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Abstract In this paper, the authors prove that the parameterized area integral Ng,s and the

parameterized Littlewood-Paley g5-function ,u*’p are bounded on two-weight grand homogeneous

variable Herz-Morrey spaces MKQ)(Q);( )(wl,qu) where 6 > 0, X € (2,), ¢(-) € BR"), a(-) €

L (R"™), w1 € Apw,; for pu, € [1,00] and ws is a weight. Furthermore, the authors prove that the
commutators [b, ¢, 5] which is formed by b € BMO(R") and the y, ¢, and the [b, p15'5] generated

by b € BMO(R™) and the ;% are bounded on MKa)(@)’q (w1, w2), respectively.
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1. Introduction

Suppose that the S"~! is a unit sphere in R™ (n > 2) equipped with the Lebesgue measure

do = do(2’). And let © be homogeneous function of degree zero and satisfy

/SH Q(a)do (') = 0, (1.1)

where 2/ = ro7 for = € R™\{0}. In 1999, Sakamoto and Yabuta [1] introduced a parameterized
area integral i, ¢ and a Littlewood-Paley gg—function ug’%, i.e, for any p > 0 and 6 > 1,

2 dydt \z
' / / ‘/ dz 7) 1.2
Q.8 0 lz—y|<t ly—z|<t |y — Z|” p ( ) tn+2p+1 ( )
and

*, on ( ) 2 dydt 1
dz| —%—=) - 1.3
1% 5 A /Rn+1 <t + [z — y|) /|y z|<t ly — 2|~ pf( z)dz t7L+2p+1) (1.3)

And also they showed that the ,uQ7 g and the ,uQ: 5 are bounded on Lebesgue spaces LP(R™),

where 1 < p < oo and ) € LipB(S”_l) for g € (0,1]. Since then, many papers focus on the
boundedness of the N?z, ¢ and the p;% on various function spaces. For example, in 2019, Li [2]

showed the jf, g and the 55 are bounded from the Musielak-Orlicz Hardy spaces H¥(R") into

Received May 8, 2024; Accepted September 2, 2024

Supported by the National Natural Science Foundation of China (Grant No. 12201500).

* Corresponding author

E-mail address: chenxijuan2023@126.com (Xijuan CHEN); lghwmm1989@126.com (Guanghui LU)



232 Xijguan CHEN, Wenwen TAO and Guanghui LU

the Musielak-Orlicz spaces L¥(R"™), and also obtained the endpoint estimates for the u& ¢ and
the uq’, where Q satisfies the L?A-Dini condition or Lipschitz condition of order 8. In 2020, Liu
et al. [3] proved that the ug’ g and the ,ug’% are bounded from the homogeneous variable Herz-
type Hardy spaces H K;‘(’_];l (R™) into the homogeneous variable Herz spaces Kg‘(’gz (R™). In 2021,
Wang and Guo [4] proved that the g, s and the u;i% are bounded on homogeneous Herz-Morrey
spaces with variable exponents M an;() )7 (R™). More researches about the operators u’é, g and
MS, 5 on various function spaces can be seen in [5-9].

The definition of spaces BMO(R™) is as follows

Definition 1.1 ([10]) A function b € LIOC(R”) is said to belong to the space BMO(R") if

1Bl = sup = / 1b(y) — baldy < o,
B |Bl /g

where bp represents the average of b over ball B, i.e.,

1
bB:—/btdt
3 /o0

The commutators [b, i1g, ] and the [b, ug’;] are respectively defined by

b, M?z sl / /Ia —y|<t ‘ /y z|<t |y - Z|n )p[ by) = b(z)]f(z)dzrﬁg%)% (1.4)

and
o) =( [ / (m )
dydt )%

] e aosto) o] s

Since then, the boundedness of the commutators [b, u¢, ] and [b, ug’s] are widely studied by

(1.5)

many authors. For example, in 2017, Wang and Wu [11] got the boundedness of the [b™, ug, s

and the [b™, ugﬁ;] on variable Herz spaces K (”)’ (R™) and on non-homogeneous variable Herz
spaces K f(R"). In 2020, Liu et al. in [3] showed that the [b™, ug, g] and the [b™, ug’s] are
bounded from the variable Herz-type Hardy spaces H K;(’.’)’l (R™) into the variable Herz spaces

K;)‘(”)’Q (R™), where (2 satisfies the L?#-Dini condition. In 2021, Wang and Guo [4] established their

boundedness on homogeneous variable Herz-Morrey spaces M K:;;() )’Y (R™) when Q € L*(S"71).
More progress on the boundedness of the commutators [b, u¢, ¢] and [b, ;5] can be seen [12-16]

and the references therein.

Definition 1.2 ([17]) Let 1 < p < oo and 6 > 0. Then the grand Lebesgue sequence spaces
1P)-9 js defined by

1
FeE=) _6
HXHIP)YQ(X) = sup (60 § |xk|p(1+6)) p(1+ = Supep(1+e) HX|‘11’(1+5)(X) < 00,
e>0 kex e>0

where X = {x\}rex and X represents one of sets Z, N and Zj.

Definition 1.3 ([18]) Let 0 < A < o0, 1 <p < 00, q(-) € P(R™), a(-) € L=®(R"), a(-) : R = R,
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and 6 > 0, then the grand homogeneous variable Herz-Morrey space M K;‘)('G)’;‘(_)(R”) is defined
by
o)A () ,

where

ko 1
_ 0 . p(1+e€) a+o
17 ko = 5B sp 273 (e 37 1250 Pl fuc ) (16)
2Uhals € 0

k=—o0

Remark 1.4 (a) If we take A = 0 in (1.6), then the space MK;(g’;(.)(R") is just the grand

homogeneous variable Herz space K:;((.'))’p )’G(R") introduced in [19].

(b) When e = 0, then K;(.'))’p)’a(R”) = K(‘;((.'))’I’(R"); when € = 0 and a(-) = const, then
Kol = Ko (R).

In 2020, Nafis et al. introduced the grand variable Herz spaces K{?‘(("))’p )’B(R"), and they
proved that the sublinear operators T', Marcinkiewicz integrals operators Mg and the multilinear
Calderén-Zygmund operators 7 are bounded on spaces K;‘((_'))’p )’Q(R”) (see [19-21], respectively).
In 2022, Sultan et al. [18] introduced the grand variable Herz-Morrey spaces M Ks)(yg:;(.)(R”)
(see Definition 1.3), and proved that the Riesz potential operators I7 are bounded from spaces
M K;)(,.G):;l (.)(R") into spaces M K;t)(,.e),’;?(.)(Rn)' Furthermore, further developments of the grand
variable spaces can be seen [22-27].

Definition 1.5 ([28]) Let w be a weight on R™ and p(-) : R™ — [1, 00) be a measurable function,

for any p(+),
1<p_ <pz)<py < oo,

where

p— =essinfp(z) > 1; py = esssupp(x) < 0.
zER™ rERn”

We denote p(-) € P(R"), and if

||f||L1’('>(w):inf{>\>03/( ) w(x)dxgl},

n

then f € LPO)(w). If w = 1, then we simply write LP()(w) = LP().

Definition 1.6 Let 0 < A < o00,1 <p < o0, ¢(-) € PR"), a(-) € L®(R"), 0 >0, w1 € A,,, for
Pw, € [1,00] and wy be a weight. Then the two-weight grand homogeneous variable Herz-Morrey

Fee)A

space M )0 q(,)(wl,wg) is defined by

()N .
MK;)(,Q,qt)(wl’wQ) ={fe Lfo(c) (R™\{0}) : Hf”MK;X)(,'g,’j(,)(wl,m) < oo},

where

ko 1
p(l+e) ) p(l+e)
. (1.7)

_ al)
Hf”MKa DAy we) . SUP SUp 2 ko/\(ﬁe Z llwi(Br) ™ kaHLq(-)(wz)

P),0,q(-) e>0 ko€Z k——oo
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Definition 1.7 ([8]) Let g : R — R be a log-Hélder continuous function if there exists a
constant C' = Ciog > 0 such that,

C

98) = 9| < oy vl < 5 e R
If the following two conditions
C n
l9(z) = goo| < Toele 1 T2l)’ zeR (1.8)
and
9(0) =900 < e 1< 5 (1.9)

hold, then we say ¢(-) has a log decay at infinity and at the origin, where go, = lim, o g().

It is now position to state the main theorems of this paper as follows:

Theorem 1.8 Let 1 <p<oo, A>2,p> 7%, Q€ L2(S"~1) satisfy (2.1), wy € Ap,,, for some
Dwy, € [1,00), wa be a weight, o) € L*°(R") and q(-) € B satisfy (1.8) and (1.9). Suppose that
91,02 € (0,1),

—nd <w a", whaT < nds.

Then there exists a positive constant C such that, for any f € MK;(g’;(_)(wl, wa),

HM%’S(f)||MK§>(,'9):;<A>(°J1M2) < Cllf”MKI?)(,X::(A)(”””?)'
Theorem 1.9 Let 1 <p<o0,d>2,A>2,p>5,Q¢ L2(S"~1) satisfy (2.1), wy € Ap,,, for
some p,, € [1,00), wy be a weight, a(-) € L*°(R™) and ¢(-) € B satisfy (1.8) and (1.9). Suppose
that 61,02 € (0,1),

—nd <w a”, wrat < nd,.

Then there exists a positive constant C such that, for any f € MI.(;)('Q)’;(,)(wl, wa),

*,0 . .
HMQ,(S(f)”MK;(;&:(_)(LAJhwﬂ < C”f”MK;f)(’g::(_)(wmm)'

Theorem 1.10 Let b € BMO(R"), 1 <p <o0,0>2,A>2p>7%, Q¢ L2(S"~1) satisfy
(2.1), wy € Ay, for some p, € [1,00), we be a weight, a(-) € L>(R") and q(-) € B satisfy (1.8)
and (1.9). Suppose that §1,d9 € (0,1),

—nd <w a”, wrat < nd,.

Then there exists a positive constant C such that, for any f € MK;‘)('G)’;(_)(wl, wa),

A . .
18, a0 iy < CII e

Theorem 1.11 Let b € BMO(R"), § > 2,1 <p<o0,0>2,A>2,p>5% Q¢ L2(S"1)
satisfy (2.1), w1 € Ap,, for some p,, € [1,00), wa be a weight, a(-) € L>(R") and q(-) € B
satisfy (1.8) and (1.9). Suppose that d1,d2 € (0,1),

—nd <w a, wra® < nds.
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Then there exists a positive constant C such that, for any f € MK;‘)('G)’;(_)(wl, wa),

1B A ko o S O o
Remark 1.12 ([29,30]) For any = € R”,

1, ¢(f)(@) < C2" uGh () ()
and

[b, 16, s1(f) (@) < C2" b, ug 3] (f) (=),

it is easy to see that Theorems 1.8 and 1.10 hold. Thus, in this paper, we only state the proofs
of Theorems 1.9 and 1.11.

Finally, confirm the symbols and notions of this article. C' represents a constant being
independent of the main parameters, but may vary from row to row. p(-) represents the conjugate
exponents defined by 1/p(-) + 1/p’(-) = 1. The expression f &~ g means C1f < g < Cof. We
denote By = {z € R" : |z| < 2*} and Dy = Bj\Bi_1. We also need note that if p(-) € P, then
the Hardy-Littlewood maximal operator M is bounded on spaces L?(-), namely, p(-) € B.

2. Preliminaries

To prove the main theorems, in this section, we need to recall some necessary lemmas.

Lemma 2.1 ([9]) Suppose p > %, X > 2 and Q € L*(S" ') satisfies

/1 “2(55) (1+ |logd])” < oo (2.1)
0

for some 0 > 1. If 1 < p < 0o and w € A,, then the ug, ¢ and pg"s are bounded on weighted
Lebesgue spaces LP(w).

Lemma 2.2 ([14]) Suppose p > %, A > 2 and Q € L*(S"™!) satisfies (2.1) for some o > 2. If
b € BMO(R") and w € Ay, both of [b, i) ¢] and [b, ;5] are bounded on the weighted Lebesgue
spaces LP(w).

Lemma 2.3 ([28]) Let k,l € Z, w € Ay with g € [1,00), 6 € (0,1), w_ = { 20
q, o =

>0
wy = { g’ Z+ ; 0 If a(-) € L>°(R"™) is a log-Holder continuous function satisfying (1.8) and

(1.9), then for any x € Dy, and y € D; such that
2(k—l)nw+a+’ 0< 2l < 2(k—1);

(B < Cla(BI*™ {1, 206D < of < 95+,
2(k—l)nw7cf, L > 2(k+1),

where the implicit is independent of x, y, k and [.

Lemma 2.4 ([31]) Ifw € Ay, p(-) € B, thus there exist positive constants 01,52 € (0, 1) such
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that

Xkl £r O () - C(|Dk| 5 Xkl (LrO) (w)y - C(IDkl)
Il pe) ey | Dy X2l (Lre) (w)y | Dy
for all k,l € Z with k > 1.

Lemma 2.5 ([32]) Let q(-) € P(R"). A positive measurable function w € Ag.), if there exists
a positive constant C for all balls B such that

1 _
EHWXB”L'N')(]R”)HW "XBllro @y < C.
Lemma 2.6 ([33,34]) Let b € BMO(R"™), k > [ and q(-) € B(R™), we have

1
sup —————1|(b = bp)xB|l 14> ) = [|b]«
ballB X5l Lat) )

and

[(b=bB)XB | La) ) < Ck = DIIbllllx Bl Lae) (w)-

3. Proofs of Theorems 1.9 and 1.11

The proofs of main results of this section are stated as follows:

Proof of Theorem 1.9 Let f € MK )(9) o )(wl,wg) and decompose

Zf z)xi(z Zfz

l=—00 l=—00

By the Minkowski’s inequality and (1.7), we obtain

*,p .
HMQ,(S(f)HMK;)‘)(;Q)::(_)(whwz)

ko —1
_ al) , 1+ (1+e)
< sup sup 2 koA (69 Z |1 (B) ™ N;Z,p(s(f)kai(Q(')EZ)2)> ’
e>0 ko€Z k=—o00
B ( p(1+6) ﬁ
< sup sup 2 koA (6 ( Z lw1(Bg) ™ ’%(fl)XkHLLI(‘)(Wﬂ) ) o +
e>0 ko€Z k=—0co0 I=—o00

ko k42

_ ) p(l+e)\ 5rey
sup sup 2 kox\(GH Z ( Z |1 (Bg) = Nd%(ﬁ)kaLq(_)(wz)) ) iR

e>0 ko€Z be—oo  I—k_2

—koA

sup sup 2
e>0 ko€Z

. P+ save)
S (2 hoaB0* ity el en) )

k=—oc0 I=k+3
—E, +Ey +Es.

For Ei, we set k > 1+ 3, x € D and z € D;. Then, write

a)
w1 (Br) ™ pg ,’f;(f

m |Q(y — 2)|> dydt \z
< [, o / / )" B e e,
Dy ly—z|<t t+|1'7y| |y72| Pt r




Parameterized Littlewood-Paley operators and their commutators on two-weight GHVHMS 237

|z on — 2 1
az) t [Qy —2)]? dydt Nz
< [, B ( ( ) )
= /Dz |wi (Br,) fi(2)] / /y Lt V- |x — ly — z[2n=2p ¢n+1+2p 2+
D, |z| ly—=z|<t t + |1' - y| |y - Z|2n72p tn+1+2p
|z| ( 2 1
y—2)|° dydt \z
< /Dl w1 (Bg) / /y et |$|6n ly — 2220 tn+1+2p) det
) dydt \3
By) )'d
/Dz |1 (Bk) /x /y e |y72|2n 2 nri+2p ) 97

< C27 M wn(Br) filla ey

By the generalized Holder’s inequality, we have

lwor (By) leL1 (®Rr) < i (By) leL‘Z()(wg)”XlHLq()(w () /a0)Ys (3.1)
from this, Lemmas 2.3-2.5, it then follows that
lwr (Br) NQ 55 (XN a0 (@)
< C'Tk"HM(Bk)%fl||L1(Rw)||Xk||Lq<->(W2)
< Cllwt (Br) 5 full 216> 0l 03 a9 X T a0
< 020D 182 oy (B) 5 fi]l o -

We can find p(1 +€) > 1, and have

k}o k‘—3 1
_ (ot a() p(I+eN sa7a
E; <C'sup sup 2 ko/\(ee Z ( Z 9k=D)(wTa nSQ)le(Bl) L leL‘l(')(w2)) >1) e

>0 ko€Z he— 0 =00

O
<C'sup sup 2*’“‘”( ( wi(B)* Hp(lfﬁ) ) X
e>0 ko€EZ k:_ZOO I_Zoo LaOwa)
k—3 p(1te) 1
( Z Q(k—z)(w+a+—n52)p/(1+e)) p’<1+e>)p<1+e>
l=—00

<Ol gy

oy (@i,w2)’
8]
For E, applying the (LP)(w), LP) (w))-boundedness of pg;5 and Lemma 2.3, we obtain

k+2 O
Z le(Bk)TNgﬁs(fl)XkHLq(A)(w?)
l=k—2
k—1 k+1

. a(-)
< Z s (Bi) ;i,%(fl)XkHL‘I(')(wz) +Z||W1(Bk) i s ()X Lae )+
I=k—2 =k

al)
|w1(Bk) ™ Mdﬁ;(fk+2)XkHLq(-)(w2)

k+1

k—1
—Dw ) o)
<0 Y albbelaty . ”(wl(Bl) = )Xkl Lo (wa) + C Y 16575 (@1 (B) ™ )Xol Lo o) +
I=k—2 =k

T a0)
C27%0 % || g (w1 (Brr2) ™ fror2) Xkl oo (o)
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k+2
<C Y o(k=bel o |y (By) 5 fl|\Lq<>(w2>+CZ||w1 (B = ll 2 )
I=k—2 =k

by this, we get

ko

p(1+4e) ;;1%
By <Conp s 20 (@ 35 (3 2008 (5 ) )
>0 ko€Z k=—oo I=k—2

ko k+2
C'sup sup 271“0)‘< ( wi(B)*
2 (2

k=—oc0
<O linins

ybra() (W1 w2)”

p(1+e) p(l—lﬂ)
Y hlzown) )

For Es, set | > k+ 3, x € Di and z € D;. Then, write

al)
w1 (Bk) = pgls(fi) ()]
a(z) o0 t on Q —Z 2 d dt 3
g/ R O A ) ) s
D, 0 ly—=z|<t t+|$_y| |y_z|n pgntit2e
2 on |Q(y —2)2 dydt N3
i
0o Jiy—zl<t t+|$—y| ly — z[2n—2p ¢ntit2e
> o |Q(y — 2)|> dydt \3
/ / ( ) Ay 2Zz|2 +y1+2 )zdz
12l Sy t+|=’E*y| |y — z[2n—2e gnti+2e
2| on 2 1
a() " 192y —2)[° dydt \z
< [ lamoaen( [T o pzs) ot

a(2) )2 dydt \3
By ) dz
/Dz lw1(Bx) ™ fi(z / /Iy et |y_2|2n 2p pnt1+2p

< €27l (Bi) ™ fill i e

/ w1 (Bi) % fu(2)]
D,

by (3.1), Lemmas 2.3-2.5, it then follows that

al)
ller (Br) ™ 1yl (F)Xk I Lo )
— a()
< 027" |w1 (B) ™ fill 11 en

IXEN La6) (ws)
a) ~
< Cllwr(Br) ™ fill 2a0> o) XU Za gy 1R L) ()
) (- o +nby a()
< C2®Dm e 1004 (BT fill Lt (wn)-

With an argument similar to that used in the estimate for Eq, it is easy to get

E;z < C||f||MK§)<«>,A

000y (W1 :w2)’

which, combining the estimates for E; and E,, yields our desired result. Hence, the proof of
Theorem 1.9 is completed. O

Proof of Theorem 1.11 Let f € MK“)(Q);( )( ™). Write

Zf z)xi(x Zfz

l=—0c0 l=—0c0
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By the Minkowski’s inequality and (1.7), decompose

118, 1 51 (P g oy

p),0, ( )(w17w2)

ko

oo
_ o) p(1+e)N 5075
<supsup 27 (&S (ST (B s hl 0k own) )
e>0 ko€Z o e
ko k—3
_ a() p(lte) (1+e)
<supsup 27N (&S (S (BT il 0kl own) )
>0 ko€Z =N
ko k+2 1
_ () p(1+4e) ato
sup sup 2750 (S0 (37 (B b Uk o))+
e>0 ko€Z ke —o0 I—Kk_2
ko [e%s) 1
_ p+oN save
sup sup 2 ’“”A(ea ( D lwr(Be) ™ [b, s 6](fl)Xk||Lq(>(wz)> )
€ 0

=F; +Fs + Fs.
For Fy, just like E1, we set k > 1+ 3, x € D, and z € D;. By Lemma 2.3, we have

oot (Br) “ b, 1555 (k| a0 )
()
< 207D O 1, Y (wi (B Fi) Xk Lt ()

what *, o) ,
< O2 D" b — by Yty cor (B fuock — 1 (0 = b Jor (B) ™% Fxel o0 o

< ooth—Dwta® (b = b, ) gy’ (wr (By )a*(t)fz)XkHLq( (wa) T
20 4 (b — b, Yoor (B) S )Xk o0 o)
= M; + Ms.
For My, by the generalized Holder’s inequality, Lemmas 2.4-2.6, we get
M, <0220 a1y (B2 ] s | (b — bB,) Xkl Lat) (wn)
<2~ kngk—lwTa’® ||w1(Bl)$fl”Lq(-)(w2) IXtll Lo (= r7acry (B = DIBIl Xk | Lacrwn)

_D(wtat—n a()
<C2tk=( 22)(k = Dbl lwr (B) ™ fill Lt woa) -
For My, by the generalized Holder’s inequality, Lemmas 2.4-2.6, write

- “Dwtat 20)
M, <C2knglh=Dwra [|ew1 (By) ™ leLLI(‘)(wQ)H(b_sz)XlHLQ/(‘)(w*LI’(‘)/Q(‘))HXkHL‘?(‘)(“’Z)
_ “Dwtat al)
<2 knoth=bwT ety (By) fl”Lq(-) (w) IXtll Lo ) (o=ar 3 7aen) 1Bl xR Lot 2

<Ootk=D(@ at=nsa) ) 11 (By) S lelm<><w2>

Using p(1 + €) > 1, we also have

ko

Fy <C||b]|+ sup sup 2_’“‘“( Z ( Z g(k=D(waT—nd2) ()%

e>0 ko€Z k= — 00 1= — oo

a) P(I+EN piite
lon(B) S fill o))
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ko

<ClJb]l. sup sup 275 (3 (Z Jor (B1)*

e>0 ko€Z ke 00 l——o00

p(1+e)
" leLq< >(w2))
p(1+e) 1

k-3
( Z 2(k—l)(w+a+—n52)p/(1+e)(k _ l)p’(1+e)> » (1Fe) ) p(1+e)

l=—o00

SCULTLF N pr e

(- (wi,wa)’

For Fy, by the (LP()(w), L) (w))-boundedness of the [b, u;i,%] and Lemma 2.3, write

k+2
> llwr(Bi) ™ buﬂé](fl)XkHL‘Z()(wg)
I=k—2
- © A ©
< wr(Br) b G5 FDXEN Lo ) + D Ilwn(Bi) ™ [, 51 (F)xell+
I=k—2 =k

M *,
le(Bk) " [ba HQ%](fk+2)XkHLQ(*)(w2)

k—1
_ er + *, al)
<C > 2WDer e b, i BN (wi (B) T fi) Xkl Lat) ey T
I=k—2
k41

* a()
CZH[bvﬂdﬁs](M(Bz) » fO)XE La0) gy T
=k
—2w; o *, a()
C2720 % ||[b, gy’ (@i (Brs2) ™ frr2) Xl 24 ()
k—1 k+2

“Dwtat al) al)
<C Z 2kl e bl flwy (Br) fl”L‘I(')(wz)+CZ”b”*Hw1(Bl) 7 fill Lat) (wa)-

I=k—2 1=k
By this, we can get

ko k—1

wtat al) O NTee )
Py <Clpfsup sup 273 (¢ 30 (30 250 Jun(B) W il ) )+
0€Z k=—oo I=k—2

ko k+2

_ a() p(l+e)N 5a7e
C'|b]]« sup sup 2 ko)\( 0 Z ( w1 (B) ™ fl”L‘l(')(WQ)) ) T
>0 ko€Z e —oo | I—F

A

<Oy
pP),Y,

(w1,w2)”
a(:)
For F3, we set that | > k+ 3, x € D and z € D;. Then we have
) (w- o tnéy at)
Jwn (Bi) = [B, 1555 Xkl 2 () < C2EDET 74090 (e — Db [leor (B) 5 fill 2 )
With an argument similar to that used in the estimate for Fy, it is easy to obtain
Fs < CI i3, on

which, combining the estimates for F; and F5, yields the desired result. Hence, we complete the

proof of Theorem 1.11. O
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