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for Minkowski-Curvature Problems with Asymptotic
Boundary Conditions
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Abstract In this article, we show the existence, uniqueness and stability of bounded solutions
to the following quasilinear problems with mean curvature operator

(o (1)) = [(t, @), t > 10, lm 2(t) = o, Jim a'(t)e’ =0,

— 00

where to and 1o are real constants, p(s) = \/15—2, seRwiths e (-1, 1), f: [to, ;o) xR —=R
—Ss

satisfies the Lipschitz or Osgood-type conditions.

Keywords mean curvature operator; uniqueness; asymptotic boundary conditions; bounded
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1. Introduction

In this paper, we are concerned with the existence, uniqueness and stability of solutions for

mean curvature problems

(p(a") = f(t, ), t>to, (1.1)
Jim 2(t) = ¢, lim 2/ (t)e’ =0, (1.2)

where ¢y and vy are real constants, p(s) = ﬁ for any s € R with |s| < 1. If the maximum
deviation of the corresponding solution of (1.1) and (1.2) can be controlled within a certain range
(such as the same order as or smaller than the disturbance) when there is a small disturbance
in the boundary condition lim;_, o 2(t) = g, then the solution of (1.1) and (1.2) is said to be
stable. Observe that the specific form of asymptotic conditions (1.2) is a recently derived model
for arctic gyres with a vanishing azimuthal velocity, and it is semi-infinite because gyres never
cross the equator, and also (1.2) expresses the fact that the center of the gyre is a stagnant

point, see the detailed discussions in [1-3] and the references within. The Eq. (1.1) is related

Received February 17, 2025; Accepted June 18, 2025

Supported by the National Natural Science Foundation of China (Grant Nos.12361040; 12061064), the Na-
tional Science Foundation of Gansu Province (Grant No.22JR5RA264) and State Scholarship Fund (Grant
No. 20230862021).

* Corresponding author

E-mail address: chentianlan511@126.com (Tianlan CHEN); txy17793680509@126.com (Xuying TANG)



58 Tianlan CHEN and Xuying TANG

to the mean curvature equation in the Minkowski space. This kind of problems are originated
from differential geometry or classical relativity and have been deeply studied, see [4-17] and the
references within. Most of these results were obtained on bounded domain.

Let f: R — [0,400) satisfy local Lipschitz condition. Azzollini [4] applied the critical point
theory and the shooting method to show the existence of a positive ground state solution for the

Minkowski-curvature problem

— (N tp(a)) =N f(2), te (R, +oo), (1.3)

z(R)=0, z—0ast— +oo. (1.4)

Recently, Cao and Dai [15] used the bifurcation theory to investigate the nonexistence, existence
and multiplicity of one-sign or sign-changing solutions to (1.3) and (1.4) if f is replaced with
Aa(t)f(x), and a > 0 with a # 0 satisfies
400
/ tN=1a(t)dt < +oo.
R
In [11], the first author of the present paper established the existence of positive solutions to
(1.3) and (1.4) for R sufficiently small. We refer to [18-20] for a discussion of the existence of
solutions of mean curvature problem in Minkowski spacetime on unbounded domain.
On the other hand, one of our great motivations comes also from Chu and Liang [21] inves-
tigating the existence, uniqueness and stability of bounded solutions to a nonlinear second order

differential equation

2'(t) = f(t, x), t>to

with asymptotic conditions (1.2) when f satisfies the assumptions (H1) and (H3)—(H5) (see the
below).

What is really interesting is to find the existence, uniqueness and stability of bounded so-
lutions to (1.1) and (1.2). To wit, we shall assume the following hypotheses concerning the
nonlinearity f.

(H1) f:[to, o0) x R — R is continuous.

(H2) limy o €' f(t, ) = 0 uniformly on .

(H3) There exists a continuous function a : [tg, o) — [0, co) satisfying

/OO sa(s)ds < oo, (1.5)
to

such that
|f(t7 :L')*f(ta y)| §a(t)|:cfy|, t > to, x, yG]R' (16)

(H4) There exists a continuous function a : [tg, 0o) — [0, o) satisfying (1.5) and a nonde-

creasing continuous function ¢ : [0, co) — [0, o) such that

[f(t, o) < a(t)g(lz]), t>to, z €R.
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(H5) Suppose there exists a continuous function a : [tg, co) — [0, oo) satisfying (1.5) such
that

[f @t ) =t y)| < at)G(lz —yl),

where G is continuous and nondecreasing, G(0) = 0, G(r) > 0 for any r > 0 and satisfies the

Osgood condition

1
) 1
ilg(l)/s mdr = 0. (1.7)

Our main results are the following theorems.

Theorem 1.1 Assume that (H1)-(H3) hold. Then there exists a unique stable bounded solution
of (1.1) and (1.2).

Theorem 1.2 Assume that (H1), (H2) and (H4) hold. Then there exists Ty > to such that
(1.1) and (1.2) has at least one bounded solution = on [T}, o).

Theorem 1.3 Assume that (H1), (H2), (H4) and (H5) hold. Then there exists Th > to such
that (1.1) and (1.2) has a unique solution x on [T}, 00).

The remainder of this paper is arranged as follows. In Section 2, we show a preliminary
lemma. Section 3 is devoted to proving the existence, uniqueness and stability of bounded
solutions of (1.1) and (1.2) under the Lipschitz condition. In Section 4, we give the proofs of
Theorems 1.2 and 1.3.

2. Preliminaries

In this section, we will give the equivalent integral expression of (1.1) and (1.2).

Lemma 2.1 Assume that (H1) and (H2) hold. Then z € C[ty, 00) is a solution of (1.1) and
(1.2) if and only if x € C1[ty, o0) is a solution of the integral equation

z(t) ¢0+/t°o @1(/:0 f(r, :E)dT)ds, t > to. (2.1)

Proof Let x € Cllty, o) be a solution of (1.1) and (1.2). Since lim;_,o. 2/(t)e! = 0 implies

that lim;_,o 2/(t) = 0. So, integrating the equation (1.1) from ¢ to oo, we show

o(—a/(1)) = - / f(s, 2)ds, t> 1o,
and hence
_x/(t):(p—l(/oo f(s, x)ds), t > to. (2.2)
t

Combining this with lim; o 2:(t) = 1o, we get that = satisfies (2.1).
On the other hand, let z € C'[ty, co) be a solution of (2.1), by a series of calculations for
(2.1), we obtain (p(2'(t))) = f(t, x). By virtue of (H1), it follows from (H2) that there exists



60 Tianlan CHEN and Xuying TANG
T > to such that, for any ¢t > T,
|f(t, )| < ee™" uniformly on = € R,

and so
00 T oo
/ f(s, x)ds </ f(s, :c)der/ ee” °ds < oo. (2.3)
to to T

Thus, it is not difficult to prove lim; , x(t) = ¥y. Moreover, it deduces from 1'Hospital rule,
(H2) and (2.2) and (2.3) that

e ([ (s, x)ds)

(o)
lim 2/(t)e’ = — lim cp_l(/ f(s, :c)ds) e! = — lim
¢

t—o0 t—o0 t—o0 e
o0
s, x)ds
=— lim ftf# = — lim e'f(t, x) = 0.
t—o0 e t—o0

Thus, z is also a solution of (1.1) and (1.2). O

3. The proof of Theorem 1.1

In this section, we will show that the existence, uniqueness and stability of the solution of
(1.1) and (1.2) when f satisfies the Lipschitz-type condition.

Proof of Theorem 1.1 According to Lemma 2.1, we only need to establish the existence,
uniqueness and stability of solutions of (2.1). Now it deduces from (1.5) that there exists large
enough Ty > max{1l, to} such that

/OO a(s)ds < /OO sa(s)ds = ag < 1.

To To

According to (1.6), we have
|f(t7 l‘)| Sa(t)|x|+|f(ta 0)|7 t 2 to, z €R. (31)

By (H2), we have
. t o
Tim |f(t, 0)] =0.

Assume that Tp is chosen such that |f(¢, 0)| < e™* for any ¢ > Ty, and so
(o)
/ s|f(s, 0)]ds < 400, (3.2)
t

for t > Ty. Now let
X = {z € C'Tpy, o) : = is bounded}.
Then X is a Banach space endowed with the norm
Joll = max { sup [2(8)], sup o/ (8)]}. (3.3)
t>To t>To

Let us define the operator F in X,

[F(2)](t) = o + /too @1(/:0 £(r, :E)dT)ds, t> T (3.4)
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According to (3.1), (3.2) and (3.4), for any = € X, t > Ty, we show

F@IOl <ol +| [ e ([ s aar)as| <ol + [ [Tl ojaras

*|¢0|+/ /IfT z|dsdw|wo|+/ (r — D (r, @)ldr

~lual + | s = )1f (s, Dlds < o] + | slsts, s
<l + [ " Tsa(s)]a(s)] + sl7 (s, 0)[])ds < +oc,

where ¢~ 1(s) = 7= for s € R and lo~(s)] < |s|. Then F : X — X. Moreover, for any

z,y € X, we have
/too [901(/:0 f(r, ﬂf)dT) - 801</:O f(r, y)dT)}ds‘

sup |[F(x)](t) — [F(y)](t)| = sup
/t @ / [f(r, @) — f(r, y)]des‘

t>To t>To
§sup/ / |f(7, ) — f(7, y)|drds
t>To Jt

“%5’/ / (7, @) — f(r, y)ldsdr
= sup /OO(T —O|f(r, ) — f(r, y)ldr

t>To

t>To Jt

= sup/ (s=t)|f(s, ) — f(s, y)|ds
t>To Jt

<sup [ slfs, @) Fls. s
t>To Jt

S/OO sa(s)ds||z —y|l, (3.5)

To

where £ intervens between f:o f(r, x)dr and f:o f(r, y)dr. Similarly, for any z,y € X, one
proves
sup [[F(2)]'(t) — [F(y))'(t)] = sup |¢

t>T t>Tp 1(/,500 I x)d5> a (p_l(/too 1 y)ds)‘

< sup/ (s, @) = (s, y)|dr
t

t>To

</ OO a(s)ds]z — . (3.6)

So F is a contraction map on X according to (3.5) and (3.6), and so F has the unique fixed
point z € X, which is a unique bounded solution of (2.1) on [Ty, o0). If tg = Tp, it has been
done. If ¢y < Tp, we proceed as in [21, Theorem 2.1] and ignore the details here.
Next we will show the stability of the solution. Let x and # be the solution of (2.1) with
lim x(t) = o, tlggo Z(t) = o,

t—o0
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respectively. Together with (1.6), using the similar method to treat (3.5), for any ¢t > Tj, we

/tooso‘l(/:of(r, ac)dr)ds—/too@—l(/:of(ﬂ )dr)ds|

gw—¢d+wp[ (s — Ol f (s, 2) — f(s, T)|ds

have

|z(t) — &(t)| <[tbo — Po| + sup
t>To

t>To
<[tho — 1ol +/ sa(s)dsl|lz — Z||
To
=[4po — ol + aollz — 7. (3.7)

Accordingly,

|2/ (t) — Z'(t)] < sup
>To

w_l(/too f(s, ac)ds) - go_l(/too f(s, f)ds)‘
Sts;%)o /too |f(s, ) — f(s, &)|ds < ts;g /too a(s)|x(s) — (s)|ds

§/ a(s)ds||lz — z|| < agllz — Z|. (3.8)
To

(3.7) and (3.8) yield that

1 _
o~ 3 < Tl ~ ¥l 39)
and
[o(Ty) = #(To)| + |o'(To) = &' (T0)] < T2l — . (3.10)

If Ty = to, the proof is completed. If tg < Tp, the stability of the solution will be proved in the

following.
Since (¢(a')) = ﬁ, the Eq. (1.1) can be written into
—(x 5
x//
= f(¢t, x),
0
and hence
3
"(t) = [1 = (2'(t)*]* £ (¢, )
Set

Then y'(s) = —2/(Ty — s),
y'(s)=2"(Ty — s) = ’[1 — (x'(TO — s))Q}
[1— (2())%]2 £(To — 5, () (3.11)

and
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Combining this with (1.5), we consider the system

B e
Z'(s) —a(To—s) 0) \z(s)

A(S) _ < an(s) alg(s) )

a21(s) aga(s)

Denote by

the fundamental matrix solution of the system (3.13). Obviously, (3.11) and (3.12) can also be

written equivalently
v\ (0 1\ [ ue)
( Z'(s) ) < —a(Tp—s) 0 ) < z(s) >+
[ b eontsen - )
[1= ()12 F (T = 5, y(s)) +a(To — s)y(s) )

(mm)( un>>.
2(0) ~a/(Th)

By the variation of constants formula, we have
T
V) \ g (T )
z(s) —a'(To)
' 0

/SA(ST)< 9.3 )d’f’,
0 [1= (M) T2 F(To =7, y(7)) + alTy = 7)y(7)

then

M)

y(s) =a11(s)z(To) — ar2(s)x’(To) + /OS ara(s —7)[1 = (2(7)°) (To — 7, y(r))dr+

/Os a12(s — m)a(Ty — 7)y(r)dr.

Similarly, let
9(s) = 2(Ty — 5), 2(s) =9'(s), 0<s<Ty— to.

We can derive
y(s) —y(s) Zan)(s) [2(To) — &(To)] — ara(s)[2'(To) — &' (To)] +
/0 ara(s —1)[(1 = (=) £ (To — 7, y(r))—

(1= (20)°)* F(To — 7. 5(r))]dr+

/ arz(s —1)a(To — 7) [y(T) - gj(T)} dr. (3.14)
0
Let

aj, = SG[(I)I’%);O] |a11(s)‘, aj, = se[g%}itg] ‘a12(3)|, a; = max{aj;, aj,}. (3.15)
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For any 0 < s < Ty — to, (3.14) becomes
ly(s) — §(s)| <aiy|2(To) — 2(To)| + aia |2’ (To) — & (To) |+

/05@2\(1 CE)DEF (T -7 y() — (1= GE))EF(To — 7, §()|drt

/OS aiya(To — 7)|y(r) — §(r)|dr. (3.16)

Note that it follows from the mean value theorem that there exists z* intervening z with Z such
that

(1= (=) = (1= (B0)")?| = | =32 (1 — 22} (2 — 5)] < 3]z — 2. (3.17)
Then, from (1.6) and (3.17),
(= @) (T - 7. y(m) - (1= (3())

we obtain

= (1= ()" F (@~ y(n) = (1= (())F F(To — 7, 5()+
(1= () F(To — 7, 5() — (1= (1)) (To — 7, §(0)]
< (1= M) f (T -7 y(@) - F(To -7 §()|+
(@~ (2D~ (1= G (T~ 7, §(m))|

(1= (=()D)E — (1= E0)*) 1 (T — 7. 5(0)]
<a(Ty—7)y —g| +3M|z — Z|. (3.18)

Indeed, by (H1), for any 7 € [0, Ty — to], there exists some constant M > 0 such that
|f(To =7, §(7))| < M.
From (1.6), (3.8), (3.9), (3.15), (3.16) and (3.18), we obtain
ly(s) = (s)| <ai{|a(To) — #(To)| + [/ (To) — ¥/ (To) | }+
2 [ aiaa(Ty = Dlu(r) —i(r)|ar+
o 3M(T0 )
1-—
By the virtue of (3.10), (3.19) can be turned into
ai[1+ ao+3M (T — to)ao]
1— ap

%o — Yo, (3.19)

s) — 36 < oo = ] +2 [ atsa(ts ~ Dlutr) - 560l

Using the Bellman-Gronwall inequality, we have

i a; [14 ao + 3M (T — to)ao]
[y(s) — 3(5)] < —
(ZT [1 “+ ag + 3M(T0 — to)ao
1— aon

|t — o2tz Jo " a(To—m)dr)

] |0 — ez Jig? alm)am),
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Take s =Ty — t,

aj|l4+ag+3M(Ty —to)a ~ « (T
|2(s) —@(s)| < iltre 1 a( b~ folao [0 — o e 2z o (T, (320)
—ao
Similarly, we can also deduce that
a5l 4+ ag+3M(Ty — to)a ~ . T
() - /)] < B : a< b I0o] ) ofefseia it e (91
—ao
where
ay, = ma az1(s)|, a3y, = ma as(s)|, as=max{as, as,}.
21 SG[O,TO}itO]| 21( )} 22 SG[O,TO}itO]} 22( )| 2 X{ 21 22}

Consequently, it deduces from (3.9), (3.20) and (3.21) that the solution is stable in the norm
(3.3) with respect to 1. O

4. The proofs of Theorems 1.2 and 1.3

When the nonlinearities f satisfy the Osgood condition, we will show the proof of the existence

and uniqueness of bounded solutions for (1.1) and (1.2) in this section.

Proof of Theorem 1.2 For any given positive constant p < 1, it follows from (H4) that we

can choose large enough 77 such that

o(I¢o] + ) L " als)ds < g(|vo] + p) / " sa(s)ds < p. (4.1)

T
Let
E = {x € CHTy, o0): tligloac(t) = wo}

be the Banach space under the norm (3.3). Clearly, E C X when Ty = T} are sufficiently large.
Set
Q={zeB: |l —p<alt) <|wol+p, t > T1}.

For any z € 2, we have

lim |[F(@)](£) — ol thgo‘/too / f(r, @)dr) ds‘ < hm/ / (r, z)|drds

:tlirgo/t /t [f (7, x)|dsd7':tli>rrolo/t (1 =t)|f(r, z)|dr
Jim [ =015, a)lds < fim [ sp(s, wlas o

which implies F : Q@ — E. Furthermore, for any ¢ > 71, « € €, it can be seen from (H4), (4.1)

and monotonicity of g that

F@I0 -l =| [ e ([ e aar)as| < [T [ s ajaras

< [ olfs alas < [ sataeoas

< g(l4ol + p) / " sa(s)ds < p (4.2)
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and
F@ro] <|e ([ s aas) < [ 16, olas
t t
< [ a@aeteas < alfsn] +0) [ atas<p. (43)
t 1
Thus, F: Q — Q.
In the following, we will prove that F : Q — € is completely continuous.

Let {z,} C Q be an arbitrary sequence. By applying the Lagrange mean value theorem and
(4.3), we obtain

|[Fan)l(t1) = [Flan))(t2)| < plts =t t1, t2>T1, n > 1. (4.4)

For any t¢1,t2 > Ty, without loss of generality, let t; < t2, using the similar method to treat (3.5),

we have

Pl (0) ~ Pl )] <o ([ (s, wa)as) o7 (

t1 t2

oo

f(s, xn)ds>‘

<[ st waas = [ st was] < [ 156, wlas

1
to

< / " a(s)glzn())ds < g(|2o] + p) / a(s)ds

t t1

< Ag(|vhol + p) (t2 — t1), (4.5)
where A = maxseps, ¢, a(s). So (4.4) and (4.5) show that {F(z,)} is equicontinuous in Q.
Clearly, {F(z,)} is uniformly bounded in €. On the other hand, it follows from (4.2) that

[[F(@n)] () = vo| < g(Jvo| + p) /too sa(s)ds.
Then, for any € > 0, there exists t. > T} such that
|[Fen)l(t) — o] <&, t>t, n>1.

Similar to (4.3), we obtain

[[F@)) @) <e, t>te, n>1.

Then {F(x,)} is equiconvergent in Q. Consequently, via the Arzela-Ascoli theorem [22], we
obtain that {F(z,)} is relatively compact in €.

Now we just need to prove that F : Q — € is continuous. From (1.5), for any fixed € > 0,
there exists Ty > T such that

ool + ) /

T

oo o0

a(s)ds < g(|vo| + p)/T sa(s)ds < %

It follows from (H1) that f : [to, T%] % [|vo] — p, [to] + p] — R is uniformly continuous, then
there exists a constant 6 > 0, for any z, y € [[vo| — p, |tho| + p] with |z — y| < §, we have

‘f(tv Z)ff(ta y)‘ < le [th T*]

£
372
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Therefore, for any t > 11, x1,x2 €  with ||z — z2|| < J, using the similar method to treat (3.5),
we have

el - Feio] =] [ e ([ s aar)as= [T ([T s aar)as
< /too /:O ‘f(T, x1) — f(m, $2)‘d7’d5
= [0l ) - £, s

g/ (s —T0)|f(s, 1) — F(s, 22)|ds+

T

/T (S_T*)|f(3a x1) — f(s, xg)‘ds

=1 + L.
Note that

o T, —T))?
Il§3—T*2/T1 (S—Tl)ds=3iT*27( 5 ) <%
and
I S/T s‘f(s, x1) — f(s, l‘g)‘dSﬁ/T s(\f(s, z1)| + | f (s, x2)|)ds
S/ sa(s) (g(Jz1(s)]) + g(|z2(s)]))ds < 2g(|¢ol +p)/ sa(s)ds < 2—35

Then

|[F@)lt) = [F@)](®)] <e. (4.6)

Moreover, using the similar method to treat (3.5), we have

el )~ Faa O] = [ ([ 1o o0as) o7 ([ 4 aalas)

t

< /oo|f(s7 x1) — f(s, $2)|d5

T
E o0

< gm3 (T~ T+ 29(nl + ) [ als)as
37T T

€ 2e
< — . 4.7
_3T*+ 3 <e (4.7)

T, [e'e)
g/ F(s, 21) — f(s, x2>\ds+/ﬂ 1£(s, 1) — f(s, 2)]ds

Thus, it follows from (4.6) and (4.7) that F : Q@ — Q is a continuous operator.

Consequently, it follows from the Schauder fixed-point theorem that F has a fixed-point
2 € Q. So (2.1) has at least one solution x : [T, c0) — R with lim;_, 2(t) = ¢o. O

Proof of Theorem 1.3 It follows from Theorem 1.2 that (2.1) has at least one solution

x : [Th, o0) — R with lim; , x(t) = ¥9. Now we only need to prove the uniqueness of the
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solution of (2.1). Suppose that z; and x2 are two solutions of (2.1) with
lim x1(t) = o = lim x2(t). (4.8)

According to (H5), (2.1

) and (
|x1 — ot ‘ = ‘/ 71 / flr, x1) dT ds—/oogol(/:of(r, $2)d7’)d5‘
S/t /é |f(7'7 x1) — f(m, $2)|d7'd5

< [T 0l ) = S an)fas
§/t sa(s)G(Jxr — x2])ds

Set ¢(t) = |1 — x2|. Then

, we have

olt) < / " sa(s)G(6(s)ds. (4.9)

We only need to prove that ¢(t) = 0 for ¢ > T;. Now we proceed as in [21], repeating the

arguments for completeness. On the contrary, suppose that
O(t) = max ¢(s) >0, foranyt> T,
s§2
then ¢(t) < ®(t) and it follows from (4.8) that
Mg, 210 = ligg 910 =0
which implies there exists t* > T} such that ®(t) = ¢(¢t*) for any ¢ > t*. Therefore,

(1) = () < / " sals)G(6(s))ds < / " sa(s)G(6(s))ds.

Set
w(t) = /t sa(s)G((s))ds,
then from (4.9), we get ¢(t) < ¥(¢) and lim;_,o ¥(¢) = 0. Further,
V(1) = —ta(t)G(8(t)) > —ta(t)G(V (1)),

Therefore,
v'(t)
> —ta(t)
G(¥(t))
Integrate the above equation to obtain
= W) [
dt > — [ ta(t)dt. (4.10)
v G(¥(1)) -

Set

It deduces from (4.10) that

r* 1 oo
—drg/ ta(t)dt < oo,
[ ar= [ o
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which contradicts (1.7). Therefore, ¢(t) =0 for all t > to. O

Remark 4.1 Let f(t, 7) = e ?'x(t), 1o = 0. Clearly, (H1) holds. According to (1.2), x(t) is
bounded. Then

: t_ i e—to(s) —
tlggo f(t,x)e" = tlggoe (t) = 0.

Hence (H2) holds. Let a(t) = e~2!. Then

and

e a(t) — e *y(t)] < e”*|x(t) —y(t)], for any z, y €R.

Thus (H3) holds. Let g(|z|) = . Then (H4) holds. Set r = |x(t) — y(t)|, G(r) = r?, we can see
G(0) =0, G(r) > 0 and satisfies
1 1
;i_% : mdrzali_% : T—2d7’:oo.
Then (H5) is valid. Consequently, there exists a unique stable bounded solution of (1.1) and
(1.2). O

Remark 4.2 Set
t

£t z) = %zln(l + ).

Obviously, (H1) holds. According to (1.2),  is bounded. Thus
xIn(1 + |z|)
pl——F

z€R

— 0, t— o0.

t

This means that (H2) is established. Let a(t) = <, g(|z|) = |z|In(1 + |2|). We can have

o0
/ e *ds =e ' < o0,
to
and (H4) holds. According to Lagrange mean value theorem, there exists a z between 2 and y
such that

||
1+ 2|

| In(1 + |2[) — yIn(1 +[y])| < [In(1+[2]) + Jle =yl < |z —y[In(1 + |z —y|) + |z —y.

Choose G(r) = rIn(1 +r) + r, clearly,
[ 1
hm/ ——————dr =00
e—0 ), rln(1+7r)+r
According to Theorems 1.2 and 1.3, (1.1) and (1.2) has at least one unique bounded solution. O
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