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Abstract This paper investigates the following mixed local and nonlocal elliptic problem fea-
turing concave-convex nonlinearities and a discontinuous right-hand side:

L(u) = H(u — p)|ulP~?u+ Nu|?u, z€Q,
0, r € Q,
=0, r € RV\Q,

where Q C RY (N > 2) is a bounded domain, g > 0 and A > 0 are real parameters, H denotes
the Heaviside function (H(t) = 0 for t < 0, H(t) =1 for ¢ > 0), and the mixed local and nolocal
operator is defined as L(u) = —Au+ (—A)°u with (—A)® being the restricted fractional Laplace
(0 < s < 1). The exponents satisfy 1 < ¢ < 2 < p. By employing a novel non-smooth variational
principle, we establish the existence of an M-solution for this problem and identify a range for
the exponent p.

Keywords mixed local and nonlocal operator; discontinuous; non-smooth variational principle;
M-solution
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1. Introduction

This paper considers a mixed local and nonlocal elliptic problem with concave-convex and

discontinuous nonlinearities of the following type

L(u) = H(u — p)|ulP2u+ Mu|?%u, =z € Q,
—0, z € RN\ Q,

where H is the Heaviside function, i.e.,

H(t)=1 ift>0 and H(t)=0 ift <0,
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Q C RY (N > 2)is a bounded domain with a smooth boundary and u > 0 is a positive
parameter, A > 0,0 < s < 1, 1 < ¢ < 2 < p. Here and throughout the paper, we define the

mixed local and nolocal operator as
L(u) = —Au(z) + (=A)*u(z),
where the fractional Laplace (—A)?® is defined as

“AVu(z) =an, PV. | BT WY 4 n lim ) — YY) gy,
(—A)’u(z) = an, /RN |z — y|NF2s YN I RN\B. (a) [T — y|N+2s Y

an,s is given by
1—cos& -1
e ([ L)
ry [EINT2

Mixed local and nonlocal operator £(u) was proposed in the study of stochastic processes,
specifically the superposition of two stochastic processes, where —A is the infinitesimal generator
of Brownian motion, (—A)® is the infinitesimal generator of 2s-stable Lévy process. In physics,
the operator is widely applied in the theory of optimal searching, biomathematics and animal
forging [1,2]. In mathematics, a significant amount of research is currently being devoted to the

study of mixed local and nonlocal elliptic equations [3-7].

In the celebrated paper [8], Ambrosetti et al. first investigated the following semilinear elliptic

problems with a supercritical nonlinearity

{Au = ulu[P~2 + pulu|i?, z€Q, (12)

u =0, x € 0N.

Kouhestani and Moameni revisited problem (1.2) in [9], leveraging a novel non-smooth variational
principle introduced by Moameni [10, Theorem 1.2] and [11, Theorem 3.1, Theorem 3.7}, through
which they established intriguing results on the existence of solutions. Analogous solution exis-
tence conclusions were subsequently derived for both the corresponding nonlocal counterpart [12]
and the mixed local-nonlocal variant [13] of problem (1.2), via applications of the non-smooth
variational principle.

In the realm of mathematical physics, the study of partial differential equations (PDEs) with
discontinuous nonlinearities has assumed paramount importance. This significance stems from
the fact that numerous free boundary problems can be reformulated as boundary value problems
featuring discontinuities in the second term. Ever since Ambrosetti and Badiale [14] initiated the
investigation of such problems, they have attracted substantial scholarly attention. Specifically,
their pioneering work focused on the following class of elliptic boundary value problems:

{Au:f(u)—i—p(u), x € Q, (1.3)
u =0, x € 01,
where f is a discontinuous nonlinearity and p is a given function. Based on Clarkes Dual Vari-

ational Principle, Ambrosrtti and Badiale [14, Theorem 1] gave the existence of solution to
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problem (1.3). Meanwhile, the following problem was studied by Ambrosetti and Turner [15],

{Au = f(WH(u—p), =€, (1.4)

u =0, x € 01,

where H is also the Heaviside function, ¢ > 0, f is nondecreasing in w. Employing the dual
variational principle, scholars established the existence of positive solutions to a local elliptic
problem characterized by discontinuous nonlinearities. For problem (1.4) endowed with free
boundary conditions u = g on 912, Bensid and Bouguima [16, Theorem 1.2] demonstrated that
the problem admits at least two positive solutions, with the free boundaries proven to be analytic
hypersurfaces. Under identical boundary conditions and the specification f(u) = A, Alexan-
der [17, Theorem 2] asserted the existence of a solution to problem (1.4), contingent upon the
fulfillment of certain reasonable hypotheses. In a distinct framework, Bandeira et al. [18, The-
orem 1.1] showed that when the right-hand side of problem (1.4) assumed the explicit form
M(z) + H(u — p)|u[* =2 + L(z - Vu), the problem admitted two nonnegative solutions. The
first solution is constructed via a nonsmooth instantiation of Mountain Pass Theorem, while
the second arised from a localized application of the Ekeland Variational Principle. Leverag-
ing variational methodologies in tandem with the lower-upper solution technique, Badiale and
Tarantello [19, Theorem 3.2] investigated the existence and multiplicity of positive solutions to
problem (1.4) under the scenario where f(u) = X\ was augmented by a term u?~! on the equa-
tion’s right-hand side. For more recent papers related to elliptic problems with discontinuous

nonlinearity, we refer to [20-23] and the references therein.

In the paper [24], Bensid has carried out an investigation into the nonlocal counterpart of
the problem (1.4).

{(—A)Su = fWH(u—p), =€, (1.5)

u=0, zeRV\Q,

where H is the Heaviside step function, f is a given function and p is a positive real parameter, the
nonlinear term is discontinuous at © = p. Employing non-smooth variational techniques, Bensid
[24, Theorem 3.1] established the existence of at least two distinct non-zero solutions to problem
(1.5). In [25, Theorem 3.1], Achour and Bensid delved into the existence and multiplicity of
solutions for a fractional p-Laplace problem featuring discontinuous nonlinearities. For additional
findings on fractional Laplace problems with discontinuous nonlinearities, the reader is directed
to [26-28] and the references therein.

To rigorously establish the existence of solutions to problem (1.1), we commence by intro-
ducing fundamental definitions and notations. First, we elaborate on the functional framework

associated with the operator £. For an arbitrary parameter s € (0,1), let us define

[u]? = fj}R dedy.

s N wRN |$—y|N+23

Given that  C RY is a bounded domain with a amooth boundary, the following function space
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is considered:
X! = {u:RY = R is Lebesgue measurable : u|q € H'(Q) and [u]s < oo}.
For u € X!, the norm is defined as follows
[ullZer = ullFp ) + [ulz-
Define working space for the weak solution:
Xy ={ue X ulx)=0,2c RV \ Q}. (1.6)

Any u € A] satisfies ulg € H(Q) because ) has a smooth boundary. Therefore, X is a reflexive

Banach space equipped with the norm
||u||§(1 = | CUH%?(Q) + [U]i
0

Also, define space

Lﬁ(Q):{ueLQ(Q):/G“(u)dx<oo}

Q
equipped with the norm

1
fullizior = (] Gutwras)”. (17)
where G, (t) = f(f gu(s)ds and g, (t) = H(t — p)|t[P~2t + A|t|7 %t
Here and throughout the paper, we shall consider the space
V=X NLL(Q).
Clearly, V is a Banach space with the norm
Jully = llullxg + llullLz@)- (1.8)
To simplify notation, denote the right side of problem (1.1) as
g0 () = H(u = 1) [ul"~2u + Aul7 2.
Moreover, we also denote

g,(v) =liminf g(v), 7, (u) = lim sup g9(v).

The following definition is about the M-solution from [29], which is a basic concept of our

article.

Definition 1.1 A function u € X is said to be an M-solution of problem (1.1) if it satisfies

the following conditions:

L(u) =u”,
where u*(x) € [g#(u(ac)),ﬁﬂ(u(x))] for a.e., x € Q and
A|t|9=2t, if t<p,
9, (0,9, (O] = [N9728, [P~ + A7), df t=p, (1.9)

=7

[t[P=1 + A[t]92¢, if t> p.
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Motivated by the above works, we give the main theorem of this paper.

Theorem 1.2 Let Q C RY (N > 2) be a bounded domain with a smooth boundary. Assume
that s € (0,1),
2N
1<g<2<p<2’ = ——.
q p N _9
Then there exists A* > 0 such that for each A € (0,\*), problem (1.1) has an M-solution
u€VNL>®Q).

Remark 1.3 It is straightforward that p can take values within the range
2N
N —2s’

this indicates that for the exponent p in the mixed local and nonlocal elliptic problem (1.1), its

p>25=

value range is worse than the exponent 2* derived solely from the standard Laplace operator
—A, but can attain values superior to the exponent 2% derived solely from the fractional Laplace

operator (—A)®.

Remark 1.4 In [24], Bensid studied the existence and multiplicity of solutions for the following

nonlocal elliptic problem with discontinuous nonlinearities

{(—A)m = flu)H(u—p), zeQ,

1.10
uw=0, z € RN\ Q. (1.10)

Regarding the Euler-Lagrange functional J(u) corresponding to problem (1.10) as a locally Lip-
schitz functional, Bensid employed a non-smooth variant of the mountain pass theorem for lo-
cally Lipschitz functionals to identify critical points of J(u). By integrating an application of
the Brezis-Lieb Lemma with a control over the minimax level associated with J(u), he estab-
lished the existence of solutions to problem (1.10). This approach has also been adopted in the
investigation of discontinuous problems documented in [25,27]. In the present paper, a novel
non-smooth variational principle introduced in [10, 11] is applied for the first time to the study
of problem (1.1).

The main structure of this paper is as follows. In Section 2 we introduce some general facts
from convex analysis as well as the corresponding function setting of our problem. In Section 3,

we prove Theorem 1.2 by variational principle.

2. Preliminaries

In order to utilize the variational method and prove the existence of solutions to problem
(1.1), we need some standard results about non-smooth analysis [10-13, 30].

In this section, V denotes a locally convex space, V* denotes the dual space of V and (-, -) is
the duality pairing between V and V*. We introduce the following well known definition.

A function ¥ : ¥V — R is known as weakly lower semi-continuous if

U(u) < liminf ¥(u,),

n—oo
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for each u € V and any sequence u,, approaching u € V' in the weak topology on V.

Let ¥ :V — RU{oo} be a proper and convex function. ¥ is said to be proper if
Dom(¥) :={ueV:¥(u) < oo} #0.
Definition 2.1 The subdifferential 0¥ of ¥ is defined to be the following set-valued operator
OV (u) ={u" eV : (u,v—u)+¥(u) <¥(v), YVveV}
if u € Dom(V) and 0¥ (u) = 0 if u ¢ Dom(¥).

Assume that U is Gateaux differentiable at u, DW(u) is the Gateaux derivative of ¥ at w. In
this case 0¥ (u) = {DW¥(u)}. Denote ¥* as the Fenchel dual of function ¥, which is a function
on V* defined by

U (u*) = sup{{(u*,u) — U(u) : u € V}.
Definition 2.2 Assume that W is an open subset of ¥V and ® : W — R is a local Lipschitz
function.

(1) The generalized directional derivative of the function ® at w € W in the direction v € V
is defined by

% (u;v) = limsup O(h+tv) - (I)(h)

h—u,t—0 t
(2) The generalized derivative (also known as the Clarke subdifferential) 0.®(u) of ® at a
point u € W is the subset of the dual space defined as

0:®(u) = {u* € V*: ®°(u;v) > (u*,v), Yv € V}. (2.1)
We now recall the following definition of a critical point of [ = ¥ — .

Definition 2.3 Suppose V is a real Banach space. Let I = U — ® : V — R U {+o0}, where
® : V — R is locally Lipschitz and ¥ : V — R U {+oc0} is proper, convex and lower semi-
continuous. A point u € V is a critical point of I =WV — ® if w € Dom(¥) and for any v € V,

U(v) — U(u) > & (u;v — u).

Definition 2.4 An operator M : V — 2V is said to be paramonotone if M is monotone and
for u* € M(u), v* € M(v), the identity

" —uv—u) =0,
implies that u*,v* € M(u) N M(v).

Definition 2.5 Let ¥ :V — RU{+4o00} be a proper convex and lower semi continuous function,

K be a closed convex subset of V. The restriction of ¥ to K is denoted by V¥ and defined by

() = {\Il(u), uek,

400, otherwise.

We shall now recall the following variational principle established in [11, Theorem 3.7].

Lemma 2.6 Let ¥ :V — RU{+oo} be a proper, convex and lower semi-continuous function,
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K be a closed convex subset of V. Assume that ® : V — R is locally Lipschitz. Suppose that
the following two assertions hold:

(1) The functional I = ¥ — ® : ¥V — R U {+oo} has a critical point at ug € K as in
Definition 2.3;

(2) If ug belongs to the boundary of K, then at least one of the following conditions holds:

(2-1) There exist ug € K and a paramonotone operator M : V — 2V with M (ug) being a

singleton such that
{0:®(uo) + M(uo)} N {0W(vo) + M(vo)} # 0.

(2-2) There exist ug € K and a paramonotone operator M : V — 2V~ with M(0) = 0 such
that

{0:®(ug)} N{0¥(vg) + M (vo — ug)} # 0.

Then
Uy € 8c¢>(uo) Nov # 0.

The Palais-Smale compactness condition for functions of the type I = ¥ — @ reads as follows
in [31, Definition 3.2].

Lemma 2.7 We say that the functional I = ¥ — ® satisfies the Palais-Smale (PS) compactness
condition at level ¢ € R if every sequence {u,} C V such that

(1) I(u,) = c€R,

(2) U(v) — U(uy) > P%(un, v — un) — enllv — unlly, Vv €V,
where €, — 0, possesses a convergent subsequence.

The following lemma about the critical points of functions of the form I = ¥ — ® was proved
in [31, Corollary 3.2].

Lemma 2.8 (Mountain Pass Theorem) Suppose that [ =¥ —® :V — (—o0, +-00|, satisfies PS
and the Mountain Pass Geometry (MPG):

(1) 1(0) = 0;

(2) There exists e € V such that I(e) < 0;

(3) There exists some £ > 0 such that 0 < £ < ||e|| and for every w € V with |Ju|| = & one
has I(u) > 0.
Then I has a critical value ¢ > 0 which is characterized by

c= inf tZl[lOI,)l] Tw(?)],
where
I'={weC(0,1],V) : w(0) = 0,w(1l) = e}.

3. The main result

In this section, we prove the existence of solutions to problem (1.1) by Lemma 2.6.
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For every u € V, define
K:={uecV:u>0,lulpecq <1}

Obviously, K is a convex weakly closed subset of V. Note that the duality pairing between V
and its dual V* is defined by

(u,u*) = / u(z)u* (z)dz, forall weV, ueV”.
Q

To apply the non-smooth variational principle (Lemma 2.6), we first define the Euler-Lagrange

functional associated with problem (1.1) as
Ic(u) = U (u) — @(u). (3.1)
Define ¥(u) : V — R by
1
V() = 5(IVulfeaq) + W), vweV.
The restriction of ¥ to K is defined by

1 2 2
5 2 ’ ’C7
te) | 5ITuEe) + 1), we

00, otherwise,

and define ®(u) : V — R by
D(u) = / Gu(u)dz, weV. (3.3)
Q

Definition 3.1 We say that a function u € Xj N L (Q) is a weak solution of problem (1.1) if
there exists nl, € [gu(u),gu(u)] (see (1.9) for more details) and every test function ¢ € C§°(2)

satisfies
[u(z) — u(y)][¢(z) — o(y)] »
J v ot b [fo o e ey = [ o

Let W be defined as (3.2). Then ¥ € C*(K,R) and

(DU (u),v) = /QVu(:c) -Vo(z)dz + IIRNX]RN [u(z) ;%2%%@1 v(v) dzdy.

A detailed version of Theorem 1.2 is given as follows.

Theorem 3.2 Suppose that the functional Ic(u) defined as (3.1) has a critical point ug € V as
in Definition 2.3 and there exists vy € K, uj € [gu(uo),gu(uo)] such that

in the weak sense, i.e.,

[vo(x) — vo(y)][P(z) — ¢(y)] .
/Q Voo - ch)dx—i—fJRNxRN 0 0 dzdy = /Q wiodz, Vo e V.

v
|z —y| N+

Then g is an M-solution of problem (1.1), Ix(ug) = ¢, and the critical value ¢ is characterized

by

c=inf sup Iw(t)],
Juf. sup [w(®)]
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where

I'={weC(0,1],V) : w(0) = 0 # w(1)}.
The next lemma is important in our arguments.

Lemma 3.3 @ :V — R defined as (3.3) is locally Lipschitz functional and satisfies 0.®(u) C

9, (1), g,(w)] ae. inQ.
We investigate some key facts of XOI defined as (1.6) in the following embedding proposition.

Proposition 3.4 The embedding X} — L* () is continuous, where 2* = 2.

Proof By the Sobolev embedding Theorem, we know that

||U||i2*(9) < SHV“H%Q(Q)a

where
1 HU”i{l(Q)
S = in — .
WEH(I)(Q)\{O} HU||L2* (Q)
It follows that
[ull 72 () < CSIVullfeiq) < CS”“H%«&- (34)

Thus the embedding X3 < L2 (Q) is continuous. O

Lemma 3.5 Let v1,vo be nonnegative function in RN, e € R*. Then
€ € de = <

(v1 — va)(v] —v5) > m(v12 — 0,7 )2

Lemma 3.6 Let Q C RY be a bounded domain with a smooth boundary, 2sm > N, f € L™(Q)

be a locally measurable function and u a weak solution of the problem

—Au+ (=A)su= f(u), z€Q,
u(x) >0, z€Q, (3.5)
u(z) =0, r e RN\ Q.

Then there exists a constant C' > 0, depending on N, ), s and m such that

[ull L) < ClIF

Lm(Q)-

Proof Let u be a weak solution of the problem (3.5), in the weak sense, i.e.,

[u(z) — u()]le(z) — ¢(y)] o0
/QVu - Vdx + ijNxRN o — |V dxdy = /Q&pdx, Ve C5e (),

where

E(z) € [f(u(@), f(u(@))] ae zeRY

and

ft) = 1ign_>i§1f f(s), T(t) = limsup f(s).

s—t
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For each h € N and 8 > 1, consider

AhZ{JCERN:Oguﬁflgh}7 B;lZ{IGRN:u5*1>h}

w-u?P )z e Ay,
un(@) = h?u T € By.

and

Notice that
28 — D|u2B-DVu, =z € Ay,
Vun(a) = § (27Dl '
h*Vu, T € By,.

Taking uj, as test function of problem (3.5), we have

/Q Vu- Vupdz + J\J‘]RNX]RN [U(x) — Tiy)] Z}Jl\/(fgs_ = (y)] dzedy = /quhdx-

It is easy to see that

/ Vu - Vupdx :/ Vu - Vupder + / Vu - Vupdx
Q QNAy,

QN By,

=(28 — 1)/ lu|2B=V|Vu|?dz + h2/ |Vau|?dz > 0.
QNAL Q

NBy,

Upon coherent combination of (3.6) with (3.7), we conclusively derive that

ﬂwaRw [u() —Tiy)][ytr;v(fgs— un(®)] . dy < /Q cunde.

Define
2 ={(e,y) €RY xRV : 0 (@)’ < h,0 <u(y)’ < h},
Qo = {(z,9) € RY x RY :u(2)?~1 > h,0 <wu(y)’~! < h},
Q3 = {(z,y) € RN xRN : 0 < u(x)?~ < h,u(y)’~' > h},
Q= {(z,y) e RN xRN :u(2)? "1 > h,u(y)’~! > h}.
Therefore,
[ Tiy)] [tT}Jif(fgs_ “l0)] 4z
W)][un(z) — un(y)]
(Ifgl + IIQQ + Ifm + Ifm ) |x _ |}1Lv+25 g dzdy
u2b-1 u2B-1
- ffgl |]$[ _ |N(+2)5 ) dedy+
h2 2,6—1
Jf, o)~ )
w1 hu 9 u(x) — u(y))?
jjga |x][ y|NJE2S) )] dzdy + h fjm %dxdy.

By Lemma 3.5, we obtain

[uP () — uP (y)|? ()][u2P1 (z) — w281 (y)]
ffﬂl |:E — |N+25 T Ntz dwdy <257 1 ffﬂl |l‘— |N+25 dxdy

49

(3.9)
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u?(z) —u " (y)]
2
<g Hﬂ |x — dedy. (310
Define
uuﬁ_l, T € Ap,
wp =
! hu, =z € By
Then
|wn (z) — wa(y)[?
IJRNXRN |x,y|N+2s dxdy
2) — Py z) — uP (y))2
_HQ le% @) — W) 4, +ﬂ y|N+2& PR =2 9 dedy+
2
J1o, e s ff Lt o
Drawing from (3.9)—(3.11), we deduce that
[wa(z) — wn(y)| )][Uh( ) — un(y)]
fj]RNx]RN |z — |N+25 d dy - JI]RN RN y|N+2s ddy
[w*~ (@) —u?’” 1(2/)]
IIQI |x — y|N+2s dedy+
u(@)u(y)[h — v~ (y)] h— v~ (@)
J]Qz o — gV dacdy + jj |:c — y|N+25 dzdy. (3.12)

Note that [u(z) — u(y)][un(z) — un(y)] = [u(z) — u(y)][P*u(z) —u?~L(y)] >0, a.e. (z,y) € Q.
It can be readily verified that

u(@)u(y)[h —u? " @)]? < [u(z) —uy)][u(z) —u® = (y)]. (3.13)
Similarly, for a.e. (z,y) € Q3, we can still find that

u(@yu(y)[h —u’H(2)]? < [u(@) = u(y)]fun(z) —un(y)] = [w() = u@)]? (@) - hPu(y)].

(3.14)
By combining (3.13) and (3.14), we can obtain
I, u(x)ufg)[hyTNisl W dray + ﬂﬂ |x - yTquzsl(x)]Q dxdy
= ffm |z o |J(V+)25 W gy
ff,, e = sy (319

Recall (3.10), (3.12) and (3.15), it admits of easy verification that
|wn () — wa(y)[®
IIRNXRN |$ y|N+23 dxdy
u?? ! (x) — u " (y)]
2
<h fj&h |x — y|N+2s dzdy+

2 _ 281
2 jj{b |:c — |SVJ226 )] dxdy+
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u2b-1 h2u W2 lu(a) — u )
2 ff, 1 QEMNLQ sy - ff, MU0 410,
< 26" ijN ><]RN - T:iy)]ZLI}JIV(fQ)S_ nlv) dady.

Since (3.8) holds, it follows that

lwp () — wn (y)[? ) ,
< < )
ijNXRN |o — y|N+2s dzdy <2/ 0 Supdz < 253 0 | flupda

By applying the Sobolev embedding theorem and the Hélder inequality, we derive the fol-

lowing result

il ) < 2% [ |flunde < 2578111

L’"(Q)Huh”Lm'(Q)a
where % + % =1 and S; satisfies

L ey
”e"l\{o} V1722 (Q)

1

For sufficiently large h > 0, it is clear that u;, = u**~', w;, = u”. Moreover, by invoking the

embedding relations of L? spaces and the monotonicity of norms in L? spaces, we deduce that

el 20 0y < 26°S11171 Tz (g < B2CoS1 /]

Lm/(28—1) Q)

2
Lol @l -

Thus,

L
2

1 a1
[ull L2200y < BF (CoS1) 2 L f [l om0 1ull 2mes - (3.16)

Since 12— > m/, set o0 = m When § = o in (3.16), we have 2m’3 = 2% and
1 .
H“HI}:G(Q) <07 (CoSy) 2“ HfHLm(Q)”U”L%(Q) (3.17)
When =20 in (3.16), we have 2m/ = 2%c and
lull sty < 07 (CoS0)5 171135

By combining (3.17) and (3.18), we derive that

Lm(g HUHLQE“(Q)' (3.18)

1,2 A1
lull o2y < 0%+ (CoS1) 557 | I 57 Nl o2 g

Arguing by iteration, 8 in (3.16) as 07, we can show that

1 byt sty
||U||L2;aj(ﬂ) < gotart oty (0081) tozt et ||f||Lm(Q)2 207 H“HL%(Q)
Once that - -
5T L
= (c—1) = 207 2(c—1)
and
N(m—1)
o —
(N —2s)m’

as j — oo, we have
ull L) < CIlf]

Lm()- O
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The following lemma gives some important properties of Ui, which ensures that we can apply

Lemma 2.6.
Lemma 3.7 The functional ¥x defined in (3.2) is convex and weakly lower semi-continuous.

Proof According to the proof of [32, Lemma 2.6], we have known that ¥ is convex and weakly

lower semi-continuous. O
Lemma 3.8 The functional Ixc(u) defined in (3.1) satisfies PS and MPG.

Proof We first sketch that Iic(u) satisfies the PS (Lemma 2.7). For all w € V and ¢ € R, let
{un} € K be a sequence such that

I (uy) = ¢,

which means that for large enough n, we have

1
el —/QGH(un)dx <e. (3.19)
According to Lemma 2.7, it is also clear that if €, — 0 as n — oo, we obtain
U (v) — Ure(tn) > B(tn;v — up) — €n|v — unlly, Yo e,

together with the definition of the generalized derivative to local Lipschitz function ® (see (2.1)

and (3.3) for more details) and Lemma 3.3, we have
Wie(v) = Wi tn) = (10— ) — €l — wally, (3.20)

where v} € 0.P(uy) C [gﬂ(un),ﬁu(un)] and

<u,*l,vfun>:/u7*lvd:c7/ G (uy)de. (3.21)
Q Q

In particular, for v = tu,, in (3.20), we have

1 —¢2
5 lluallZ + (¢ = 1) /Q G(un)dz < e, (t — 1) unly. (3.22)

Adding (3.19) and (3.22), together with the definition of norm || - ||y, we obtain
lunllZy < Crllunllv, (3.23)
where (' is a positive constant. It is easy to check that

t
G,(t) :/O H(s — p)|s[P~2s 4+ N|s|? ?sds

0 t
:/ H(s — p)|s|P~2s + A|s|72sds +/ [H(s — w)|s[P2s + )\|s|q*25} ds
0 H

0 t
:/ A s 2sds + / [[s[P~2s + A|s|??s] ds
0 Iz

1 A 1 A
== [Jt7 = )+~ < —[HP o+ e
p q p q
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lullzior =( [ Gutwrae)” < ( /M%H—/mmmp

1
1\~ A
= (5) [ullLe o) + (5> ||u||Lq(Q) < Cllul|Lr(y-

Note that p < 2*, together with (3.4), we deduce that

Thus,

[ull ey < Cllullxg,
which means that
ull xp < llully < Cllul| - (3.24)

Consider (3.23) and (3.24), we know that {u,} is bounded in X7. In the Sobolev space X,

after passing to a sequence if it is necessary, there exists ug € Xy such that

U, — ug weakly in Xol,

Up — Uy a.e. x € .

According to the boundedness of {u,} in X3, together with (3.24), we have that {u,,} is strongly

convergent to ug in L7 (). Let v = ug in (3.20), we have

]‘ *
gww%fww%w[gmmﬂmmzfmmf%m. (3.25)

As n — o0 in (3.25), we obtain
L/,
5 (timsup flun 3, — lluoll%; ) < 0.
n— oo

Therefore, u,, — ug strongly in V, which completes the proof of PS.
The mountain pass geometry (MPG, Lemma 2.8) for the functional Ixc(u) is now validated.
Observe that Ic(0) = 0. Next we demonstrate that there exists 0 # e € K such that
Ixc(e) <0. In fact, du € K for any § € (0,1] and u € K\ {0}. So, we can deduce that

1 1
I;c(éu):—HéVuH%z(Q +—[5u]§— / G, (Su)de
O IVl + 2 - /w )|7de

§2-a
fw{—ﬂwwyw+ ol =2 [ Juta)paz).

This fact, combined with A > 0 and u € K\ {0}, allows us to easily see that Iic(du) < 0 for
sufficiently small §. Next, consider @ € K with |||y = p > 0 and

I _
Ie() = 3l — | G

Observing the definition of norm in (1.7) and (1.8), we obtain

| Gutwas < cojalg.
Q
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Thus, for p > 2 and a sufficiently small p > 0, it can be shown that

i 1, _ 1, B
Te(w) =g lall ~ [ Gulade > Flal - Collalg
1, _ i 1
> Lllally — Collally = 50 — Cop? > 0

which means that MPG holds. Using Lemma 2.8, Ic(u) has a critical point ug € V with
Ixc(ug) = ¢ > 0, the critical value ¢ being given by

c=inf sup Iw(t)],
wel'te(0,1] ()

where
I'={weC(0,1,V) : w(0) =0 #w(1)}. O
Lemma 3.9 For each u € K, there exists v € K which solves
L) =u*, x€Q,
v >0, x €,
v =0, r € RV\ Q,

in the weak sense, where u* € [Qu(u),gﬂ(u)] (see (1.9) for more details about [g#(u),g#(u)]).

Proof By standard methods we know that there exists v € X3 N L°(Q2) such that
L) =u*, z€Q,
v >0, x €9,
v =0, r e RN\ Q.
We shall prove v € K. Let
[f (u), F(w)] := lg,,(u), 7, (w)].

S =

Clearly, for f € L™() with m > 2%, by leveraging the membership v € K and invoking Lemma

3.6, one can readily deduce that

V]l e @) SCIH(u = p)lulP~?u + Aul 2|

Lm()
<C|[H(u = ) ul”~?ul| pm (o) + ClIA | T ul| Lm (o
<Cul + ONullf - 0
§C||U||ZL);1(Q) + C)‘HUHQL;I(Q)

<OrP~t 4 Ot

p—1
Lm(p—l)(Q)

where C'is a positive constant. We can choose \* > 0 small enough such that, for each A € (0, A*),
Cre=t 4 Coxrt7t <,

which means that v € . O

Now we give the proof of the main theorem.

Proof of Theorem 3.2 By Lemmas 3.8 and 2.8, there exists a critical point ug € K of I (u)
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with ug # 0. Recall Definition 2.3, we have
Ui (v) = Uic(ug) > <I>O(u0;v —ug), Vve,

together with the definition of the property of local Lipschitz function ® (see (2.1) and (3.3) for

more details) and Lemma 3.3, we obtain
Ui (v) — Ui (ug) > (ug, v — uo), (3.26)
where ug € 0.P(up) C [gu(uo),gu(uo)]. Also, by Lemma 3.9, there exists (vo —ug) € K such that

[uo (@) — uo(y)][(vo — uo)(@) — (vo — uo)(y)]
/QVuo -V (vg — ug)dz + ijNXRN 0 0 |:E07 y|10v+25 0 0 dzdy

= / ug(vg — ug)da. (3.27)
)
By setting v = vg in (3.26), together with (3.21) and (3.27), we obtain
1 1 .
Sl = 3lhuolly = [ wjuode = [ Gp(uo)da
= / Vg - V(vg — ug)da+
)

H [vo(x) — vo(¥)][(vo — uo)(x) — (vo — o) (y)]
RN xRN

|1. _ y|N+25

dzdy.

Therefore,

1
5 (Va0 — VollZ2 (g + [vo — uo]?) <0,

which implies that ug = vg, and we have that ug is an M-solution of problem (1.1). O

Finally, the proof of Theorem 1.2 is a combination of Theorem 3.2 and Lemma 3.8.
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