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Abstract In this paper, we consider compatible Hom-Lie triple systems. More precisely, com-
patible Hom-Lie triple systems are characterized as Maurer-Cartan elements in a suitable bidif-
ferential graded Lie algebra. We also define a cohomology theory for compatible Hom-Lie triple
systems. As applications of cohomology, we study linear deformations and abelian extensions of
compatible Hom-Lie triple systems.
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1. Introduction

The notion of Lie triple systems first appeared in Cartan’s work [1] on Riemannian geometry.
Since then, in [2, 3], Jacobson studied Lie triple systems from Jordan theory and quantum me-
chanics. After that, Lie triple systems have important applications in physics, such as quantum
mechanics theory, elementary particle theory and numerical analysis of differential equations.
The representation theory, deformation theory, cohomology and related properties of Lie triple
systems can be found in [4-6]. As a Hom-type algebra [7] generalization of a Lie triple system,
the notion of Hom-Lie triple systems was introduced by Yau in [8]. Later, Ma et al. considered
cohomology and 1-parameter formal deformation of Hom-Lie triple systems in [9]. The authors
have studied the relative Rota-Baxter operators on Hom-Lie triple systems in [10,11]. The rep-
resentation, cohomology and abelian extension of modified A-differential Hom-Lie triple systems

are investigated in [12].
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The purpose of this paper is to study the compatible Hom-Lie triple system, which is a pair
of Hom-Lie triple systems, so that the linear combination of their algebraic structures is also a
Hom-Lie triple system. Compatible algebraic structures have been widely used in various fields of
mathematics and mathematical physics. For example, in the study of bi-Hamiltonian mechanics,
the concept of compatibility of two Poisson structures on manifolds was introduced from a
mathematical perspective [13,14]. Recently, compatible algebraic structures have been widely
studied, such as compatible Lie algebras [15], compatible L.-algebras [16], compatible pre-Lie
algebras [17], compatible associative algebras [18], compatible Lie triple systems [19], compatible
3-Lie algebras [20], compatible Hom-Lie algebras [21] and compatible Hom-Leibniz algebras [22].
Motivated by these works, in this paper, we study the cohomology, linear deformations and
abelian extensions of compatible Hom-Lie triple systems.

The paper is organized as follows. In Section 2, we introduce the notion of compatible Hom-
Lie triple systems and give the bidifferential graded Lie algebra whose Maurer-Cartan elements
are compatible Hom-Lie triple system structures. In Section 3, we introduce the cohomology of
a compatible Hom-Lie triple system with coefficients in a representation. In Section 4, we study
linear deformations of a compatible Hom-Lie triple system. We introduce Nijenhuis operators
that generate trivial linear deformations. In Section 5, we study abelian extensions of compatible
Hom-Lie triple systems and give a classification of equivalence classes of abelian extensions.

Throughout this paper, K denotes a field of characteristic zero. All the vector spaces and

(multi)linear maps are taken over K.

2. Maurer-Cartan characterizations of compatible Hom-Lie triple sys-
tems

In this section, we recall concepts of Hom-Lie triple systems from [8] and [9]. Then we
introduce the notion of compatible Hom-Lie triple systems and give the bidifferential graded Lie
algebra whose Maurer-Cartan elements are compatible Hom-Lie triple system structures. We
also construct the bidifferential graded Lie algebra governing deformations of a compatible Hom-

Lie triple system.

Definition 2.1 ([8]) (i) A Hom-Lie triple system (Hom-Lts) is a vector space g together with
a trilinear operation [—, —, —]g on g and a linear map oy : g — g, satisfying ay([z,y, 2]g) =

[ag(z), ag(y), ag(z)]q such that

[z, y,2]qg + [y, z, 2] = 0, (2.1)
O,z [7,y,2]g =0, (2.2)
[ag(a), ag(b), [z,y, 2]glg = [la, b, g, ag(y), ag(2)]g + g (@), [a, b, ylg, g (2)]g+

[ag(2), ag(y), [a, b, 2]glgs (2.3)

where x,y, z,a,b € g and O, 4, denotes the summation over the cyclic permutations of z,y, z,

that is Oy [@,Y,2]lg = [z, y,2]g + [2,2,9lg + [y, 2,2]g. A Hom-Lie triple system as above



On compatible Hom-Lie triple systems 635

may be denoted by the triple (g,[—, —, —]q, @g). In particular, the Hom-Lie triple system
(9,[—,—, —lg, og) is said to be regular, if oy is nondegenerate.
(ii)) A homomorphism between two Hom-Lie triple systems (g1, [—, —, —]1, @1) and (g2, [—, —,

—l]o2, a2) is a linear map ¢ : g1 — go satisfying

cp(al(z)) - aQ(@(Z))a cp([:c,y,z]l) - [@(Z)aw(y)agp(z)]% Va,y,2 € g1.

Remark 2.2 (i) Let (g, [—, —|g, @g) be a Hom-Lie algebra. Then (g, [—, —, —]g, @y) is a Hom-Lie
triple system, where [x,y, z]g = [z, ¥lq, g(2)]g, V2,9, 2z € g.

(i) A Hom-Lie triple system (g,[—,—,—]g,q) With oy = idy is nothing but a Lie triple
system.
Definition 2.3 ([9]) A representation of a Hom-Lie triple system (g, [—, —, —]g, &g) on a Hom-

vector space (V, B) is a bilinear map 0 : g x g — End(V'), such that for all x,y,a,b € g

0(ag(x), ag(y)) o f = B ob(z,y), (2.4)
O(aq(a), ag(b))d(z, ) ( ag(y), ag(b)0(z, a) — 0(aq(x), [y, a, blg) o f+
D(ag(y), ag(a))b(, (2.5)
0(ag(a), ag(b))D(z, D(Oég(x%%(y))@(ab) +0([z,y, alg, ag(b)) o S+
0(ag(a), [z, y,blg) o 5 =0, (2.6)
where D(z,y) = 0(y,z) — 0(x,y). We also denote a representation of g on (V, 3) by (V, 3;0).
Proposition 2.4 ([9]) Let (V, §;0) be a representation of a Hom-Lie triple system (g, [—, —, —]g,
o). Define a trilinear operation [—, —, —|x : (g®V)® (g@V)® (g® V) = g&® V and a linear

mapag®p:9gdV = g@V by
[(a,u), (b,v), (c,w)]x = ([a,b,clg, D(a,b)w + (b, c)u — O(a, c)v),
Qg B ﬂ(aa U) - (ag(a’)a ﬂ(u))a for (aau)a (bav)a (Ca w) cgaV.
Then (g&V, [—, —, —|x, aqg @ ) is a Hom-Lie triple system. This Hom-Lie triple system is called
the semi-product Hom-Lie triple system and denoted by g x V.
Next we recall the cohomology theory on Hom-Lie triple systems given in [9]. Let (V, 3;6) be

a representation of a Hom-Lie triple system (g, [—, —, —]g, &g). Denote the n-cochains of g with

coefficients in V' by
CiiLes(9, V) := {f € Hom(g, V) | B(f(a)) = f(ag(a))},

n times
Ciilis(a,V) = {f € Hom(A\?g® - @ \’g g, V) | Bo f = fo(ag® @ @ ag? @ ag),
flar Abyy .o yan—1 Nbp—1,a,b,¢) + f(ar Ab1,...,an—1 Abp_1,b,a,¢) =0,
Oap,e flar Ab1, ... an—1 Abp_1,a,b,¢) = 0}.
The coboundary operator & : Ciiy . (g,V) — Cif L (g, V) is denoted by
Of(Ap, ..., A, c)
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= e(agil(bn)a agil(c))f(mla R 79[71*10%) - e(agil(an)v agil(c))f(mla s 79[7171’ bn)+

Z(il)iJrnD(agil(ai)ﬂ O‘gil(bi))f(mla s 7§[i7 s 7Q[n RN C)+

n

Oég(an), ag(c)) + Z(_l)iJrnJrlf(ag(ml)v s 7§[i7 ) O‘g(mn)v [aia bi7 c]g)a

i=1
where 2; = a; Ab; € Ag, 1 <i<n,c€g, fECh (8, V) ag(;) = ag(a;) Aag(b;).
Remark 2.5 The cochain complex of (g, [—, —, =g, ag) with coefficients in (V, 8;6) is adapted
from [9]. There the coboundary operator .., has degree 2 sending C’gg’ﬁ(g, V) to Cg;%(g, V),

where

n times
Ca, 58 V)= {feHom(gx -+ x g V) |B(flx1,...,20)) = flag(z1),...,aq(zn)),
f(xla' . )mamamn) = 07 O:c,y,z f(l‘17" '7xn—37x7y52) = 0}

The present paper gives the different n-th cochains. In particular, the coboundary operator §

has degree 1.
Let (g, g) be a Hom-vector space. For each n > 1, consider the spaces Cfj(g, g) by

Chi(g.g) ={f € Hom(g,g) | ag(f(a)) = f(ag(a))},

n times
—_—
Cit'(g.9) :={f € Hm(\’g® - @ N’g®g,9) | ago f = fo (0}’ ®  ® ) ® ay),
f(a1 Abi,...,Gn_1Nb,_1,a,b, C) + f(a1 Abi,. .. apn—1Nbp_1,b,a,c) = 0}
Then the graded vector space Cy™' (g, g) = @, 2CH 1! (g, g) carries a graded Lie bracket defined
as follows. For P € C5'(g,g) and Q € C& (g, 9), the bracket [P, Qlmis € CHT7 (g, g) given
by [P, Qlmts = P o Q — (—1)P1Q ¢ P, where
POQ(QM, . ,le+q,c)
= Z (_1)pq+aP(argz (ng(l)), - ,ag(mg(p)), Q(ng(erl), - ,ng(erq), C))—|—

o€S(p,q)
p

> (—1) DI Pl (Ap 1), - - - O (A (k1)) O (@hg )N

k=10eS(k—1,q)

Qskys -+ s Ao (htrg—1)s brtrg) T QRskys - - s Ao (htg—1)s Ghtq)

O‘g(bkﬂz)v O‘g (Aptg41),-- -5 O‘g(mp+q)a 043 (c)
for any A; = a; Ab; € A%g, i =1,...,p+q, c € g, where ag (i) = ag(ai) AN ay(bi), Simn—q
denotes the set of (i,n — i)-unshuffles, i.e., the permutation o € S,, satisfies o(1) < --- < (i)

and o(i +1) < -+ < o(n).

It is important to note that the coboundary operator for the cohomology of the Hom-Lie
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triple system (g, [—, —, —]g, @g) with coefficients in itself is simply given by

5f: (71)n_1[7raf]Hltsa Vf € Cﬁ(gag)a

where 7 corresponds to the Hom-Lie triple system bracket [—, —, —];.

Proposition 2.6 Assume that m € C%(g,g) satisfies Og .. 7(a,b,c) = 0, Va,b,c € g. Then
(9,7, aq) is a Hom-Lie triple system if and only if w is a Maurer-Cartan element of the graded

Lie algebra (Cf;(g,9), [, —luus), i.e., [7,7]mes = 0.
Proof Let m € C%(g,g). We have

™ <>7T(2[1,2[2, C) = 7T(O‘g(gll)a W(Q[% C)) + ﬂ(ag(aQ) A 7T(Qlla b2)a OLQ(C))+
m(m(A1, a2) A ag(b2), ag(c)) + m(ag (A2), 7(A1, ¢)),

which implies that 7 defines a Hom-Lie triple system structure on g if and only if |7, 7]mts = 0. O

Now, we recall some known results on bidifferential graded Lie algebras given in [15].

Definition 2.7 ([15]) A differential graded Lie algebra is a triple (g = &/ 5g",[—, —],d) con-
sisting of a graded Lie algebra (g = @;;Ooogi, [—,—]) and a differential d : g — g satisfying
d(gr) C gr+1 and

dla,b] = [da,b] + (—1)*[a,db], Va,b < gx.

In particular, any graded Lie algebra is a differential graded Lie algebra with d = 0. Furthermore,

an element w € gy is called a Maurer-Cartan element of the differential graded Lie algebra

(9=, %g', [, —] d) if it satisfies dm + %[m, 7] = 0.
Definition 2.8 ([15]) Let (g = ®15¢%,[—, —],d1) and (g = ©; 5 ¢, [, —], d2) be two differential
graded Lie algebras. The quadruple (g = ©;5g%,[—, —],d1,dz) is called a bidifferential graded

Lie algebra if d; and ds satisfy
d10d2+d20d1 =0.

Definition 2.9 ([15]) Let (g = ®;-5¢",[—, —],d1,dz) be a bidifferential graded Lie algebra. A
pair (71, m2) € g1 @ g1 Is said to be a Maurer-Cartan element of the bidifferential graded Lie
algebra (g,[—, —], d1,d2), if 1 and o are Maurer-Cartan elements of the differential graded Lie

algebras (g,[—, —],d1) and (g, [—, —], d2), respectively, and dyme + domy + [71, 2] = 0.

Proposition 2.10 ([15]) Let (g, [—, —|,d1, d2) be a bidifferential graded Lie algebra and (71, m3)
be its Maurer-Cartan element. Then (g, [—, —], Jl, 672) is a bidifferential graded Lie algebra, where
31 and (’ivg are given by

dyp = dypu+ [y, g, dop = dyp+ 2, ), V€ g

Moreover, for all 1,72 € g1, (71 + 71, T2 + T2) is a Maurer-Cartan element of the bidifferential
graded Lie algebra (g,[—, —],d1,dz) if and only if the pair (71, 72) is a Maurer-Cartan element
of the bidifferential graded Lie algebra (g,[—, —], gl, Jg)
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Next we introduce the concept of a compatible Hom-Lie triple system and provide its Maurer-

Cartan characterization. We also define the representation of a compatible Hom-Lie triple system.

Definition 2.11 A compatible Hom-Lie triple system is a quadruple (g, [—, —, f]é, -, —, 7]3,
o) In which (g, [—, —, f]é, ag) and (g, [—, —, 7]3, og) are Hom-Lie triple system satisfying
[ag (a)v ag (b)a [Za Y, Z]g]é + [O‘g (a)v ag (b)a [Za Y, Z]é]g
= [la, b, z]g, ag(y), ag(2)]; + [[a, b, 2l3, ag(y), g (2)]g + [ag(2), [a, b, ylg, ag (2)]5+
[O‘g (CL’), [aa ba y]ﬁa 049 (Z)]é + [O‘g (CL’), ag (y)v [av ba Z]é]g + [O‘g (l‘), ag (y)v [av ba Z]ﬁ]é (27)
A homomorphism between two compatible Hom-Lie triple systems (g1, [—, —, 7]é17 [—,—, 7]31,
aq) and (go, [—, —, 7]32, [—,—, 7]32,042) is a linear map ¢ : g1 — go satisfying

oo () = oz (@), e([z,y,2]h,) = (@), 0(y), p(2)]}, for i =1,2 and z,y,z € g1.

Furthermore, if ¢ is nondegenerate, then ¢ is called an isomorphism from g; to gs.

Example 2.12 Let g be a 2-dimensional vector space with a basis {e1,e2}. If we define two

non-zero trilinear operations [—, —, —]é, [, —, —]3 and a linear map ay on g as follows
[e1,62,e1]y = €1, [e1, €2, 2] = —e€2, [e1, €2, €15 = —e2, [e1, €2,€2]5 = €1, ag(er) = e, a5(e2) = —e2,
then (g, [—, —, —]é, [, —, —]3, ayg) is a 2-dimensional compatible Hom-Lie triple system.

Example 2.13 Let g be a 3-dimensional vector space with a basis {e1,e2,e35}. Define two

non-zero trilinear operations [—, —, f]é, [—,—, 7]3 and a linear map ay on g by

[81,62,82]5 = &3, [62,81,62]3 = —e3, og(e1) = —e1,a4(e2) = €2, og(e3) = —e3.
Then (g,[—, —, —]§, [=, —, =%, @g) is a 3-dimensional compatible Hom-Lie triple system.
Example 2.14 Let (V, 3;0) be a representation of a Hom-Lie triple system (g, [—, —, —]g, ag)-

Given a 2-cocycle f € C3;,.(g,V), there exists a Hom-Lie triple system structure on the direct
sum g @ V that is defined by

[(a,u), (b,v), (¢, w)]u+f = ([a,b, clg, D(a, b)w + 6(b, c)u — b(a, c)v + f(a, b, c)),
ag @ f(a,u) = (ag(a), B(u)) forall a,b,ce g,u,v,weV.
This Hom-Lie triple system is called the f-twisted semi-direct product Hom-Lie triple system.
Moreover, the quadruple (& V, [—, —, =], [—, —, —]x+f, &g & () is a compatible Hom-Lie triple
system, where [—, —, —]« is given by Proposition 2.4.
The proof of the following proposition is straightforward.

Proposition 2.15 A quadruple (g,[—, —, f]é, [7,7,7]3,049) is a compatible Hom-Lie triple

system if and only if ([—, —, f]é, ag) and ([—, —, 7]3, o) are Hom-Lie triple system structures

on g such that for any ki1, ko € K, the new trilinear operation
{77 R 7}9 = kl [77 R 7]; + k2[7a ) 7]3

define the Hom-Lie triple system structure on Hom-vector space (g, o).
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In other words, Proposition 2.15 gives an equivalent definition of the compatible Hom-Lie

triple system.

Proposition 2.16 Assume that m; € C3(g, g) satisfies O p. mi(a,b,c) =0 fori = 1,2,a,b,c € g.
Then (g, m1, T2, ) Is a compatible Hom-Lie triple system if and only if (m,m) is a Maurer-
Cartan element of the bidifferential graded Lie algebra (C}(g,9), [—, —]uus, d1 = 0,d2 = 0).

Proof Let m,m2 € C3(g,9). Then we have

m1 defines a Hom-Lie triple system structure < |71, m1]mis = 0,
7o defines a Hom-Lie triple system structure < [ma, m2]mis = 0,

compatibility equation (2.7) < [m1, m2]mits = 0.

Therefore, (g, 71,72, ) is a compatible Hom-Lie triple system if and only if (71, 72) is a Maurer-
Cartan element of the bidifferential graded Lie algebra (Cfi(g,9), [—, —]mits, d1 = 0,d2 = 0). O

So, from Propositions 2.10 and 2.16, we get the following conclusion.

Proposition 2.17 Let (g, m,m2, cg) be a compatible Hom-Lie triple system. Then

(i) (Cfi(9,9), [—, —]uits; dry » dr,) Is a bidifferential graded Lie algebra, where dr, Q = [m1, Qlmits,
dr, Q = [m2, Qlrits, VQ € CH (9, 9).

(i) For ally, 72 € C&(g,9) satisfying Oqp,.c Ti(a,b,c) = 0,Va,b,c € g,i = 1,2, the quadruple
(g, m1 + 71, T2 + T2, ) Is a compatible Hom-Lie triple system if and only if (71, 72) is a Maurer-
Cartan element of the bidifferential graded Lie algebra (C}(g9,9),[—, —|mits, dry, drs)-

Next, we define representations of a compatible Hom-Lie triple system.

Definition 2.18 A representation of the compatible Hom-Lie triple system (g,[—,—, —]é,
[, —, —]3, o) consists of a quadruple (V, 8;61,02) such that

(i) (V,p;6,) is a representation of the Hom-Lie triple system (g, [—, —, —]é, Qg);

(ii)) (V,[5;02) is a representation of the Hom-Lie triple system (g, [—, —, 7]3, ag);

(iii) for any aq,as,as,as € g, the following compatibility equations hold:

01 (g (ar), [ag, as, asly) o B+ Oa(ag(ar), [az, as, asly) o B+ 01 (ag(as), ag(as))fa(ar, as)+
O2(crg(az), ovg(aa))b(ar, as) — b1(ag(as), ag(as))fa(ar, az) — O2(ag(as), ag(as))bi(ar, az)—
Di(ag(az), ag(as))f2(a1, as) — D2(ag(az), ag(as))r (a1, as) = 0, (2.8)
ag(az), a1, as,a4]}) o B+ Da(ag(az), (a1, az, asly) o B+ Di([a1, az, as]3, agaa)) o S+
[a1, a2, azlg, ag(a4)) o B — Diag(a1), ag(az)) Da(as, as) + Da(ag(as), ag(aq)) Di(ar, az)+
Di(ag(as), og(as))D2(ar, az) — Da(ag(a1), agaz))Di(as, as) =0, (2.9)
1(ag(a3), ag(as)) o Da(a1, az) + fa(aq(as), ag(as)) o Di(a1, az) + 61 (a1, az, azly, ag(aa)) o S+
02(lar, as, as]g, ag(as)) o B — Di(ag(ar), ag(az))82(as, as) — Da(ag(ar), ag(az))b:(as, as)+
1(ag(a3), a1, ag, asl) o B+ 02(eg(as), [a1, az, aslg) o B =0, (2.10)

>

>

where Dy (ai,a;) = 0r(aj,a;) — Or(ai,a;), k =1,2.
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It follows that any compatible Hom-Lie triple system (g, [—, —, f]é, [—,—, 7]3, o) is a rep-
resentation of itself, where V' = g,6;(a,b)c = [c,a,b]é,eg(a,b)c = [c,a,b]g and S = ay. This is

called the adjoint representation.

Remark 2.19 Let (V,(;01,02) be a representation of a compatible Hom-Lie triple system
(g,[—,—s —]é, [—,—, —]3, ag). Then (V, 5; k1601 + k202) is a representation of the Hom-Lie triple
SyStem (97 kl[_7 s _]é + kQ[_a ™ _]E; ag)-

It is similar to the standard case that the following proposition is proved.

Proposition 2.20 Let (V, 3;601,603) be a representation of a compatible Hom-Lie triple system

(9, (= — —l4 [=» = =3, ag). Define two trilinear operations [—, —, =]\, [=, =, =]} : A*(g®V)®

(g®V)—ga®V and a linear map ag®B: 98V — gV by
[(aa ’U,), (ba ”U), (C, w)]L = ([aa b, c]éa D, (av b)w + 6 (ba C)u —0: (aa C)’U),
[(a,u), (b,v), (c,w)]% = ([a, b, c]g, Dy (a,b)w + 02(b, ¢)u — O2(a, c)v),
Qg & ﬁ(avu) = (ag(a)aﬁ(u))

for any (a,u), (b,v),(c,w) € g V. Then (g& V,[—, —, —]k,[—, — —]%,y ® B) is a compati-
ble Hom-Lie triple system. This compatible Hom-Lie triple system is called the semi-product
compatible Hom-Lie triple system and denoted by g x5 V.

3. Cohomology of compatible Hom-Lie triple systems

In this section, we introduce the cohomology of a compatible Hom-Lie triple system with
coefficients in a representation by using the construction method in [15,21].

Next, we always assume that (V, 3; 61, 62) is a representation of a compatible Hom-Lie triple

system (g, [—, —, *]év [-, -, 7]37 o).

Let 61 : Chpio(9,V) — Ciitl (g, V) (vesp., 02 : Clip(0, V) — Ciifl(g,V)) for n > 1, be the
coboundary operator for the cohomology of the Hom-Lie triple system (g,[—, —, f]é, ag) with
coefficients in the representation (V, 3;6;) (resp., of the Hom-Lie triple system (g, [—, —, —]3, ag)

with coefficients in the representation (V, 3;602)). Then, we have (61)% = 0 and (d3)? = 0.

Next we consider the semidirect product compatible Hom-Lie triple system structure on
g @ V given in Proposition 2.20. Notice that any map f € Cﬁftls(g, V') can be lifted to a map
feCi(gaV,ge V) by

f((Qll, %1), ceey (an_l, mn_l), (C, u)) = (O, f(Qll, I ,an_l, C))

for any 2; = a; Ab; € A%g,0; = u; Av; € A2V, c € g,u € V. Then f =0 if and onlyiff: 0.

We denote by 71, m € C%(g@® V,g® V) the elements corresponding to the Hom-Lie triple

system structures [—, —, —|L and [—, —, —]% on g & V, respectively. Let

51:ChgeViga V)= CptlgaV,ga V),

b:ChgaVigaV) s CliflgaV,gaV)
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denote respectively the coboundary operator for the cohomology of the Hom-Lie triple system
(g V,m,aq ® B) (resp., of the Hom-Lie triple system (g & V, w2, ag @ ) ) with coefficients in
itself. Further, for any f € Ci (g, V), we have

o1f = 01(f) = (—=1)"[m1, flres, 02f = 62(F) = (—=1)" ‘[z, flanes.
Then, we have the following conclusion.
Lemma 3.1 The coboundary operators 6, and 05 satisfy the following compatibility
d1 009 + 02001 = 0.
Proof For any f € Cji; L (g,V), we have
(610 82+ 320 01)(f) = 1(02/) + 02001F) = (~1)"[m, 82l + (1) [m2, 61 Tu

7[,”1; [7T2a ﬂH]H - [7T2a [7’(1, f]H]H 7[[,”1; 7T2]H7 .ﬂH + [7T27 [7r1a ﬂH]H - [7T2a [7T1, ﬂH]H

=0.

Hence the result follows. O
Next, we define the cohomology of a compatible Hom-Lie triple system (g, [—, —, —]é, [—,—, —]3,
ag) with coefficients in a represenation (V,;61,62). For each n > 1, we define the set of

n~-cochains by
n times

Cétnes(9, V) = Ciies(9, V) @ -+ @ Ciipes(9, V) -
Define a linear map 6, : Clyp (9, V) — Cl4l (g, V) for n > 1 by
if feCam(a,V), 8cf = (01f,62f),
£ (f1oeo fn) € Clinis(@, V), n>2, 2<i<n-—1,
Oc(f1yo s fn) = (01 f1,00fa+ daf1, 01 fi +02fic1,. .., 00fn).

i-th position

Then, we have the following proposition.
Proposition 3.2 The pair (Cly1.4(9,V), d¢) is a cochain complex. So (5.)* = 0.

Proof For any f € Cly;..(9,V), by Lemma 3.1, we have
(0c)°f = 6c(1f,02f) = (6101 f1,6102f + 6201 f, 6202 f) = 0.

Given any (f1,..., fn) € Cliris(8, V) with n > 2, we have

()*(frs- s fn) =0e(01frs o 81 fi + O2fim1s -, 82 fn)
=(6161f1,0101 f2 + 0102 f1 + 6261 f1, . . -,
0202 fi—o + 0201 fi—1 + 0162 fic1 + 6101 fis - - -,
3<i<n—1
0202 fn—1 + 6261 fn + 0102 fn, 6202 fn)
=0.
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Thus, (Clirss(8, V), 0c) is a cochain complex. O
Denote the set of n—cocycles by Zhs(8, V) = {f € Clys(8,V)|0cf = 0}, the set of
n-coboundaries by Bl ,.(g,V) == {6.f | f € Cl%il (9, V)}, and n-th cohomology group by

s(g,V)
cuis(9, V) = ZH“ , n>1
e BCHLts( )

Let (g, [—, —, —]é, [—,—, ]g, ag) be a compatible Hom-Lie triple system and (V, 5; 61, 02) be
a representation of it. Then in view of Remark 2.19, Vi = (V, ;601 + 02) is a representation of

the Hom-Lie triple system g, = (g, [—, —, =] + [=, —, —]3,@g). Consider the cochain complex

g
(Cliris(8, V), 0c) of the compatible Hom-Lie triple system g with coefficients in the representation

V', and the cochain complex (Cfir<(9+, Vi), d) of the Hom-Lie triple system gy with coefficients
in V+.
For each n > 1, define a map @, : Cly1.4s(9, V) = Chipis (04, V) by

q)n(flvafn):fl++fn7v (fla"'afn) EC?HLtS(gaV)-

Then, we have

(60 @u)(Freees fu) = 0f 4+ fu) = 01(Freeees fu) + 02 frve o f)
= ®ny1(01f1,-. ., 00fi +02fic1, ..., 02fn)
= (Pnt100c)(f1,---, fn)-

So we have the following theorem.

Theorem 3.3 The collection {®,, },>1 defines a morphism of cochain complexes from (C1+4(9, V),
dc) to (Ciipis(9+, Vi), 9). So, it induces a morphism Hlyy (9, V) = Hipes (94, Vi) between cor-

responding cohomologies.

4. Linear deformations of compatible Hom-Lie triple systems

In [23], Chen and his collaborators studied the linear deformation of Hom-Lie triple systems.
In this section, we study linear deformations of a compatible Hom-Lie triple system. We introduce

Nijenhuis operators that generate trivial linear deformations.

Definition 4.1 Let (g,[—, —, —];, [=,— —]3, ag) be a compatible Hom-Lie triple system with
m o= [— = —lpm =[- -, 7]3 and (p1, p2), (w1, w2) € C4(8,8) be two 2-cochains. Define

two trilinear operations on g depending on the parameter t as follows:

[a,b,c]f = m1(a,b,c) + tui(a,b,c) + t*wi(a, b, c),

[a,b,c]? = ma(a, b, c) + tus(a,b, ) + t*wa(a,b,c), ¥ a,b,c € g.
If for all t, the quadruple (g,[—, —, =]}, [—, —, —]%, o) is a compatible Hom-Lie triple system,

then we say that ((u1,u2), (w1,w2)) generates a linear deformation of the compatible Hom-Lie

trip]e system (gv [7a B 7]57 [7a B 7]37 ag)'
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The quadruple (g, [—, —, —;, [, —, —]%, ag) is a compatible Hom-Lie triple system is equiva-
lent to saying that
[7T1 +tpg + t2w1, T+t + t2w1]H1tS =0,
[m1 + tuy + w1, T2 + tpo + Pwaluis = 0,
[ + tuo + t2wa, mo + tpo + Pwoluis = 0,
which force that
[71'17M1]H1ts =0, 2[71'170-11]H1ts + [Nh Nl]Hlts =0, [thl]Hlts =0, [whwl]chs =0, [w17w2]H1ts =0,

[m1, p2lms + (1, m2luws = 0, [71, wouies + [w1, m2]mies + (11, p2]ms = 0, [1, wa]mis + [wi, p2]mies = 0,

[m2, p2las = 0, 2[m2, waHits + [f2, p2]Hs = 0, [p2, w2lais = 0, [w2, wa]wits = 0.
Then

Oc(per, p2) =(81p1, 61 p02 + d2pi1, 02 p12)
=([m1, p1]mies, [T, p2]mies + (72, pa s s (72, po]mes) = 0.

Therefore, (u1, p2) € C4y1.44(9,9) is a 2-cocycle in the cohomology of the compatible Hom-Lie
triple system g with coefficients in the adjoint representation. Moreover, (1, u12) is called the
infinitesimal of ([—, —, =]}, [—, —, —]?).

Definition 4.2 Let ((u1,p2), (wi,ws2)) and ((u}, ph), (w),wh)) generate linear deformations
(g, [— — =1t [= =, —13, a4) and (g,[—, —, =11, [—, —, =13, ay) of a compatible Hom-Lie triple
system g. They are said to be equivalent if there exists a linear map N : g — g such that
Ni = idg + tN satisfying

ag 0o Ny = Ny oy, (4.1)
Nila,b, ]} = [Nia, Nib, Nicllt, Nila,b, c]? = [Nya, Nyb, Nec]?, Va,b,c € g. (4.2)

We know that Egs. (4.1) and (4.2) are equivalent to

agoN = Noag, (4.3)
Nmi(a,b,c) + pi(a,b,c) = m(Na,b, ¢) + m;i(a, Nb, ¢) + m;i(a, b, Nc) + p(a, b, c), (4.4)
wi(a,b,c) + Npui(a,b,¢) = m;(Na, Nb, c) + m;(Na,b, Nc) + m;(a, Nb, N¢) + p(Na, b, c)+
wi(a, Nb, c) + pi(a,b, Ne) + wi(a, b, c), (4.5)
Nuwi(a,b,c) = m;(Na,Nb,Nc) + u;(Na, Nb,c) + p;(Na,b, Nc) + p;(a, Nb, Nc)+
wi(Na,b,c) + wi(a, Nb,c) + w;(a,b, Nc), (4.6)
wi(Na, Nb, Nc) + wi(Na, Nb,c) + w;(Na,b, Nc) + wi(a, Nb, Nc) = 0, (4.7)
w;(Na,Nb,Nc) =0 (4.8)

for any a,b,c € gand 7 =1, 2.
By Eq. (4.4), we have u; — pi; = 6; N, where N is considered as an element in Cly;..(g,9). So
(p1 — ph, po — ph) = (61N, 05N) = 6.N € BZy1..(9,9). Hence, their cohomology classes are the

same in HZy; (9, 9). To sum up, we have the following result.
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Proposition 4.3 Let (g,[—, —, f]é, -, —, 7]3, ag) be a compatible Hom-Lie triple system. Then
there is a bijection between the set of all equivalence classes of infinitesimal of linear deformation
of g and the second cohomology group H2y;..(9,9)-

Now we consider trivial linear deformations in order to introduce the notion of a Nijenhuis

operator on a compatible Hom-Lie triple system.

Definition 4.4 A linear deformation (my + tuy + t2wy, mo + tus + t2w2) of compatible Hom-Lie
triple system (g, [—, —, f]é, [—,—, 7]3, ) is said to be trivial if the deformation is equivalent
to the undeformed one (71, m2).

Therefore, a linear deformation (7; +tpq + 12w, o + Lo + thg) is trivial if and only if there

exists a linear map N : g — g satisfying

ago N =N oay, (4.9)

Nmi(a,b,c) + pi(a,b,¢) =mi(Na,b, ¢) + mi(a, Nb, ¢) + m;(a, b, Nc), (4.10)
wi(a,b,¢) + Np;(a,b,¢) =m;(Na, Nb,¢) + m;(Na,b, Nc) + m;(a, Nb, Nc), (4.11)
Nuwi(a,b,c) =m;(Na, Nb, Nc) (4.12)

for any a,b,c € gand i =1, 2.

1

Definition 4.5 A Nijenhuis operator on a compatible Hom-Lie triple system (g, [—, —, —]|;,

[, —, —]3, o) Is a linear map N : g — g which is a Nijenhuis operator for both the Hom-Lie
triple systems (g, [—, —, —]é, ag) and (g, [—, —, —]3, ay) , Le., N satisfies

agoN = Noay,
[Na,Nb,Nc|;, = N([Na,Nb,c]} + [Na,b, Nc], + [Na, Nb, Nc])—

N?*([Na,b, ]y + [a, Nb,c]; + [a,b, Nc|}) + N°[a, b, ]}, for i=1,2.

Explicitly, any trivial linear deformation of a compatible Hom-Lie algebra can characterize the

Nijenhuis operator. Next, the converse is given by the next result whose proof is straightforward.

Proposition 4.6 Let N : g — g be a Nijenhuis operator on a compatible Hom-Lie triple system

(9,[= = —lg> [= = —la, ag). Then ((pu1,p2), (w1,ws)) generates a trivial linear deformation of
the compatible Hom-Lie triple system (g,[—, —, |3, [=, —, —]3, ag), where

wi(a,b,c) = [Na,b, c]é + [a, Nb, c]; + [a, b, Nc]; — Nla, b, c];,
wi(a,b,c) = [Na,Nb,c]} + [Na,b, Nc]}, + [a, Nb, Nc|;, — Np;i(a, b, c)

for any a,b,c € g and i =1, 2.

5. Abelian extensions of compatible Hom-Lie triple systems

In this section, we study abelian extensions of compatible Hom-Lie triple systems and give a
classification of equivalence classes of abelian extensions.

Let (g,[—, —, —]g,[=, — —]a,ag) be a compatible Hom-Lie triple system and (V,ay) be a
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Hom-vector space. Note that (V,ay ) can be considered as a compatible Hom-Lie triple system

with both the Hom-Lie triple system brackets on V' are trivial.

Definition 5.1 Let (g,[—, —, f]é, [—,—, 7]3, ag) and (V,[—, —, =], [=, —, =}, av) be two com-
patible Hom-Lie triple systems. An abelian extension of (g, [—, —, f]é, -, —, 7]3, agq) by (V, [—, —,
—1, [=,—, 1%, av) is a short exact sequence of homomorphisms of compatible Hom-Lie triple
systems:
0 V — g —2 g 0
ay J{ Oéﬁ l Qg l
0 V —»§ —25g 0

Diagram 1 The commutative diagram with short exact rows of compatible Hom-Lie triple systems

such that ay (u) = ag(u) and [—, u,v]é =0, foru,v €V andi = 1,2, i.e., V is an abelian ideal

of §.

A section of an abelian extension (g, [—, —, —]}3, [, —, —]3, ag) of (g,[—, —, —]é, [, —, —]3, ag)
by (V,[—, =, =]\, [, —, =]}, av) isalinear map o : g — § such that poo = idg and agoo = ooay.
Note that an abelian extension induces a representation of the compatible Hom-Lie triple system
(g,[—,—» —]é, [—,—, —]3, ag) on (V,ay) with the maps

0% (a,b)(u) = [u,a(a),o(b)]%, Va,beg,ueVandi=1,2. (5.1)

Clearly, D% (a,b)(u) = [0(a), o (b), u]; = 0% (b,a)(u) — 0% (a,b)(u). It is easy to see that the above
representation is independent of the choice of the section o.

Let o : g — g be a section. Define linear maps p1, 2 € Hom(A%g ® g, V) by

wia,b,c) = [a(a),a(b),a(c)]% —o([a, b, c];), Va,b,cegandi=1,2. (5.2)

We transfer the compatible Hom-Lie triple system structure on g to g @& V' by endowing g & V

with two multiplications [—, —, —],, and [—, —, —],, defined by
[(a,u), (b,0), (¢, w)]; = ([a, b, ]y, 0y (b, )u — 65 (a, c)v + Dy (a, b)w + pi(a, b, ¢)) (5.3)

for any a,b,c € g,u,v,w € V and i = 1,2. Then, it is routine to check that (g & V,[—, —, —].,,
[—, =, —]us» g ® ) is a compatible Hom-Lie triple system and (u1, pu2) € Clyp(g,V) is a
2-cocycle in the cohomology of the compatible Hom-Lie triple system g with coefficients in the

representation (V, ay; 05, 6%).

Definition 5.2 Let (g1, [~ — —} ,[— — —3,,@5,) and (82, [~ — —|},, [ — —13,, @5,) be t-
wo abelian extensions of (g,[—, —, —]é, -, —, —]5, ag) by (V,[—,—, =, [, — —]%,av). They
are said to be equivalent if there is an isomorphism of compatible Hom-Lie triple system ( :

(ﬁlv [7a B 7]517 [7a B 7]31 ’ aﬁ1) - (ﬁ27 [7a B 7]527 [7a B 7]327 a@z) such that the fOHOWng dia-
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gram is commutative:

0 V 45 -2y 0
— H
0 V i gQ P2 g 0.

Diagram 2 The commutative diagram of ¢

Next we are ready to classify abelian extensions of a compatible Hom-Lie triple systems.

Theorem 5.3 Abelian extensions of a compatible Hom-Lie triple systems (g, [—, —, —]é, [, —, —]3,
ag) by (V,[—,—, =\, [—, —, —]%, av) are classified by the second cohomology group H2yy (9, V)
of (g,[—, —, ,]g’ -, —, ,]g’ ag) with coefficients in the representation (V,ay; 05, 0%).

Proof Let (g,[—, —, —]é, [—,—, —]g, ag) be an abelian extension of (g, [, —, —]é, [, —, —]3, ag)
by (V,[—,—, =%, [—, —, =%, ay). We choose a section o : g — g to obtain a 2-cocycle (1, p2).

First, we show that the cohomology class of (1, pu2) is independent of the choice of o. Let
01,092 : g — @ be two distinct sections providing 2-cocycles (u1, o) and (v1,v2), respectively.
Define linear map £ : g — V by {(a) = 01(a) — o2(a). Then, we get

(1, p2) — (v1,v2) = (01€, 628) = 0c(€) € Blps(9, V).

So (u1,pe) and (v1,v2) are in the same cohomology class in H2yp (g, V).

Next, assume that (g1, [—, —, f]él, -, —, f]gl,aﬁl) and (g2, [—, —, 7]32, [—,—, 7]32, ag,) are
two equivalent abelian extensions of (g, [—, —, =]}, [—, —, =2, ag) by (V, [-, =, =]i,, [-, = =]}, av)
with the associated isomorphism ¢ : (g1, [—, —, —]}31, [, —, _]3170‘@1) = (g2, [—, —, —]52, -, —, —]32,
ag,) such that the Diagram 2 is commutative. Let o, be a section of (g1, [—, —, —]}31, [, —, —]31,

ag,). As py o = pi, we have

p2o(Coor) =pioo; = idg,
2

g2’
isomorphism of compatible Hom-Lie triple system such that |y = idy, then for any a,b,c € g,

that is, ( o o7 is a section of (g2, [—, —, 7]52, [—,—,—]5 ,a3,), denote 03 := (o 0;. Since ( is a

we have
vi(a,b,c) = [oa2(a), o2 (b),ag(c)] - ‘72([6‘7(”6]32)
a)),¢(o1(0)),¢(o1(0))]g, — ¢(o1(la, b, clg,))
)agl b)agl( )]gl Ul([“abv C]él))

Similarly, we have vo = uo. Hence, all equivalent abelian extensions give rise to the same element
in My (0, V).

Conversely, given two cohomologous 2-cocycles (1, p2) and (v1,v2) in Hiyp (g, V), we can
construct two abelian extensions (g&®V, [—, —, =] [—, = —]pes g B av) and (gdV, [—, —, —].,,
[— — —Juvs, g ® o) via Eq. (5.3). Then there is a linear map & : g — V such that

(11, p2) — (11, v2) = (61€, 628) = 6¢(€).
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Define a linear map (¢ : g&V — g@ V by (e(a,u) == (a,&(a) +u) for a € g,u € V. It is

obvious that (¢ is an isomorphism of these two abelian extensions such that the Diagram 2 is

commutative. O
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