦ β+

D(αg(y), αg(a))θ(x, b) = 0, (2.5)

θ(αg(a), αg(b))D(x, y) −D(αg(x), αg(y))θ(ab) + θ([x, y, a]g, αg(b)) ◦ β+

θ(αg(a), [x, y, b]g) ◦ β = 0, (2.6)

where D(x, y) = θ(y, x) − θ(x, y). We also denote a representation of g on (V, β) by (V, β; θ).

Proposition 2.4 ([9]) Let (V, β; θ) be a representation of a Hom-Lie triple system (g, [−,−,−]g,

αg). Define a trilinear operation [−,−,−]⋉ : (g⊕ V )⊗ (g⊕ V )⊗ (g⊕ V ) → g⊕ V and a linear

map αg ⊕ β : g⊕ V → g⊕ V by

[(a, u), (b, v), (c, w)]⋉ = ([a, b, c]g, D(a, b)w + θ(b, c)u− θ(a, c)v),

αg ⊕ β(a, u) = (αg(a), β(u)), for (a, u), (b, v), (c, w) ∈ g⊕ V.

Then (g⊕V, [−,−,−]⋉, αg⊕β) is a Hom-Lie triple system. This Hom-Lie triple system is called

the semi-product Hom-Lie triple system and denoted by g⋉ V .

Next we recall the cohomology theory on Hom-Lie triple systems given in [9]. Let (V, β; θ) be

a representation of a Hom-Lie triple system (g, [−,−,−]g, αg). Denote the n-cochains of g with

coefficients in V by

C1
HLts(g, V ) := {f ∈ Hom(g, V ) | β(f(a)) = f(αg(a))},

Cn+1
HLts(g, V ) :=

{
f ∈ Hom(

n times︷ ︸︸ ︷
∧2g⊗ · · · ⊗ ∧2g⊗g, V ) | β ◦ f = f ◦ (α∧2

g
⊗ · · · ⊗ α∧2

g
⊗ αg),

f(a1 ∧ b1, . . . , an−1 ∧ bn−1, a, b, c) + f(a1 ∧ b1, . . . , an−1 ∧ bn−1, b, a, c) = 0,

	a,b,c f(a1 ∧ b1, . . . , an−1 ∧ bn−1, a, b, c) = 0
}
.

The coboundary operator δ : Cn
HLts(g, V ) → Cn+1

HLts(g, V ) is denoted by

δf(A1, . . . ,An, c)
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= θ(αn−1
g

(bn), α
n−1
g

(c))f(A1, . . . ,An−1an)− θ(αn−1
g

(an), α
n−1
g

(c))f(A1, . . . ,An−1, bn)+
n∑

i=1

(−1)i+nD(αn−1
g

(ai), α
n−1
g

(bi))f(A1, . . . , Âi, . . . ,An . . . , c)+

n∑

i=1

n∑

j=i+1

(−1)i+n+1f(αg(A1), . . . , Âi, . . . , [ai, bi, aj ]g ∧ αg(bj) + αg(aj) ∧ [ai, bi, bj]g, . . . ,

αg(An), αg(c)) +

n∑

i=1

(−1)i+n+1f(αg(A1), . . . , Âi, . . . , αg(An), [ai, bi, c]g),

where Ai = ai ∧ bi ∈ ∧2g, 1 ≤ i ≤ n, c ∈ g, f ∈ Cn
HLts(g, V ), αg(Ai) = αg(ai) ∧ αg(bi).

Remark 2.5 The cochain complex of (g, [−,−,−]g, αg) with coefficients in (V, β; θ) is adapted

from [9]. There the coboundary operator δhom has degree 2 sending Cn
αg,β

(g, V ) to Cn+2
αg,β

(g, V ),

where

Cn
αg,β

(g, V ) :=
{
f ∈ Hom(

n times︷ ︸︸ ︷
g× · · · × g, V ) | β(f(x1, . . . , xn)) = f(αg(x1), . . . , αg(xn)),

f(x1, . . . , x, x, xn) = 0, 	x,y,z f(x1, . . . , xn−3, x, y, z) = 0
}
.

The present paper gives the different n-th cochains. In particular, the coboundary operator δ

has degree 1.

Let (g, αg) be a Hom-vector space. For each n ≥ 1, consider the spaces Cn
H(g, g) by

C1
H(g, g) :={f ∈ Hom(g, g) | αg(f(a)) = f(αg(a))},

Cn+1
H (g, g) :=

{
f ∈ Hom(

n times︷ ︸︸ ︷
∧2g⊗ · · · ⊗ ∧2g⊗g, g) | αg ◦ f = f ◦ (α∧2

g
⊗ · · · ⊗ α∧2

g
⊗ αg),

f(a1 ∧ b1, . . . , an−1 ∧ bn−1, a, b, c) + f(a1 ∧ b1, . . . , an−1 ∧ bn−1, b, a, c) = 0
}
.

Then the graded vector space C∗+1
H (g, g) = ⊕+∞

n=0C
n+1
H (g, g) carries a graded Lie bracket defined

as follows. For P ∈ C
p+1
H (g, g) and Q ∈ C

q+1
H (g, g), the bracket [P,Q]Hlts ∈ C

p+q+1
H (g, g) given

by [P,Q]Hlts = P ⋄Q− (−1)pqQ ⋄ P , where

P ⋄Q(A1, . . . ,Ap+q, c)

=
∑

σ∈S(p,q)

(−1)pq+σP (αn
g
(Aσ(1)), . . . , α

n
g
(Aσ(p)), Q(Aσ(p+1), . . . ,Aσ(p+q), c))+

p∑

k=1

∑

σ∈S(k−1,q)

(−1)(k−1)q+σP (αn
g
(Aσ(1)), . . . , α

n
g
(Aσ(k−1)), α

n
g
(ak+q)∧

Q(Aσ(k), . . . ,Aσ(k+q−1), bk+q) +Q(Aσ(k), . . . ,Aσ(k+q−1), ak+q)∧

αn
g
(bk+q), α

n
g
(Ak+q+1), . . . , α

n
g
(Ap+q), α

n
g
(c))

for any Ai = ai ∧ bi ∈ ∧2g, i = 1, . . . , p + q, c ∈ g, where αn
g
(Ai) = αn

g
(ai) ∧ αn

g
(bi), S(i,n−i)

denotes the set of (i, n − i)-unshuffles, i.e., the permutation σ ∈ Sn satisfies σ(1) < · · · < σ(i)

and σ(i + 1) < · · · < σ(n).

It is important to note that the coboundary operator for the cohomology of the Hom-Lie
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triple system (g, [−,−,−]g, αg) with coefficients in itself is simply given by

δf = (−1)n−1[π, f ]Hlts, ∀ f ∈ Cn
H(g, g),

where π corresponds to the Hom-Lie triple system bracket [−,−,−]g.

Proposition 2.6 Assume that π ∈ C2
H(g, g) satisfies 	a,b,c π(a, b, c) = 0, ∀ a, b, c ∈ g. Then

(g, π, αg) is a Hom-Lie triple system if and only if π is a Maurer-Cartan element of the graded

Lie algebra (C∗
H(g, g), [−,−]Hlts), i.e., [π, π]Hlts = 0.

Proof Let π ∈ C2
H(g, g). We have

π ⋄ π(A1,A2, c) =− π(αg(A1), π(A2, c)) + π(αg(a2) ∧ π(A1, b2), αg(c))+

π(π(A1, a2) ∧ αg(b2), αg(c)) + π(αg(A2), π(A1, c)),

which implies that π defines a Hom-Lie triple system structure on g if and only if [π, π]Hlts = 0. 2

Now, we recall some known results on bidifferential graded Lie algebras given in [15].

Definition 2.7 ([15]) A differential graded Lie algebra is a triple (g = ⊕+∞
i=0 g

i, [−,−], d) con-

sisting of a graded Lie algebra (g = ⊕+∞
i=0 g

i, [−,−]) and a differential d : g → g satisfying

d(gk) ⊆ gk+1 and

d[a, b] = [da, b] + (−1)k[a, db], ∀ a, b ∈ gk.

In particular, any graded Lie algebra is a differential graded Lie algebra with d = 0. Furthermore,

an element π ∈ g1 is called a Maurer-Cartan element of the differential graded Lie algebra

(g = ⊕+∞
i=0 g

i, [−,−], d) if it satisfies dπ + 1
2 [π, π] = 0.

Definition 2.8 ([15]) Let (g = ⊕+∞
i=0 g

i, [−,−], d1) and (g = ⊕+∞
i=0 g

i, [−,−], d2) be two differential

graded Lie algebras. The quadruple (g = ⊕+∞
i=0 g

i, [−,−], d1, d2) is called a bidifferential graded

Lie algebra if d1 and d2 satisfy

d1 ◦ d2 + d2 ◦ d1 = 0.

Definition 2.9 ([15]) Let (g = ⊕+∞
i=0 g

i, [−,−], d1, d2) be a bidifferential graded Lie algebra. A

pair (π1, π2) ∈ g1 ⊕ g1 is said to be a Maurer-Cartan element of the bidifferential graded Lie

algebra (g, [−,−], d1, d2), if π1 and π2 are Maurer-Cartan elements of the differential graded Lie

algebras (g, [−,−], d1) and (g, [−,−], d2), respectively, and d1π2 + d2π1 + [π1, π2] = 0.

Proposition 2.10 ([15]) Let (g, [−,−], d1, d2) be a bidifferential graded Lie algebra and (π1, π2)

be its Maurer-Cartan element. Then (g, [−,−], d̃1, d̃2) is a bidifferential graded Lie algebra, where

d̃1 and d̃2 are given by

d̃1µ = d1µ+ [π1, µ], d̃2µ = d1µ+ [π2, µ], ∀µ ∈ g.

Moreover, for all π̃1, π̃2 ∈ g1, (π1 + π̃1, π2 + π̃2) is a Maurer-Cartan element of the bidifferential

graded Lie algebra (g, [−,−], d1, d2) if and only if the pair (π̃1, π̃2) is a Maurer-Cartan element

of the bidifferential graded Lie algebra (g, [−,−], d̃1, d̃2).
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Next we introduce the concept of a compatible Hom-Lie triple system and provide its Maurer-

Cartan characterization. We also define the representation of a compatible Hom-Lie triple system.

Definition 2.11 A compatible Hom-Lie triple system is a quadruple (g, [−,−,−]1
g
, [−,−,−]2

g
,

αg) in which (g, [−,−,−]1
g
, αg) and (g, [−,−,−]2

g
, αg) are Hom-Lie triple system satisfying

[αg(a), αg(b), [x, y, z]
2
g
]1
g
+ [αg(a), αg(b), [x, y, z]

1
g
]2
g

= [[a, b, x]1
g
, αg(y), αg(z)]

2
g
+ [[a, b, x]2

g
, αg(y), αg(z)]

1
g
+ [αg(x), [a, b, y]

1
g
, αg(z)]

2
g
+

[αg(x), [a, b, y]
2
g
, αg(z)]

1
g
+ [αg(x), αg(y), [a, b, z]

1
g
]2
g
+ [αg(x), αg(y), [a, b, z]

2
g
]1
g
. (2.7)

A homomorphism between two compatible Hom-Lie triple systems (g1, [−,−,−]1
g1
, [−,−,−]2

g1
,

α1) and (g2, [−,−,−]1
g2
, [−,−,−]2

g2
, α2) is a linear map ϕ : g1 → g2 satisfying

ϕ(α1(x)) = α2(ϕ(x)), ϕ([x, y, z]i
g1
) = [ϕ(x), ϕ(y), ϕ(z)]i

g2
for i = 1, 2 and x, y, z ∈ g1.

Furthermore, if ϕ is nondegenerate, then ϕ is called an isomorphism from g1 to g2.

Example 2.12 Let g be a 2-dimensional vector space with a basis {ε1, ε2}. If we define two
non-zero trilinear operations [−,−,−]1

g
, [−,−,−]2

g
and a linear map αg on g as follows

[ε1, ε2, ε1]
1

g = ε1, [ε1, ε2, ε2]
1

g = −ε2, [ε1, ε2, ε1]
2

g = −ε2, [ε1, ε2, ε2]
2

g = ε1, αg(ε1) = ε1, αg(ε2) = −ε2,

then (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) is a 2-dimensional compatible Hom-Lie triple system.

Example 2.13 Let g be a 3-dimensional vector space with a basis {ε1, ε2, ε3}. Define two

non-zero trilinear operations [−,−,−]1
g
, [−,−,−]2

g
and a linear map αg on g by

[ε1, ε2, ε2]
1
g
= ε3, [ε2, ε1, ε2]

2
g
= −ε3, αg(ε1) = −ε1, αg(ε2) = ε2, αg(ε3) = −ε3.

Then (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) is a 3-dimensional compatible Hom-Lie triple system.

Example 2.14 Let (V, β; θ) be a representation of a Hom-Lie triple system (g, [−,−,−]g, αg).

Given a 2-cocycle f ∈ C2
HLts(g, V ), there exists a Hom-Lie triple system structure on the direct

sum g⊕ V that is defined by

[(a, u), (b, v), (c, w)]⋉+f = ([a, b, c]g, D(a, b)w + θ(b, c)u − θ(a, c)v + f(a, b, c)),

αg ⊕ β(a, u) = (αg(a), β(u)) for all a, b, c ∈ g, u, v, w ∈ V.

This Hom-Lie triple system is called the f -twisted semi-direct product Hom-Lie triple system.

Moreover, the quadruple (g⊕V, [−,−,−]⋉, [−,−,−]⋉+f , αg ⊕ β) is a compatible Hom-Lie triple

system, where [−,−,−]⋉ is given by Proposition 2.4.

The proof of the following proposition is straightforward.

Proposition 2.15 A quadruple (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) is a compatible Hom-Lie triple

system if and only if ([−,−,−]1
g
, αg) and ([−,−,−]2

g
, αg) are Hom-Lie triple system structures

on g such that for any k1, k2 ∈ K, the new trilinear operation

{−,−,−}g = k1[−,−,−]1
g
+ k2[−,−,−]2

g

define the Hom-Lie triple system structure on Hom-vector space (g, αg).
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In other words, Proposition 2.15 gives an equivalent definition of the compatible Hom-Lie

triple system.

Proposition 2.16 Assume that πi ∈ C2
H(g, g) satisfies	a,b,c πi(a, b, c) = 0 for i = 1, 2, a, b, c ∈ g.

Then (g, π1, π2, αg) is a compatible Hom-Lie triple system if and only if (π1, π2) is a Maurer-

Cartan element of the bidifferential graded Lie algebra (C∗
H(g, g), [−,−]Hlts, d1 = 0, d2 = 0).

Proof Let π1, π2 ∈ C2
H(g, g). Then we have

π1 defines a Hom-Lie triple system structure ⇔ [π1, π1]Hlts = 0,

π2 defines a Hom-Lie triple system structure ⇔ [π2, π2]Hlts = 0,

compatibility equation (2.7) ⇔ [π1, π2]Hlts = 0.

Therefore, (g, π1, π2, αg) is a compatible Hom-Lie triple system if and only if (π1, π2) is a Maurer-

Cartan element of the bidifferential graded Lie algebra (C∗
H(g, g), [−,−]Hlts, d1 = 0, d2 = 0). 2

So, from Propositions 2.10 and 2.16, we get the following conclusion.

Proposition 2.17 Let (g, π1, π2, αg) be a compatible Hom-Lie triple system. Then

(i) (C∗
H(g, g), [−,−]Hlts, dπ1

, dπ2
) is a bidifferential graded Lie algebra, where dπ1

Q = [π1, Q]Hlts,

dπ2
Q = [π2, Q]Hlts, ∀Q ∈ C

p
H(g, g).

(ii) For all π̃1, π̃2 ∈ C2
H(g, g) satisfying 	a,b,c π̃i(a, b, c) = 0, ∀a, b, c ∈ g, i = 1, 2, the quadruple

(g, π1 + π̃1, π2+ π̃2, αg) is a compatible Hom-Lie triple system if and only if (π̃1, π̃2) is a Maurer-

Cartan element of the bidifferential graded Lie algebra (C∗
H(g, g), [−, −]Hlts, dπ1

, dπ2
).

Next, we define representations of a compatible Hom-Lie triple system.

Definition 2.18 A representation of the compatible Hom-Lie triple system (g, [−,−,−]1
g
,

[−,−,−]2
g
, αg) consists of a quadruple (V, β; θ1, θ2) such that

(i) (V, β; θ1) is a representation of the Hom-Lie triple system (g, [−,−,−]1
g
, αg);

(ii) (V, β; θ2) is a representation of the Hom-Lie triple system (g, [−,−,−]2
g
, αg);

(iii) for any a1, a2, a3, a4 ∈ g, the following compatibility equations hold:

θ1(αg(a1), [a2, a3, a4]
2
g
) ◦ β + θ2(αg(a1), [a2, a3, a4]

1
g
) ◦ β + θ1(αg(a2), αg(a4))θ2(a1, a3)+

θ2(αg(a2), αg(a4))θ1(a1, a3)− θ1(αg(a3), αg(a4))θ2(a1, a2)− θ2(αg(a3), αg(a4))θ1(a1, a2)−

D1(αg(a2), αg(a3))θ2(a1, a4)−D2(αg(a2), αg(a3))θ1(a1, a4) = 0, (2.8)

D1(αg(a3), [a1, a2, a4]
2
g
) ◦ β +D2(αg(a3), [a1, a2, a4]

1
g
) ◦ β +D1([a1, a2, a3]

2
g
, αg(a4)) ◦ β+

D2([a1, a2, a3]
1
g
, αg(a4)) ◦ β −D1(αg(a1), αg(a2))D2(a3, a4) +D2(αg(a3), αg(a4))D1(a1, a2)+

D1(αg(a3), αg(a4))D2(a1, a2)−D2(αg(a1), αg(a2))D1(a3, a4) = 0, (2.9)

θ1(αg(a3), αg(a4)) ◦D2(a1, a2) + θ2(αg(a3), αg(a4)) ◦D1(a1, a2) + θ1([a1, a2, a3]
2
g
, αg(a4)) ◦ β+

θ2([a1, a2, a3]
1
g
, αg(a4)) ◦ β −D1(αg(a1), αg(a2))θ2(a3, a4)−D2(αg(a1), αg(a2))θ1(a3, a4)+

θ1(αg(a3), [a1, a2, a4]
2
g
) ◦ β + θ2(αg(a3), [a1, a2, a4]

1
g
) ◦ β = 0, (2.10)

where Dk(ai, aj) = θk(aj , ai)− θk(ai, aj), k = 1, 2.
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It follows that any compatible Hom-Lie triple system (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) is a rep-

resentation of itself, where V = g, θ1(a, b)c = [c, a, b]1
g
, θ2(a, b)c = [c, a, b]2

g
and β = αg. This is

called the adjoint representation.

Remark 2.19 Let (V, β; θ1, θ2) be a representation of a compatible Hom-Lie triple system

(g, [−,−,−]1
g
, [−,−,−]2

g
, αg). Then (V, β; k1θ1 + k2θ2) is a representation of the Hom-Lie triple

system (g, k1[−,−,−]1
g
+ k2[−,−,−]2

g
, αg).

It is similar to the standard case that the following proposition is proved.

Proposition 2.20 Let (V, β; θ1, θ2) be a representation of a compatible Hom-Lie triple system

(g, [−,−,−]1
g
, [−,−,−]2

g
, αg). Define two trilinear operations [−,−,−]1

⋉
, [−,−,−]2

⋉
: ∧2(g⊕V )⊗

(g⊕ V ) → g⊕ V and a linear map αg ⊕ β : g⊕ V → g⊕ V by

[(a, u), (b, v), (c, w)]1⋉ = ([a, b, c]1
g
, D1(a, b)w + θ1(b, c)u− θ1(a, c)v),

[(a, u), (b, v), (c, w)]2
⋉
= ([a, b, c]2

g
, D2(a, b)w + θ2(b, c)u− θ2(a, c)v),

αg ⊕ β(a, u) = (αg(a), β(u))

for any (a, u), (b, v), (c, w) ∈ g ⊕ V . Then (g ⊕ V, [−,−,−]1⋉, [−,−,−]2⋉, αg ⊕ β) is a compati-

ble Hom-Lie triple system. This compatible Hom-Lie triple system is called the semi-product

compatible Hom-Lie triple system and denoted by g⋉1
2 V .

3. Cohomology of compatible Hom-Lie triple systems

In this section, we introduce the cohomology of a compatible Hom-Lie triple system with

coefficients in a representation by using the construction method in [15, 21].

Next, we always assume that (V, β; θ1, θ2) is a representation of a compatible Hom-Lie triple

system (g, [−,−,−]1
g
, [−,−,−]2

g
, αg).

Let δ1 : Cn
HLts(g, V ) → Cn+1

HLts(g, V ) (resp., δ2 : Cn
HLts(g, V ) → Cn+1

HLts(g, V )) for n ≥ 1, be the

coboundary operator for the cohomology of the Hom-Lie triple system (g, [−,−,−]1
g
, αg) with

coefficients in the representation (V, β; θ1) (resp., of the Hom-Lie triple system (g, [−,−,−]2
g
, αg)

with coefficients in the representation (V, β; θ2)). Then, we have (δ1)
2 = 0 and (δ2)

2 = 0.

Next we consider the semidirect product compatible Hom-Lie triple system structure on

g ⊕ V given in Proposition 2.20. Notice that any map f ∈ Cn−1
HLts(g, V ) can be lifted to a map

f̃ ∈ Cn−1
H (g⊕ V, g⊕ V ) by

f̃((A1,V1), . . . , (An−1,Vn−1), (c, u)) = (0, f(A1, . . . ,An−1, c))

for any Ai = ai ∧ bi ∈ ∧2g,Vi = ui ∧ vi ∈ ∧2V, c ∈ g, u ∈ V . Then f = 0 if and only if f̃ = 0.

We denote by π1, π2 ∈ C2
H(g ⊕ V, g ⊕ V ) the elements corresponding to the Hom-Lie triple

system structures [−,−,−]1
⋉
and [−,−,−]2

⋉
on g⊕ V , respectively. Let

δ̃1 : Cn
H(g⊕ V, g⊕ V ) → Cn+1

H (g⊕ V, g⊕ V ),

δ̃2 : Cn
H(g⊕ V, g⊕ V ) → Cn+1

H (g⊕ V, g⊕ V )
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denote respectively the coboundary operator for the cohomology of the Hom-Lie triple system

(g⊕ V, π1, αg ⊕ β) (resp., of the Hom-Lie triple system (g⊕ V, π2, αg ⊕ β) ) with coefficients in

itself. Further, for any f ∈ Cn−1
HLts(g, V ), we have

δ̃1f = δ̃1(f̃) = (−1)n−1[π1, f̃ ]Hlts, δ̃2f = δ̃2(f̃) = (−1)n−1[π2, f̃ ]Hlts.

Then, we have the following conclusion.

Lemma 3.1 The coboundary operators δ1 and δ2 satisfy the following compatibility

δ1 ◦ δ2 + δ2 ◦ δ1 = 0.

Proof For any f ∈ Cn−1
HLts(g, V ), we have

˜(δ1 ◦ δ2 + δ2 ◦ δ1)(f) = ˜δ1(δ2f) + ˜δ2(δ1f) = (−1)n[π1, δ̃2f ]H + (−1)n[π2, δ̃1f ]H

= −[π1, [π2, f̃ ]H]H − [π2, [π1, f̃ ]H]H = −[[π1, π2]H, f̃ ]H + [π2, [π1, f̃ ]H]H − [π2, [π1, f̃ ]H]H

= 0.

Hence the result follows. 2

Next, we define the cohomology of a compatible Hom-Lie triple system (g, [−,−,−]1
g
, [−,−,−]2

g
,

αg) with coefficients in a represenation (V, β; θ1, θ2). For each n ≥ 1, we define the set of

n-cochains by

Cn
cHLts(g, V ) :=

n times︷ ︸︸ ︷
Cn
HLts(g, V )⊕ · · · ⊕ Cn

HLts(g, V ) .

Define a linear map δc : C
n
cHLts(g, V ) → Cn+1

cHLts(g, V ) for n ≥ 1 by

if f ∈ C1
cHLts(g, V ), δcf = (δ1f, δ2f),

if (f1, . . . , fn) ∈ Cn
cHLts(g, V ), n ≥ 2, 2 ≤ i ≤ n− 1,

δc(f1, . . . , fn) = (δ1f1, δ1f2 + δ2f1, . . . , δ1fi + δ2fi−1︸ ︷︷ ︸
i-th position

, . . . , δ2fn).

Then, we have the following proposition.

Proposition 3.2 The pair (C∗
cHLts(g, V ), δc) is a cochain complex. So (δc)

2 = 0.

Proof For any f ∈ C1
cHLts(g, V ), by Lemma 3.1, we have

(δc)
2f = δc(δ1f, δ2f) = (δ1δ1f1, δ1δ2f + δ2δ1f, δ2δ2f) = 0.

Given any (f1, . . . , fn) ∈ Cn
cHLts(g, V ) with n ≥ 2, we have

(δc)
2(f1, . . . , fn) =δc(δ1f1, . . . , δ1fi + δ2fi−1, . . . , δ2fn)

=(δ1δ1f1, δ1δ1f2 + δ1δ2f1 + δ2δ1f1, . . . ,

δ2δ2fi−2 + δ2δ1fi−1 + δ1δ2fi−1 + δ1δ1fi︸ ︷︷ ︸
3≤i≤n−1

, . . . ,

δ2δ2fn−1 + δ2δ1fn + δ1δ2fn, δ2δ2fn)

=0.
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Thus, (C∗
cHLts(g, V ), δc) is a cochain complex. 2

Denote the set of n-cocycles by Zn
cHLts(g, V ) := {f ∈ Cn

cHLts(g, V )|δcf = 0}, the set of

n-coboundaries by Bn
cHLts(g, V ) := {δcf | f ∈ Cn−1

cHLts(g, V )}, and n-th cohomology group by

Hn
cHLts(g, V ) =

Zn
cHLts(g, V )

Bn
cHLts(g, V )

, n ≥ 1.

Let (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) be a compatible Hom-Lie triple system and (V, β; θ1, θ2) be

a representation of it. Then in view of Remark 2.19, V+ = (V, β; θ1 + θ2) is a representation of

the Hom-Lie triple system g+ = (g, [−,−,−]1
g
+ [−,−,−]2

g
, αg). Consider the cochain complex

(C∗
cHLts(g, V ), δc) of the compatible Hom-Lie triple system g with coefficients in the representation

V , and the cochain complex (C∗
HLts(g+, V+), δ) of the Hom-Lie triple system g+ with coefficients

in V+.

For each n ≥ 1, define a map Φn : Cn
cHLts(g, V ) → Cn

HLts(g+, V+) by

Φn(f1, . . . , fn) = f1 + · · ·+ fn, ∀ (f1, . . . , fn) ∈ Cn
cHLts(g, V ).

Then, we have

(δ ◦ Φn)(f1, . . . , fn) = δ(f1 + · · ·+ fn) = δ1(f1, . . . , fn) + δ2(f1, . . . , fn)

= Φn+1(δ1f1, . . . , δ1fi + δ2fi−1, . . . , δ2fn)

= (Φn+1 ◦ δc)(f1, . . . , fn).

So we have the following theorem.

Theorem 3.3 The collection {Φn}n≥1 defines a morphism of cochain complexes from (C∗
cHLts(g, V ),

δc) to (C∗
HLts(g+, V+), δ). So, it induces a morphism H∗

cHLts(g, V ) → H∗
HLts(g+, V+) between cor-

responding cohomologies.

4. Linear deformations of compatible Hom-Lie triple systems

In [23], Chen and his collaborators studied the linear deformation of Hom-Lie triple systems.

In this section, we study linear deformations of a compatible Hom-Lie triple system. We introduce

Nijenhuis operators that generate trivial linear deformations.

Definition 4.1 Let (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) be a compatible Hom-Lie triple system with

π1 = [−,−,−]1
g
, π2 = [−,−,−]2

g
and (µ1, µ2), (ω1, ω2) ∈ C2

cHLts(g, g) be two 2-cochains. Define

two trilinear operations on g depending on the parameter t as follows:

[a, b, c]1t = π1(a, b, c) + tµ1(a, b, c) + t2ω1(a, b, c),

[a, b, c]2t = π2(a, b, c) + tµ2(a, b, c) + t2ω2(a, b, c), ∀ a, b, c ∈ g.

If for all t, the quadruple (g, [−,−,−]1t , [−,−,−]2t , αg) is a compatible Hom-Lie triple system,

then we say that ((µ1, µ2), (ω1, ω2)) generates a linear deformation of the compatible Hom-Lie

triple system (g, [−,−,−]1
g
, [−,−,−]2

g
, αg).
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The quadruple (g, [−,−,−]1t , [−,−,−]2t , αg) is a compatible Hom-Lie triple system is equiva-

lent to saying that

[π1 + tµ1 + t2ω1, π1 + tµ1 + t2ω1]Hlts = 0,

[π1 + tµ1 + t2ω1, π2 + tµ2 + t2ω2]Hlts = 0,

[π2 + tµ2 + t2ω2, π2 + tµ2 + t2ω2]Hlts = 0,

which force that

[π1, µ1]Hlts = 0, 2[π1, ω1]Hlts + [µ1, µ1]Hlts = 0, [µ1, ω1]Hlts = 0, [ω1, ω1]Hlts = 0, [ω1, ω2]Hlts = 0,

[π1, µ2]Hlts + [µ1, π2]Hlts = 0, [π1, ω2]Hlts + [ω1, π2]Hlts + [µ1, µ2]Hlts = 0, [µ1, ω2]Hlts + [ω1, µ2]Hlts = 0,

[π2, µ2]Hlts = 0, 2[π2, ω2]Hlts + [µ2, µ2]Hlts = 0, [µ2, ω2]Hlts = 0, [ω2, ω2]Hlts = 0.

Then

δc(µ1, µ2) =(δ1µ1, δ1µ2 + δ2µ1, δ2µ2)

=([π1, µ1]Hlts, [π1, µ2]Hlts + [π2, µ1]Hlts, [π2, µ2]Hlts) = 0.

Therefore, (µ1, µ2) ∈ C2
cHLts(g, g) is a 2-cocycle in the cohomology of the compatible Hom-Lie

triple system g with coefficients in the adjoint representation. Moreover, (µ1, µ2) is called the

infinitesimal of ([−,−,−]1t , [−,−,−]2t ).

Definition 4.2 Let ((µ1, µ2), (ω1, ω2)) and ((µ′
1, µ

′
2), (ω

′
1, ω

′
2)) generate linear deformations

(g, [−,−,−]1t , [−,−,−]2t , αg) and (g, [−,−,−]′1t , [−,−,−]′2t , αg) of a compatible Hom-Lie triple

system g. They are said to be equivalent if there exists a linear map N : g → g such that

Nt = idg + tN satisfying

αg ◦Nt = Nt ◦ αg, (4.1)

Nt[a, b, c]
1
t = [Nta,Ntb,Ntc]

′1
t , Nt[a, b, c]

2
t = [Nta,Ntb,Ntc]

′2
t , ∀a, b, c ∈ g. (4.2)

We know that Eqs. (4.1) and (4.2) are equivalent to

αg ◦N = N ◦ αg, (4.3)

Nπi(a, b, c) + µi(a, b, c) = πi(Na, b, c) + πi(a,Nb, c) + πi(a, b,Nc) + µ′
i(a, b, c), (4.4)

ωi(a, b, c) +Nµi(a, b, c) = πi(Na,Nb, c) + πi(Na, b,Nc) + πi(a,Nb,Nc) + µ′
i(Na, b, c)+

µ′
i(a,Nb, c) + µ′

i(a, b,Nc) + ω′
i(a, b, c), (4.5)

Nωi(a, b, c) = πi(Na,Nb,Nc) + µ′
i(Na,Nb, c) + µ′

i(Na, b,Nc) + µ′
i(a,Nb,Nc)+

ω′
i(Na, b, c) + ω′

i(a,Nb, c) + ω′
i(a, b,Nc), (4.6)

µ′
i(Na,Nb,Nc) + ω′

i(Na,Nb, c) + ω′
i(Na, b,Nc) + ω′

i(a,Nb,Nc) = 0, (4.7)

ω′
i(Na,Nb,Nc) = 0 (4.8)

for any a, b, c ∈ g and i = 1, 2.

By Eq. (4.4), we have µi − µ′
i = δiN , where N is considered as an element in C1

cHLts(g, g). So

(µ1 − µ′
1, µ2 − µ′

2) = (δ1N, δ2N) = δcN ∈ B2
cHLts(g, g). Hence, their cohomology classes are the

same in H2
cHLts(g, g). To sum up, we have the following result.
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Proposition 4.3 Let (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) be a compatible Hom-Lie triple system. Then

there is a bijection between the set of all equivalence classes of infinitesimal of linear deformation

of g and the second cohomology group H2
cHLts(g, g).

Now we consider trivial linear deformations in order to introduce the notion of a Nijenhuis

operator on a compatible Hom-Lie triple system.

Definition 4.4 A linear deformation (π1 + tµ1 + t2ω1, π2 + tµ2 + t2ω2) of compatible Hom-Lie

triple system (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) is said to be trivial if the deformation is equivalent

to the undeformed one (π1, π2).

Therefore, a linear deformation (π1+ tµ1+ t2ω1, π2+ tµ2+ t2ω2) is trivial if and only if there

exists a linear map N : g → g satisfying

αg ◦N =N ◦ αg, (4.9)

Nπi(a, b, c) + µi(a, b, c) =πi(Na, b, c) + πi(a,Nb, c) + πi(a, b,Nc), (4.10)

ωi(a, b, c) +Nµi(a, b, c) =πi(Na,Nb, c) + πi(Na, b,Nc) + πi(a,Nb,Nc), (4.11)

Nωi(a, b, c) =πi(Na,Nb,Nc) (4.12)

for any a, b, c ∈ g and i = 1, 2.

Definition 4.5 A Nijenhuis operator on a compatible Hom-Lie triple system (g, [−,−,−]1
g
,

[−,−,−]2
g
, αg) is a linear map N : g → g which is a Nijenhuis operator for both the Hom-Lie

triple systems (g, [−,−,−]1
g
, αg) and (g, [−,−,−]2

g
, αg) , i.e., N satisfies

αg ◦N = N ◦ αg,

[Na,Nb,Nc]i
g
= N([Na,Nb, c]i

g
+ [Na, b,Nc]i

g
+ [Na,Nb,Nc]i

g
)−

N2([Na, b, c]i
g
+ [a,Nb, c]i

g
+ [a, b,Nc]i

g
) +N3[a, b, c]i

g
for i = 1, 2.

Explicitly, any trivial linear deformation of a compatible Hom-Lie algebra can characterize the

Nijenhuis operator. Next, the converse is given by the next result whose proof is straightforward.

Proposition 4.6 Let N : g → g be a Nijenhuis operator on a compatible Hom-Lie triple system

(g, [−,−,−]1
g
, [−,−,−]2

g
, αg). Then ((µ1, µ2), (ω1, ω2)) generates a trivial linear deformation of

the compatible Hom-Lie triple system (g, [−,−,−]1
g
, [−,−,−]2

g
, αg), where

µi(a, b, c) = [Na, b, c]i
g
+ [a,Nb, c]i

g
+ [a, b,Nc]i

g
−N [a, b, c]i

g
,

ωi(a, b, c) = [Na,Nb, c]i
g
+ [Na, b,Nc]i

g
+ [a,Nb,Nc]i

g
−Nµi(a, b, c)

for any a, b, c ∈ g and i = 1, 2.

5. Abelian extensions of compatible Hom-Lie triple systems

In this section, we study abelian extensions of compatible Hom-Lie triple systems and give a

classification of equivalence classes of abelian extensions.

Let (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) be a compatible Hom-Lie triple system and (V, αV ) be a
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Hom-vector space. Note that (V, αV ) can be considered as a compatible Hom-Lie triple system

with both the Hom-Lie triple system brackets on V are trivial.

Definition 5.1 Let (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) and (V, [−,−,−]1V , [−,−,−]2V , αV ) be two com-

patible Hom-Lie triple systems. An abelian extension of (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) by (V, [−,−,

−]1V , [−,−,−]2V , αV ) is a short exact sequence of homomorphisms of compatible Hom-Lie triple

systems:

0 −−−−→ V
i

−−−−→ ĝ
p

−−−−→ g −−−−→ 0

αV

y αĝ

y αg

y

0 −−−−→ V
i

−−−−→ ĝ
p

−−−−→ g −−−−→ 0

Diagram 1 The commutative diagram with short exact rows of compatible Hom-Lie triple systems

such that αV (u) = αĝ(u) and [−, u, v]i
ĝ
= 0, for u, v ∈ V and i = 1, 2, i.e., V is an abelian ideal

of ĝ.

A section of an abelian extension (ĝ, [−,−,−]1
ĝ
, [−,−,−]2

ĝ
, αĝ) of (g, [−,−,−]1

g
, [−,−,−]2

g
, αg)

by (V, [−,−,−]1V , [−,−,−]2V , αV ) is a linear map σ : g → ĝ such that p◦σ = idg and αĝ◦σ = σ◦αg.

Note that an abelian extension induces a representation of the compatible Hom-Lie triple system

(g, [−,−,−]1
g
, [−,−,−]2

g
, αg) on (V, αV ) with the maps

θiV (a, b)(u) = [u, σ(a), σ(b)]i
ĝ
, ∀ a, b ∈ g, u ∈ V and i = 1, 2. (5.1)

Clearly, Di
V (a, b)(u) = [σ(a), σ(b), u]i

ĝ
= θiV (b, a)(u)−θiV (a, b)(u). It is easy to see that the above

representation is independent of the choice of the section σ.

Let σ : g → ĝ be a section. Define linear maps µ1, µ2 ∈ Hom(∧2g⊗ g, V ) by

µi(a, b, c) = [σ(a), σ(b), σ(c)]i
ĝ
− σ([a, b, c]i

g
), ∀ a, b, c ∈ g and i = 1, 2. (5.2)

We transfer the compatible Hom-Lie triple system structure on ĝ to g ⊕ V by endowing g ⊕ V

with two multiplications [−,−,−]µ1
and [−,−,−]µ2

defined by

[(a, u), (b, v), (c, w)]µi
= ([a, b, c]i

g
, θiV (b, c)u− θiV (a, c)v +Di

V (a, b)w + µi(a, b, c)) (5.3)

for any a, b, c ∈ g, u, v, w ∈ V and i = 1, 2. Then, it is routine to check that (g ⊕ V, [−,−,−]µ1
,

[−,−,−]µ2
, αg ⊕ αV ) is a compatible Hom-Lie triple system and (µ1, µ2) ∈ C2

cHLts(g, V ) is a

2-cocycle in the cohomology of the compatible Hom-Lie triple system g with coefficients in the

representation (V, αV ; θ
1
V , θ

2
V ).

Definition 5.2 Let (ĝ1, [−,−,−]1
ĝ1
, [−,−,−]2

ĝ1
, αĝ1

) and (ĝ2, [−,−,−]1
ĝ2
, [−,−,−]2

ĝ2
, αĝ2

) be t-

wo abelian extensions of (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) by (V, [−,−,−]1V , [−,−,−]2V , αV ). They

are said to be equivalent if there is an isomorphism of compatible Hom-Lie triple system ζ :

(ĝ1, [−,−,−]1
ĝ1
, [−,−,−]2

ĝ1
, αĝ1

) → (ĝ2, [−,−,−]1
ĝ2
, [−,−,−]2

ĝ2
, αĝ2

) such that the following dia-
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gram is commutative:

0 −−−−→ V
i1−−−−→ ĝ1

p1

−−−−→ g −−−−→ 0
∥∥∥ ζ

y
∥∥∥

0 −−−−→ V
i2−−−−→ ĝ2

p2

−−−−→ g −−−−→ 0.

Diagram 2 The commutative diagram of ζ

Next we are ready to classify abelian extensions of a compatible Hom-Lie triple systems.

Theorem 5.3 Abelian extensions of a compatible Hom-Lie triple systems (g, [−,−,−]1
g
, [−,−,−]2

g
,

αg) by (V, [−,−,−]1V , [−,−,−]2V , αV ) are classified by the second cohomology groupH2
cHLts(g, V )

of (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) with coefficients in the representation (V, αV ; θ

1
V , θ

2
V ).

Proof Let (ĝ, [−,−,−]1
ĝ
, [−,−,−]2

ĝ
, αĝ) be an abelian extension of (g, [−,−,−]1

g
, [−,−,−]2

g
, αg)

by (V, [−,−,−]1V , [−,−,−]2V , αV ). We choose a section σ : g → ĝ to obtain a 2-cocycle (µ1, µ2).

First, we show that the cohomology class of (µ1, µ2) is independent of the choice of σ. Let

σ1, σ2 : g → ĝ be two distinct sections providing 2-cocycles (µ1, µ2) and (ν1, ν2), respectively.

Define linear map ξ : g → V by ξ(a) = σ1(a)− σ2(a). Then, we get

(µ1, µ2)− (ν1, ν2) = (δ1ξ, δ2ξ) = δc(ξ) ∈ B2
cHLts(g, V ).

So (µ1, µ2) and (ν1, ν2) are in the same cohomology class in H2
cHLts(g, V ).

Next, assume that (ĝ1, [−,−,−]1
ĝ1
, [−,−,−]2

ĝ1
, αĝ1

) and (ĝ2, [−,−,−]1
ĝ2
, [−,−,−]2

ĝ2
, αĝ2

) are

two equivalent abelian extensions of (g, [−,−,−]1
g
, [−,−,−]2

g
, αg) by (V, [−,−,−]1V , [−,−,−]2V , αV )

with the associated isomorphism ζ : (ĝ1, [−,−,−]1
ĝ1
, [−,−,−]2

ĝ1
, αĝ1

) → (ĝ2, [−,−,−]1
ĝ2
, [−,−,−]2

ĝ2
,

αĝ2
) such that the Diagram 2 is commutative. Let σ1 be a section of (ĝ1, [−,−,−]1

ĝ1
, [−,−,−]2

ĝ1
,

αĝ1
). As p2 ◦ ζ = p1, we have

p2 ◦ (ζ ◦ σ1) = p1 ◦ σ1 = idg,

that is, ζ ◦ σ1 is a section of (ĝ2, [−,−,−]1
ĝ2
, [−,−,−]2

ĝ2
, αĝ2

), denote σ2 := ζ ◦ σ1. Since ζ is a

isomorphism of compatible Hom-Lie triple system such that ζ|V = idV , then for any a, b, c ∈ g,

we have

ν1(a, b, c) = [σ2(a), σ2(b), σ2(c)]
1
ĝ2

− σ2([a, b, c]
1
g2
)

= [ζ(σ1(a)), ζ(σ1(b)), ζ(σ1(c))]
1
ĝ2

− ζ(σ1([a, b, c]
1
g1
))

= ζ([σ1(a), σ1(b), σ1(c)]
1
ĝ1

− σ1([a, b, c]
1
g1
))

= ζ(µ1(a, b, c)) = µ1(a, b, c).

Similarly, we have ν2 = µ2. Hence, all equivalent abelian extensions give rise to the same element

in H2
cHLts(g, V ).

Conversely, given two cohomologous 2-cocycles (µ1, µ2) and (ν1, ν2) in H2
cHLts(g, V ), we can

construct two abelian extensions (g⊕V, [−,−,−]µ1
, [−,−,−]µ2

, αg⊕αV ) and (g⊕V, [−,−,−]ν1,

[−,−,−]ν2, αg ⊕ αV ) via Eq. (5.3). Then there is a linear map ξ : g → V such that

(µ1, µ2)− (ν1, ν2) = (δ1ξ, δ2ξ) = δc(ξ).
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Define a linear map ζξ : g ⊕ V → g ⊕ V by ζξ(a, u) := (a, ξ(a) + u) for a ∈ g, u ∈ V. It is

obvious that ζξ is an isomorphism of these two abelian extensions such that the Diagram 2 is

commutative. 2
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