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Abstract In this paper, we study a subclass of close-to-convex harmonic mappings whose
analytic parts are starlike mappings. We derive some properties and characteristics for this
class, such as the bounds of Toeplitz determinants, bounds of Hankel determinants, Zalcman
functional and Bohr’s inequality.

Keywords univalent harmonic mapping; close-to-convex harmonic mapping; Bohr radius;
Toeplitz determinant; Hankel determinant

MR(2020) Subject Classification 30C45; 30C55

1. Introduction

Let A denote the class of functions h of the form
h(z)=z+ Z anz", (1.1)
n=2

which are analytic in the unit disk D := {z : |2| < 1}. Also, let G(5) be the subclass of A whose
members satisfy the inequality

zh"(2)
h'(2)

For convenience, we denote by G(3/2) =: G. The class G plays an important role in the geometry

Re(1 +

)< B, B>1; z€D. (1.2)

function theory.
In 1995, Ponnusamy and Rajasekaran [1] proved that the class G(8) is starlike in D for
B € (1,3/2] (see also Singh and Singh [2]). In 2013, Obradovi¢ et al.[3] pointed out that the
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class G(B) is not univalent in D for 8 € (3/2,+0o0), but they did not give detailed proof about
the non-univalency of the class G(3). Later, Kargar et al. [4] proved that the class G(3) is not
univalent in D for § € [2,400) through a counterexample. Recently, Wang et al.[5] gave a
counterexample to clarify the non-univalency of the class G(8) for 8 € (3/2,2). For more recent
results involving the class starlike functions, one can also refer to Kanas et al. [6], Maharana et
al. [7] and Wang et al. [8].

Let ‘H denote the class of normalized and sense-preserving harmonic mappings f = h + 7,

which are given by
f(z)=z+ Zanz”Jernz". (1.3)
n=2 n=1

Lewy [9] once proved that f = h + g is locally univalent in D if and only if its Jacobian
Jr = |W]*> = |¢'|*> # 0 in D. Note that the harmonic mapping f is sense-preserving if J; > 0
or |[h'| > |¢'| in D, or its dilatation wy = ¢’/h’ has the property |wy| < 1 in D. Let Sy be the
subclass of H consisting of univalent mappings. We observe that Sy reduces to the familiar class
S of normalized univalent analytic functions, if their co-analytic parts g = 0.

Let P denote the class of analytic functions p in D of the form
p(2) =1+ pn2" (1.4)
n=1

such that Re(p(z)) > 0 in D.
We recall the following sufficient condition for close-to-convexity of harmonic mappings, which

was due to Abu-Muhanna and Ponnusamy [10] (see also [11, 12]).

Theorem 1.1 Let h and g be normalized analytic functions in D such that
zh'"(2) 3

O

Re(1+ 5

and

g'(z) = A2"h'(2), 0< A < ineN:={1,2,3,...}.

n+1
Then the harmonic mapping f = h + ¢ is univalent and close-to-convex in .
Motivated essentially by Theorem 1.1, we introduce and investigate the following subclass

F(B, A, 7v,n) of harmonic mappings.

Definition 1.2 A harmonic mapping f = h+7g € H is said to be in the class F (8, \,v,n), if h

and g satisfy the conditions

zh'"(2) 3
< - .
Re(l+S5oy) < B 1<f <y, (1.5)
and
g(z) = A"+ (2), \,2y€C with |[y| <1, 0< |y|+ (n+1)|N\ <1;neN. (1.6)

In Section 2, we will show that the class F(8, A, v, n) is a subclass of close-to-convex harmonic

mappings. We also observe that the class F(3, A,0,n) was investigated by Wang et al. [5]. In
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this paper, we aim at deriving several new results for the class F (3, \, v, n).

Recently, the Toeplitz determinants and Hankel determinants of functions in the class S or its
subclasses have attracted many researchers’ attention [13]. Among them, the symmetric Toeplitz
determinant |T,(n)| for subclasses of S with small values of n and ¢, is investigated by [14-17].

Let h be given by (1.1). Then, the ¢g-th Hankel determinant is defined for ¢ > 1 and n > 0
by

[07%) Ap+1 .- Gn4q—1
Ay 41 Ap+2 ... [
H,(n)(h) == : : : : . (1.7)
an+q—1 OGntq --- (An42q—2

We easily find that
Hy(2)(h) = agay — a3.

The symmetric Toeplitz determinant T,(n) for analytic functions h is defined as follows:

Qn An+1 Tt OAngg—1
Ap+41 Gnp o Ongg—-2
Tmm =] T e (1.8
ap4q—1 OAntqg—2 - °° Gp

wheren, ¢ € Nand a; = 1. In particular, for functions in starlike and convex classes, T>(2)[h], T5(1)[h]
and T3(2)[h] were studied by Ali et al. [14].
The Zalcman conjecture was posed in the early 1970s by Zalcman that if A € S, then

ja, — azn—1] < (n = 1)?

for n > 2. The Zalcman conjecture reduces to the celebrated Bieberbach conjecture |a,| < n for

h € A. Ma [18] generalized the Zalcman functional as follows:
Jmn(h) = amn — Gmin—1

for m,n € N\{1}, and conjectured that if h € S, then for m,n € N\{1},
[Jmn(R)] < (n = 1)(m —1).

Particularly, we know that Js 3(h) = asas — a4 and J3 3(h) = a3 — as.

Let B be the class of analytic functions f in D such that |f(z)| < 1 for all z € D, and let By =
{f € B: f(0) = 0}. In 1914, Bohr [19] proved that if f € B is of the form f(z) = Y 02 an2",
then the majorant series My(r) =Y 0" |an||z|™ of f satisfies

oo

My (r) = > |anl2[* <1 |ag| = d(f(0), 0 (D)) (1.9)

n=1
for all z € D with |z| = r < 1/3, where fo(z) = f(z) — f(0). Bohr actually obtained the
inequality (1.9) for |z| < 1/6. Moreover, Wiener, Riesz and Schur, independently, established
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the Bohr inequality (1.9) for |z| < 1/3 (known as Bohr radius for the class B) and proved that
1/3 is the best possible.

In this paper, we aim at determining the estimates for Toeplitz determinants, Hankel deter-
minants and Zalecman functional of the class F(3, \,v,n). Moreover, we will derive the Bohr’s
inequality for the class F(S, A, 0,n).

2. Preliminary results

To prove our main results, we need the following lemmas.

Lemma 2.1 ([10]) Suppose that h € G and satisfies the condition ¢'(z) = w(z)h/(z) in D, where
w : D — D is analytic, W(z) = z(14w(z)) is starlike in . Then the harmonic mapping f = h+g
is close-to-convex and univalent in D.

The following lemma shows that the class F (5, \,v,n) is a subclass of close-to-convex har-

monic mappings.
Lemma 2.2 If f € F(8,\,v,n), then f is a close-to-convex harmonic mapping.
Proof Assume that f € F(5,\,~v,n). Then
W(z) =2(1+w(2)) =2+ 2y + Az"Th (2.1)

It follows from (1.6) and (2.1) that

|zW’(z) 1= |z+z7+ (n+1)z" T\ — (z+z*y+)\z”+1)|
W(z) N z 4 z7y + Azntl
Anztl nAz"
= Tl =1 | (2.2)
z+ 2B+ At 1494+ Azn
_ ALy
L=y = Al

Thus, by Lemma 2.1 and Eq. (2.2), we deduce that the assertion of Lemma 2.2 is true. O

Lemma 2.3 ([3]) If h =2+ Y -, arz" satisfies the condition (1.2) with 1 < 8 < 3/2, then

2(8-1)

< = 7
larl < G =1y

k> 2 (2.3)

with the extremal function given by

2(8-1)

h(z)/oz(ltkl) =1odt, k> 2. (2.4)

Lemma 2.4 ([20, p.41]) For a function p € P of the form (1.2), the sharp inequality |p,| < 2
holds for each n > 1. Equality holds for the function p(z) = (14 z)/(1 — z).

Lemma 2.5 ([21, Theorem 1]) Let p(z) € P be of the form (1.2) and p € C. Then
|pn — pprpn—k] < 2max{1, 2u—1]}, 1<k<n-1. (2.5)

If|2p—1] > 1, then the inequality is sharp for the function p(z) = (1+2)/(1 — z) or its rotations.
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If |2p — 1| < 1, then the inequality is sharp for p(z) = (1 + 2™)/(1 — 2™) or its rotations.
Lemma 2.6 ([22, Lemma 2.3]) Let p(z) € P. If 0 < B <1 and B(2B — 1) < D < B, then

lps — 2Bpip2 + Dp?| < 2.

Lemma 2.7 ([5]) Let f € F(8,),0,n). Then

L(B,\n,r) < |f(z)] < R(B, A\, n,7), (2.6)
where
r 1 n T
and
R(B, A7) = r{\[(—— + ——)r" + = + 1]
,An,r)i=r nr2 T r 5

The inequalities are sharp.

3. Toeplitz determinants for the class F(5,\, v, n)
In this section, we will give several estimates for Toeplitz determinants [T (n)[-]| of functions
in the class F(B, A, v, n).

Theorem 3.1 Let f € F(f5,\,v,n) be of the form (1.3). Then the coefficients ay, (k > 2) of h
satisty (2.3) and the coefficients by, of g satisty

|7|7 k=1,
|’7|2155_;1]Z7 k=2,...,n,

[be] < w( ) 2(8—1) k= 1 (3.1)
n__H+|7|n(n+1)7 =n-+ s
M _2(8-1) 2(8-1)
kE (k—n—1) + |7|(k—1)k7 k>n+2.

Proof By comparing the coefficients of each power of z on both sides of (1.6), we obtain
b1 =7, 2bs = 2vyas, ..., kby = kyax, k<n (3.2)

and
4+ Dbpyr =X+ v+ Dapg1, ..oy (n+m)bygm = Meam +y(n+ m)anym, meN. (3.3)
Thus, by Lemma 2.3, (3.2) and (3.3), we conclude that the assertion of Theorem 3.1 holds. O

Theorem 3.2 Let f € F(8,\,7v,n). Then

Ty(m) ) < 3BV +1)

= m2(m2—1)2 (3.4)
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and
12 + (718 = D, m=1,
PR + (=22, 2<m<n- 1,
ITo(m)g)] < { (1|22 1;,11 + 55 + W25, m=mn,
['nl—)i\-‘l + |'7|7212ﬁ+3] + A n+2‘AI + |y |(n+1)(nl2)]2 m=n+1,
[m((fw 1n‘/\ll) + |7| (m— 1)m]2 + [(m.(t,.ﬁl)(ln)@‘iLl) + |7|m(m+1)]2 m>n-+2.

Proof Suppose that f € F(S,\,v,n). By Lemma 2.3, we get

8(8 —1)(m? +1)
m2(m2 —1)2 °

T2 (m)[R]] = la7, — ap, 4] < lap,| + |ag, 44| <
In view of (3.1), we obtain the assertion (3.5) of Theorem 3.2. O

Theorem 3.3 Suppose that f € F(3,\,7,1) be of the form (1.3). Then

DAL [ B
7 Tt
Proof Let f € F(8,\,7,1). In view of (3.2) and (3.3), we know that

2
|bg — b3 < (B

b1 =1,
b2 = %A+7a27
= %)\ag + vas.

From (2.3) and (3.8), we obtain

2 1
|bs — b2 = |§)\a2 + yas — 5(5)\ +va2)?|

IN

2 1
|§)\a2 - 15)\2| +[yllas — 5(113’)’ + Aaz)|

< 2O IRL BT g 2t o1 s — )2 + i - Dl

Therefore, we complete the proof of Theorem 3.3. O

Theorem 3.4 Let f € F(8,\,7,1). Then

T3 ()[A]] < 5(45° + 767 — 265 + 24)
and
T30)lgll < [5(8 — 1)+ Al + 58— 1] + 511+ 148 - )},

Proof For f € F(B,\,7,1), we see that
1 _ zh'(2)
W (z)

3
) EP, 1<B§§;ZG]D).

It follows that

n—1

nn—1a, = (1-75) Z kappp—g, n > 2.
k=1

B (B = 1% + (B - 1)}

653

(3.5)

(3.7)

(3.10)

(3.11)

(3.12)
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From (3.12), we obtain

a2 = %(]— - ﬂ)pla
as = (1= B)[(1 - B)p +pol, (3.13)
as = 57(1 = B)[(1 = B)*p} + 3(1 = B)p1p2 + 23],
as = 135(1 = B)[(1 = B)°pt + 6(1 — B)*pip2 + 8(1 — B)p1ps + 3(1 — B)p3 + 6pal.
By virtue of Lemmas 2.4, 2.5 and (3.13), we get
Ty (1) A =11 — 263 + 20305 — a3
<1+ 2|a2| + |as||as — 243
1 1
<14 5(1= B8Pt + 35 (1= 8)[p2 = (B = D)pillp2 +2(8 - 1)pi
s%(4ﬁ3 + 7B — 2653 + 24). (3.14)

In view of Lemmas 2.4, 2.5, (3.8) and (3.13), we get
1 T5(1)[g]| =[(b1 — bs)[(b1 + b3)b1 — 2b3]|

<+ A6~ Vs + 58 = DI~ 8)93 + palnl

Ay + 3M1 = B + 291 A~ AR} +pal} — 210+ 2 (1~ Byl

6
<58~ 1)+ b1+ 56— D] + 511+ bl - 5P, (3.15)
The proof of Theorem 3.4 is thus completed. 0
Theorem 3.5 Let f € F(B3,,0,2). Then
T3] < oo (5~ 128 ~ 45+ 7) (3.16)
and
T3(2)lg)l = |28304] < 56— 1), (317)

Proof Suppose that f € F(8,A,0,2). It follows that
T5(2)[h] = (as — a4)(a2 — 242 + asay).
In view of (3.13), Lemmas 2.4 and 2.6, we find that

1 1
laz = as] <1 = B)pr| + 571(1 = B(1 = B)*pi + 3(1 = B)p1ps + 2ps]
7
-, (318)
Next, we shall maximize |a3 — 2a% + aza4|. With the help of (3.13), Lemmas 2.4 and 2.5, we get

(B-1)
144

a3 — 2a3 + azay| = | — 5(8 —1)°pt + 36p} + 7(8 — 1)pips — 8p3 + 6p1p3]

_ (-1
- 144

< 2B 125 45+ 7). (3.19)

7
[5(8 — 1)%|p1[* + 36[p1|? + 8|pa|lp2 — = (B — 1)p?| + 6|p1|ps]]
8
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Therefore, combining (3.18) with (3.19), we obtain the inequality (3.16). By noting that for
f € F(B,A,0,2), we have

by = gai, (3.20)
b4 = %)\ag.

By means of Lemma 2.4, we get the assertion (3.17). O

4. Hankel determinants for the class F(3, A, v, 2)

In this section, we will give the upper bound for the second order Hankel determinants
|H2(2)[-]| of functions in the class F(5, A, v, 2).

Theorem 4.1 Let f € F(8,\,v,2). Then

@A < (8~ 1) (11)
and
Hy(2 <525122 H(p-1 L 2 4.2
[H22)[g]l < 578 = 1" + o (vl = )6 = 1) + 7 (1= ]y])" (4.2)
Proof By means of Lemmas 2.4, 2.5 and (3.13), we have
1 1 1 1
lazas — 3| =| = 72p1(1 = B)" + T pipa(1 = B)° + opips(1 = B)” — ep3(1 = B)°]
12
== 1%+ (8~ Vi — s + 403
12
- o s~ 28— 102)? ~ Galps — 2(8 — i)
5
<817 (4.3)

In view of (3.2) and (3.3), we know that

by = vyas,
b3 =yas + %7 (44)
by = vaq + %G/Q}\.

By virtue of Lemmas 2.4, 2.5, (3.8), (4.3) and (4.4), we obtain
1 1
[b2bs — B3] =lazv(5Aaz + asy) = (SA+as7)?|
1 2 1
<lagasy® — azy?| + |§)\’7a§ - §>\7a3 - §|

<217+ N30 g - 20— g1 - Bk +al) -2

=18 3
<o2hP(6 = 12+ o=l = W) - 1)+ g (1= b, (4.5

Therefore, we deduce that the assertion of Theorem 4.1 holds. O
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5. Zalcman functional for the class F(5,\,0,1)

We note that
|J2,2(R)| = |H2(1)[h]| = |as — a3

and
| J2,2(9)| = b5 — b3

from the class F (3, A, 0,1) were considered by Wang et al. [5]. In what follows, we will give the
estimates of Zalcman functional |J3 3|(+) for the class F(8, A, 0, 1).

Theorem 5.1 Let f € F(5,A,0,1). Then

[Jss()] < 5= (6~ 175+ 19) (5.1)
and )
| J3,3(9) < E(ﬁ - 1)(58 - 2). (5.2)
Proof We find from (3.13) that
J3,3(h) =3—(150(6 = D78 = 1)°p1 — 2(8 — 1)*pip2 + (8 — 1)p5 — 24(8 — 1)p1p3 + 18pa]
=5 (8 = D{3(8 = Dlp2 — 208 — VA — 2(6 — Dialpa — 208 — Vi1
2(5 - 1)p1 [p3 - 2(5 - 1)1711?2] + 18[174 - %(5 - 1)p1p3]}- (5-3)

By using Lemmas 2.4 and 2.5, we obtain the bound for the Zalcman functional Js 3(h). Moreover,
in view of (3.2) and (3.3), we know that

bi = 3)\a-
S (5.4)
b5 = 3)\@4.
Then, from (3.8), (5.4), Lemmas 2.4 and 2.6, we get
: 2., 4 1
ss(@)] = 18— bs] < |(2Aa2)’| + £ sl < (5~ 1)(58 - 2) (55)

Thus, we complete the proof of Theorem 5.1. O

6. Bohr inequality for the class F(5,\,0,n)

In this section, we will derive the Bohr inequality for the class F (5, \,0,n).

Theorem 6.1 Let f € F(B,\,0,n) with 1 < g < 3/2and 0 < A\ < 1/(n+1). Then the

inequality

2]+ > (lan| + [ba])]z]™ < d(£(0),0(D)) (6.1)

n=2

holds for |z| = r < ry, where r¢ is the smallest root in (0,1) of

F,(r):=R(B,\,n,r) — L(B,\,n, 1) =0,
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where R($,\,n,r) and L(5,\,n,1) are given in Lemma 2.7. The radius ry is sharp.

Proof By Lemma 2.7, the Euclidean distance between f(0) and the boundary of f(D) shows
that

d(f(0),0f(D)) = lilglliqf |f(2) = f(O)| = L(B, A, n, 1). (6.2)

We note that r; is the root of the equation R(5, A\, n,r) = L(8,\,n,1) in (0,1). The existence of
the root is ensured by the relationship R(5, A\, n,1) > L(8, A\, n,1) with (2.6). For 0 < r <ry, it
is evident that R(8, A, n,r) < L(B8, A\, n,1). In view of Theorem 3.1 and Eq. (6.2) for |z| =17 < ry,

we have

oo o0
21+ (lanl + bal)l=l™ < rp + (Jaz] + [b2l)rf + D (Jan] + [bal)r}

n=2 n=3

= R(B, A n,ry) < L(B,A,n, 1) < d(f(0),0f(D)).

To show that the sharpness of the radius ry, we consider the function f = fg.x0,,, which is
defined in Lemma 2.7. By noting that fz x 0., belongs to F (53, A,0,n), since the left side of the

growth inequality in Lemma 2.7 holds for f = f3 x,0,n or its rotations, we have

d(f(0),0f(D)) = L(B,A,n,1).

Therefore, the function f = fz 0. for |z| =1 gives

oo o0
|21+ > (lan] + [oal)[2]" = 5 + (laz] + [b2))rF + > (lan] + [bal)r}

n=2 n=3

= R(B,A,n,7¢) = L(B,A\,n, 1) = d(f(0),0f(D)),

which reveals that the radius 7, is the best possible. O
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