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Abstract The goal of this paper is to investigate the long-time dynamics of solutions to a
Kirchhoff type suspension bridge equation with nonlinear damping and memory term. For this
problem we establish the well-posedness and existence of uniform attractor under some suitable
assumptions on the nonlinear term g(u), the nonlinear damping f(u:) and the external force
h(z,t). Specifically, the asymptotic compactness of the semigroup is verified by the energy
reconstruction method.
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1. Introduction

In this paper, we mainly study the existence of uniform attractors for the Kirchhoff type

suspension bridge equation with nonlinear damping and memory term

g + A%u — Ay + kut — M (|| Vul|?)Au + 1(0)A2%u+
ST U(s)A%u(t — s)ds + 6 f (ue) + g(u) = h(z,t), (z,t) € QA x RT,

u(z,t) = Au(z,t) =0, (1.1)

u(z,0) = uo(x),

us(x,0) = up (x),
where € C R? is a bounded open domain with a sufficiently smooth boundary 09, k > 0 is a
spring constant, u™ = max{u,0} is the positive part of u, —ku™ denotes restoring force due to
the cables. [(-) admits 1(0) > 0, I(c0) >0, df(us) (0 < 6 < 1) represents the nonlinear damping
term, g is the nonlinear term, h € L?(Q) is an external force.

The function M (-), f(-), g(-), h satisfy the following assumptions:
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(1) The Kirchhoff coefficient M (-) satisfies

m
2

M(s)=s%, VseR", m>1; (1.2)

(2) The nonlinear damping f(-) € C'(R), f(0) = 0, f(-) is strictly increasing and

1|ig‘rlinf 1'(s) >0, (1.3)
[f(s)l < Cr(l+[s]”), 1<p<oo; (1.4)

(3) The nonlinear function g(-) € C?(R) and satisfies
lg(s)| < C2(1+[s]%), ¢ =1, (1.5)
where Cy > 0 and G(s) = [ g(7)dr,

lim sup 9(s) < A1, (1.6)
|s| 200 S
where A1 > 0 is the first eigenvalue of A;
(4) The external force h satisfies

h(z,t) € L™=(R; L*(2)), (1.7)

. . 2q+2
Oth € Ly (R; L™ (92 — qg>1. 1.8
teb(7 ())7T>2q+17q_ ( )

The suspension bridge equations describe the vibration of the suspension bridge pavement in
the vertical plane. In 1990, Lazer and McKenna [1] proposed and studied the following suspension

bridge model as a new problem in the field of nonlinear analysis
Ut + Up + 6;8;8;8;8“ + k"U/+ = h($) + ’UJ($7 t)

The asymptotic behavior of the suspension bridge model has been studied by many scholars [2,3].
When taking into account the axial tension at the end of suspension bridge pavement, we arrive

at the Kirchhoff type suspension bridge equation
st + OUt + Oppaatt + (v — HGMUH?LQ(Q))GMu + ku + f(u) = h(z,t).

In 2010, the author explored the existence of uniform attractors for non-autonomous suspen-
sion bridge equations with strong damping in [4]. Later, Park obtained the global attractor of
the autonomous suspension bridge equation with nonlinear damping in [5]. In [6], the author
considered global attractors for an extensible beam equation incorporating localized nonlinear

damping and linear memory
uge + A%y — k:(O)(l + / |Vu|2dx> Ay — / K (s)Au(t — s)ds + a(z)g(us) + f(u) = h(z).
Q 0

Subsequently, he further discussed the long-time behavior of autonomous suspension bridge e-
quation with memory in [7,8]. In [9], the author investigated the global attractor of the extensible
suspension bridge equation with linear memory. Recently, Feng, Yang and Qin [10] studied uni-

form attractors for a non-autonomous extensible plate equation endowed with a strong damping

uge + A%u + au — M(|Vul|®)Au — yAu + f(u) = o(z,t), ©€Q, t>7, 7€ RT. (1.9)
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Inspired by the above literature, we study the existence of uniform attractors for Kirchhoff-
type suspension bridge equations with nonlinear damping and memory term. In our opinion, the

main difficulties and innovations are presented in the following:

(i) The coefficient of the Kirchhoff term transforms into a nonlinear function M (-). This not
only elevates the complexity of estimations when investigating the existence of uniform attractors
but also renders practical applications more intricate. Additionally, the nonlinear damping term
df(ut) poses challenges in achieving the uniqueness of the solution and the uniform asymptotic
compactness of semigroups. To tackle these problems, we put forward conditions (1) and (2).
These conditions are designed to overcome the difficulties brought about by the aforementioned
factors, thereby facilitating a more in-depth study of the relevant equation’s properties and its
potential applications.

(ii) We consider the system with a memory term [ 1'(s)A%u(t — s)ds, and then, the system
can generate a new phase space, which makes the solution space more complex. Furthermore, the
problem (1.1) includes not only the memory term [ 1'(s)A%u(t — s)ds, but also the Kirchhoff
term — M (||Vu||?)Au and the nonlinear damping term & f (u;), in contrast to previous works that
merely focus on either the memory term, the Kirchhoff term, or the nonlinear damping term in
isolation, our study is more comprehensive. It takes into account the combined effects of these
multiple factors, which enriches the scope of the research.

(i) In the case f(ut) = —Auy, I'(s) = 0 and k = 0, the Eq.(1.1) degenerates into the
Eq. (1.9), so we proceed to further extend the results associated with it.

In order to facilitate the discussion of problem (1.1), we introduce the following transforma-

tion
n=n'(z,s) =u(z,t) —ulz,t—s). (1.10)

Supposing u(s) = —=1U'(s), I(co) = 1 and combining (1), then we can transform (1.1) as the

following system

ugr + 20%u — Aug + kut — || V|| ™ Au + / w(s)A%n! (z,5)ds + 6 f (ug) + g(u) = h(zx,t)
0

(1.11)
and
ne=—ns+u, (z,t,5) € QxR xRT (1.12)
with initial boundary value conditions
u(z,t) =0, x e, t>0,
nt(x,s) =0, (r,8) €00 x RT, t >0,
u(z,0) = up(x), x €8, (1.13)

u'(z,0) = uy
1°(x,8) =10

x), x €€,
z,8), (w,8) €00 xR,

(
(
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where
uo(z) = uo(z,0),
u(z) = Opuo(, t)|i=o0, (1.14)
no(,s) = uo(x,0) — uo(z, —s).

(5) With respect to the memory kernel u(-), we assume that

u(s) € CHRT) N LYRT), (1.15)
pu(s) = 0,p'(s) <0, (1.16)
/00 wu(s)ds = 61 > 0, (1.17)
1 (s) + d2p(s) <O0. (1.18)

The structure of this paper is as follows. In Section 2, we introduce preliminary theories

related to this paper. In Section 3, we prove the existence of uniform attractors.

2. Preliminaries

In this section, we present some relevant notations and existence results.

Let LP = LP(Q), H* = H*(Q), H = Vy = L*(Q), Vi = H}(Q), Vo = H%(Q) N HL(Q), where
p>1, k>0, H* is a Sobolev space, H¥ is the closure of C§°(2) in H*.

The inner product and norm of space H are represented by (+,-) and || - ||, respectively. The
dual space of V5 is represented by V_s, and the dual pairing between dual spaces is denoted by
().

We define the operator A : Vo — V_o,
(Au,v) = (Au, Av), Yu,v € Vs,
D(A) = {u € H*(Q) N H}(Q)|Au € L*(Q)},

then A is a self-adjoint operator in space H and strictly positive in space V5. For s € R, we
define the power of operator A as A°, and the space Vi, = D(A1) is a Hilbert space with the

inner product and norm given by

(u,v)s = (ATu, ATv) = / Ady - Atoda,

Q
ul|? = (u, u)s = [| ATl
Apparently,
ullo, = llull = [ATul = [[Vul,
[ullo, = llull2 = [|AZul| = [|Aul.

We introduce the following Hilbert space

LARTV) = {n: R 5Vl [ ulnolfas <o}, =12,
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endowed with the inner product and norm

(1) = / " ()1 (), ma(5)):ds,

o0
9115 = (01 s = /O p(s)In(s)[I7 ds,
respectively. Furthermore, we define the phase space
H =Vax Ly x L2(RT; V3)
with corresponding norm
1w, e, )13, = 11 Au]® + [luel* + 915 »-
By the Poincaré inequality, we have
2 30,112
IVul® = Af [[ull®, Vue Vi

In addition, we define the translation bounded function space in L. (R; L*(2)), 7,k > 1 as

loc

LI(R; LF(Q)) = {h e LT, (R; L*()) : sup/tt+1 (/Q | h(z,s) |* dm) s < oo},

teR

and the translation compact function space in L12OC (R; L2(2)) as

LAR; L2(Q) ={h € L (R; L2(Q) = V[t1,12] CR,
{h(z,s+p): p € R}y, 1 is relatively compact in L?(t1,t2; L*(Q2))}.
Let X be a Banach space and let a two-parameter family

{Ut, )} ={U@,7) |t =77 R}

acting on X:
Ut,r): X=X, t>1T€R.

Definition 2.1 ([4]) Let X be a parameter set. {Uy(t,7) |t > 7,7 € R}, 0 € ¥ is said to be a
family of processes in Banach space X, if for each {U,(t,7) | t > 7,7 € R}, 0 € X is a process,
that is, the two-parameter family of mappings {U,(t,7)} from X to X satisfy

Us(t,s) o Uy(s,7) = Uy(t,7), Vt>s>1, 7 €R, (2.1)
Uy(r,7) = Id, T€R, (2.2)

where Id is the identity operator, ¥ is called the symbol space and o is the symbol.
Let {T'(s)}s>0 be a family of operators acting on the symbol space ¥. Then

T(s)E =%, Vs>0, (2.3)
and the family satisfies the translation identity

Us(t + 5,74 5) = Up)s(t,7), VoeX, t>71, TR, s>0. (2.4)
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Definition 2.2 ([10]) A set By € B(X) is said to be a uniformly (w.r.t. o € %) absorbing
set for the family of process {Uy(t,7)}, o € X if for any 7 € R and B € B(X), there exists
to = to(7, B) > 7 such that |J, .y, Us(t,7)B C By for all t > to.

A set A C X is said to be uniformly (w.r.t. o € ) attracting for the family of processes
{Uy(t,7)}, o € ¥ if for any fixed 7 € R and every B € B(X),

lim (supdis‘cX(Ug(lf,T)B7 A) =0,

t—o0 ceR

where B(X) represents the set of all bounded subsets of space X.

Definition 2.3 ([10]) Let X be a Banach space and B € B(X), ¥ be a symbol space. We
call a function ¢(-,-;-,-) defined on (X x X) x (X x X) a contractive function on B x B, if for
any sequence {z,}7>, C B and {o,} C X, there are subsequences {x,1}7>, C {zn}32, and
{onk}i2, C {on}o, such that

lim lim ¢(znk,xnl; Onk, O’nl) =0. (25)
k—o0 =00

We denote the set of all contractive functions on B x B by contr(B, X).

Lemma 2.4 ([11)) Let {U,(t,7)}, 0 € ¥ be a family of processes satisfying the translation
identity (2.3) and (2.4) on a Banach space X and having a bounded uniformly (w.r.t. ¢ € )
absorbing set By C X. Moreover, assume that for any € > 0 there exist T = T(¢) and ®p(-,-) €
contr(By, X) such that

HUU'I (Tv T):L' - UU2 (Ta T)yH <e+ q)T(:L'a Y;01, 02)7 v (:L'a y) € By, Voi1,00 € X,
then {Uy(t,7)}sex is uniformly (w.r.t. o € X3) asymptotically compact in X.

Lemma 2.5 ([11]) Let {U,(¢,7)}, 0 € ¥ be a family of processes satisfying the translation
identity (2.3) and (2.4) on a Banach space X. Then {U,(t,7)}, o € ¥ has a compactly uniform
(w.r.t. o € ¥) attractor in X if and only if

(i) {Us(t,7)}, 0 € ¥ has bounded uniformly (w.r.t. ¢ € ¥) absorbing set By C X;

(ii) {U,(t,7)}, o € ¥ is uniformly (w.r.t. o € X) asymptotically compact in X.

3. Existence of uniform attractors

In the introduction part of this paper, the problem (1.1) has been transformed the equivalent
systems (1.11)—(1.14). Following this transformation, our subsequent analysis focuses directly
on the system (1.11)—(1.14).

3.1. Well-posedness of solution

In this subsection, we will establish the well-posedness of problems (1.11)—(1.14).

The well-posedness of the solutions to problems (1.11)—(1.14) can be obtained by the Faedo-
Galerkin method [5,7,12,13]. Here we give the following theorem directly instead of proving it
in detail. Denote R, = [7,+00).
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Theorem 3.1 Assume that assumptions (1)—(5) hold and initial value (ug,u1,m0) € H, then
the problems (1.11)—(1.14) have a unique solution (u,ut, 77) € C([0,T); H) satistying

u € L>®(0,T;Va), ug € L=(0,T; H), n € L>(0,T; L%(R*, V3)),

for any T' > 0. The solution (u(t),u:(t),n) depends continuously on the initial value (ug, u1,170).
Let y(t) = (u(t),us(t),n*(t)) and y, = (u2,ul,n?). We will transform the problems (1.11)-

(1.14) into an evolutionary equation. Then the systems (1.11)—(1.14) are equivalent to the

following system
Oy = —2A%u + Auy — kut — fooo w(s)A%nt(z, s)ds+
[Vul|"Au — 6 f (ur) — g(u) + h(z,t), Vt>T,

ulon = Aulaq = 0,

3.1
u(x,7) = ul(z), (3.1)
ue(x,7) = uz(z),
n(z,s) =n?,
and its operator form is
Oy = Agty(y) = yr, (3.2)
where o(t) = h(z,t) is the symbol of Eq. (3.2).
We define the symbol space of (3.2), take a fixed symbol
. 2 2
70(s) = hol@. 5). ho € L=(R: (@) N W, (R L7(@). for 7> =,
and set
Yo ={(x,t) = ho(z,t +s) : s € R}, (3.3)
% is the weak closure space of $g in L®(R; L*(Q)) N W,"" (R; L"(Q2)). (3.4)

The following statement holds true.

Proposition 3.2 ([14]) X is bounded in L>(R; L?*(2)) N Wbl’T(R;LT(Q)), and for any o € ¥,
the following estimate holds

1l oo (s L2y W sz (@) < N1Po0ll oo L2 @)ynwyr (mszm @)
Therefore, according to Theorem 3.1, we know that for all o € ¥ and the process {U, (¢, 7)},
o € X, the problems (1.11)—(1.14) are well-posed, where U, (t,7)yr = y(t). Then y(t) is the
solution to the problems (1.11)—(1.14) with respect to {U,(¢,7)}, o € ¥ and satisfies conditions
(2.1) and (2.2). Meanwhile, due to the uniqueness of the solution, it is known that {U,(¢,7)},
o € ¥ satisfies the translation identity (2.3) and (2.4). In the following, {U,(t,7)}, 0 € X is
denoted as the family of processes generated by (3.2)—(3.4).

3.2. The existence of uniformly bounded absorbing sets

The following theorem is concerned with the existence of uniformly bounded absorbing sets
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of problems (1.11)—(1.14).

Theorem 3.3 Assume that assumptions (1)—(5) hold and ¥ is defined by (3.4), then the
process family {U,(t,7)}, 0 € ¥ corresponding to the problems (1.11)-(1.14) has a uniformly
(w.r.t. o € ¥) bounded absorbing set By in H.

Proof Taking the inner product with u; of Eq. (1.11) in L?(2) and using (1.12), we obtain

S0+ IVl + (1) + 007 () ) = 0, (35)

where
1) = gl + |Aul® + = Va4 S P+ Sl + [ (G) = bz (36)
2 m+ 2 2 g w2 o

By (1.18), we derive

]
(77a77s);t72 2 ?2”77”2,2- (3.7)
Combining with (3.5)—(3.7) leads to
d 0
1O+ [Vue* + fllﬂlli,z + 0(f (up), ur) <0. (3-8)

Integrating (3.8) over the interval [0, ¢], we obtain

t t S t
10+ [ 1vuas+ [ Sl ads+ [ 607w, w)ds < 10) (39)

From (2), we conclude that (f(ut),us) > 0, thus

t ts t
/ | Vus||?ds +/ 52||n||i2ds +/ O(f(us), us)ds > 0. (3.10)
0 0 0
According to (3.9) and (3.10), for any ¢ > 0, we obtain
I(t) < I(0). (3.11)
Applying (1.6) and Poincaré inequality, there exist constants A and k; > 0 such that
A
[(g(u), )| < Mlful® < Zllull + k1 9 (3.12)
and
Iel A1 2 A 2
(wdz < —[lull” < ==[|Aull” + k1[€2], (3.13)
Q 2 4\
where \; < A < %)\1, |2] is the measure of 2. Using Young inequality, there exists a constant
a > 0 such that
1
‘/ huda| < alful + - 1] (3.14)
O li¥eY

Exploiting the previous estimates, there exists a constant A such that 0 < A\ + 4a < 3\ — 2k,

then we conclude that

1 1 mao 1 1
10) > I(t) > S fluel|* + 11 Aul|* + IVal™2 + SlInlz2 = k1@ = =R (3.15)

m—+ 2
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Taking the inner product with v = u; + eu of Eq. (1.11) in L?(Q) and using (3.7), we get
%W(t) +H(t) <0, (3.16)
where

1 g2 1
W 1) == 2 = 2 A 2 v m+2
Y e R

k € 1
Sl 1P+ S1Vull? + S linll7 2 +/ G(u)dz, (3.17)
2 2 2 0
H(t) = — ellud|® + 2¢[| Aul® + e[ Vul| ™2 + | Vu || + ke[lu'|+
02
5||77||i,2 +e(n w2 +e(g(u),u) — (hyue) — e(h,u). (3.18)

Now we estimate W (¢). Combining with (3.13) and the Poincaré inequality, we take ¢ small

enough such that

e? A k 1> 1
201 4N 2\ 2’
then
W) 2 2 ol2 + S| Aul? + —— Va2 + Z[Vul2 + < ]2, — ka|Y (3.19)
= 2 m+ 2 2 2 1h2 ' '
Next, we estimate H(¢). By (1.17) and the Young inequality, we derive
1

| e(nwp2 < Z”ﬂ”ig + &%[| Aulf?, (3.20)

< 9, 2 2
| (hyue) < 5lIAIE + gllutII : (3.21)

Substituting (3.12), (3.20) and (3.21) into (3.18), then there exists a constant ks (dependent on
k1 and €) such that

H(t) 2 9 AE o 5 ke € 9
—L >(—e-= - = 2e—¢e*— — — —)|A
o > (e = Dyl - Tl + (22— = 55— o)Al
m )
el Vul| ™2 4+ | Vu||* + lelnlli,z — el|h()|>. (3.22)
Further, integrating (3.16) over [0, ¢], we have
t
W (t) +/ H(s)ds < W(0). (3.23)
0

Combining with (3.19), (3.22) and (3.23), it yields

1 9, 1 2 1 m+2 | € 9, 1 2
012+ SIAul + —— Va2 + |Vl + 2l -

t t t e
chy [ uelPds 4 ke [ [VulPds — ke [ 5 Jus)Pdst
0 0 0

t t kod t
chy [ I(6)pds + ke [ I9u(e)™ s + 22 [l s
0 0 0
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1 1 1 £ 1
< = 210 2A 24— m+2 4 - 24 = 2. 3.24
< 5ol + 31 Auol? + —— [ Vuol ™2 + [ Vuol + SlmlZe (324
We note that
1 9 ¢ k251 ¢
m—+2 2 m-+2 2
o ([Vul| + 5”VUH + kgs/o [[Vu(s)]| ds + 5 /0 ||n||#’2ds > 0. (3.25)

Applying Poincaré inequality and choosing € small enough such that £2 + (% — %)5 < 0 and
1
0 <& < A7, then we deduce that

€ ke K !
k2(2€f€2fﬁ - )\_)/ HAU(S)H2d5*k25/ [Jus | *ds+
1 1 Jo 0

¢ t
ko
1@/ V| 2ds — %/ u(s)|[2ds > 0. (3.26)
0 0
Therefore, from (3.25) and (3.26), it is easy to get that

1 2 1 2 1 2 9 1 2 1 2 € 2
- —||A - <= —|lA S m+ —
S0l + S1Aul+ Sl o <5 ool + 3 1ol + —— [ Vug ™ + [ Vuol >+

1 ¢
Sl + e [ I(s) s (3.27)
By (3.15), there exists My > 0 such that
1, 5 1 , 1 s € , 1
ol + 311 Auol> + — Vol + Vol + 3 ol < Mo

Therefore, there exists k3 > max{2, % + 1} such that

t
el * + [ Aull® + [1l]7,2 < ksl + [|Au]? + (0]} 2) + k/O Ih(s)l72ds < Ry, (3.28)
where k depends on ks, ks, €.
By the definition of ¥, for all o € 3, we have
o112 < ikoll2s.

Then there is
I35 < [[hol|2,, for all h e 3.

Thus, the uniform (w.r.t. o € 3) absorbing set By in H is
Bo = {y = (u,us,n")|[lyl3 < Ri}-
That is, for any bounded subset B in H, there exists to = to(7, B) > 7 such that

U U-(t.7)B € Bo, Vit = to.
ogEX

This completes the proof. O
3.3. Uniformly asymptotically compact

In order to obtain the uniformly asymptotic compactness of system, we need the following

results.
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Proposition 3.4 ([14]) Let h € L>(R; L*(2)) N Wbl’T(R;LT(Q)), r > ;g—ﬁ. Then there exists
a constant K > 0 such that

sup ||h(z,t 4 5)||12(0) < K, for all s € R.
teER

Proposition 3.5 ((14]) Lets; € R (i =1,2,...), h € L=(R; L2(Q)nW, " (R; L™(Q)) (r > 352),

{un(t)|t > 0, n = 1,2,...} be bounded in H*(Q) N HY(Q), and for any Ty > 0, {un,(t)|n =
1,2,...} is bounded L*(0,T; L*(2)). Then for any T > 0, there exist subsequences {u, }$°

of {un}52 and {s,, }72, of {s,}72,, respectively, such that

T T
lim lim / / /(h(l‘,’l’ + Sn,,) — (h(z, T+ sp,)) (Un,, — Un, )¢ (T)dzdsdT = 0.
0 s Q

k—o0 l—o0

Theorem 3.6 Assume that assumptions (1)—(5) hold and ¥ is defined by (3.4), then the process
family {U,(t,7)}, 0 € ¥ corresponding to the problems (1.11)—(1.14) is uniformly (w.r.t. o € ¥)
asymptotically compact in H.

Proof Let (u(t),u(t),n'(t)) and (v(t),v(t),C(t)) be two weak solutions of problems (1.11)—
(1.14) corresponding to the symbols o1 (t) = hq(z,t) and o2(t) = ha(x,t), and they depend on the
initial value (ug,u1,70(+)), (vo,v1,Co(:)) € By, respectively. By is the uniformly (w.r.t. o € %)
bounded absorbing set obtained in Theorem 3.3. Let w(t) = u(t) — v(t), () = n'(:) — C*(").
Then w(t), £4(+) satisfy the following equation

wyy + 2A0%w — ||Vul|™ Au + | Vo] Av — Aw; + /000 p(s)A%E (2, 5)ds+
k(u™ —v") +0f (ur) = 0f (vr) + g(u) — g(v) = ha(t) — ha(t), (3.29)
& = =& 4wy, (3.30)
where (w(0),wt(0),°()) = (uo,u1,m0(-)) = (vo,v1,¢o(+)). We define
Eult) = 518w + 5wl + 5 1€12.2 (331)
Taking the inner product in L?(2) of (3.29) with w and integrating over [0, 7], we obtain

T T T
2/ HAwHQdTS—/wt(T)w(T)d:c—f—/wt(O)w(O)dx—i—/ HthQdT—i—EO/ €12 pdr+
0 Q Q 0 0

T T
Lk(a(T)| — w(0)]?) — / |V ul™ V] dr — / /Q (V™ — [ Vo™ VoVwdedr+

g 2 1 2, 1 2 g _ _
o1 [ IawlPar = SV + 51w - [ [ (65 = 8f(w)wdrar

/OT/Q(Q(U) g(v))wdsz/OT/Q(hl — hy)wdzdr. (3.32)

The above estimates utilize the inequality |u] — ug| < L|us — us| = L|w| and

T T T
[ € wadr] <o [ 0400 [ 8wl
0 0 0
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where L > 0, g9 > 0.
Next, taking the inner product in L? of (3.29) with w; and combining with (3.7) and (3.31),

we have
d

5 1d
—Ew(t)+—2||£t|\i,2+I\th|\2+/(IIWH’“ HWH’”)Wthdz+/ [Vul[™ 5 — (Vw)?dz+
dt 2 0 2dt

[ @t = ste)wide = S Ll + [ (650 = 85 @uda < [ (b = b
Q Q

(3.33)
Integrating (3.33) over [s,T] and then integrating the result over [0, T] it follows that

12 / / €72 pdsdr + / / I\thIIstdeE ()2 +
/ / vl = 190 VoPudadsar + 5 / /Hw )P (Vu(T))
m / / / IVl Vuy (V)2 dsdadr — = / | IVl (Fu(s) Pdzdr+
/ / /5f ug) — O f (vg) wtdxdsdT—l—/ / / v))wedrdsdr—

/ / /(h1 — ho)widzdsdr + —/ lw(s)||*dr §/ E,(s)dr. (3.34)
0 s Q 2 0 0
Note that
/ / €112 pdsdr +/ / Vg |2dsdr + - / / IVu(T)|™ (Vo (T))2dadr > 0.
(3.35)
From (1.3) and (1.4), there exist Cs pr > 0 and Cs5 > 0 (dependent on §) such that
/ / / (0f(ut) — 0 f(vy))wedadsdr > Cy M/ / / 'LUthSL'deT >0, (3.36)
/ /(6f(ut) — 5 (v0))wedadr > 05+/ s | 2dr. (3.37)
o Ja 0
Combining with (3.35)—(3.37), it is easy to get that
L
/ B, dT+—/ T)|dr - % Jo(s)2dr+
0

! / [ v (Fu(s)Pdzdr + /T / /T|Vu||m1wt<w>2dsdwdv
/ / / ([Vul|™ — ||VU||m)VUthdxdsdT—/ / / v))wpdzdsdr+
/0 / /Q (hy — ho)wdzdsdr. (3.38)

Further, integrating (3.33) over [0, 7] and combining with (3.37), it yields

T
E.(T) + / |27 + 2 / €12 pdr + / V| ?dr
0 0
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4 m m 1 m 2 kL 2
- Q(HVUH = IVoll™)VoVwdzdr — 3 ., IVu(D"(Vw(T)) de + == [lw(T)II"~
kL r 1
L oy + 2 / |19l Ve (Twdrds + 5 [ 1Va)17(Vi(0)Pde-

/ / v))wedadr + / / (h1 — ho)wydzdr — Cs5 + E,,(0). (3.39)

Applying E,,(T) + fo [|[Vw,||?dr > 0, (3.31)—(3.32) and (3.39), we conclude that

T T 1 T T
| Buttar < @-a) [ 1awar+ 5 [ s+ 0 -z [ 0dr
0 0 0 0

)™ (Vw(T))*dar+

T
Caa [ [ AU = 7o) VoV
0 Q

kLC o kLCs,q mC o m—
2 e~ =52 w(O)] + =5 // |Vl Ve (Vw)?drda-+

0)I™ (Vas(0))*der — Co.aCs — Cha / / o) )updadr+

o Bu(0) + Co o / / (hy — ha)wsdwdr — / V™| V| dr — / wy(TYw(T)da+
0 Q 0 Q
T
/wt(O)w(O)dm—/ /(||Vu|\m— Vo™ VoVwdadr + kL|w(T)||? — kL|w(0)]?—
Q 0 Q

T
IVl + 519w = [ [ (650) 65w wdadr—

/ /gu wd:chJr/ /h1 he)wdzdr, (3.40)

where Cs, > 0 is a constant with respect to d2. Exploiting (1.3), (1.4) and Holder inequality,

we have
T T P;H
\ / / (6F (ug) — & f(vt))wd:ch‘ < 2050, Ca, ( / / |w|p+1dxd7) . (3.41)
0o Jo 0o Jo
It is evident that 0 < s < t < T, then substituting (3.41) into (3.40) and combining with (3.38),
we obtain
Cp 1
Ey(T) < T T @T((Uo,ul,ﬂo('))a (vo, v1,Co (),

where

kLCs kLCh C2.0 m
0 =FEC22 ()2 - S22 oy - S [ jwuiy (vt

0)[|™(Vw(0))?dz — C2,0Cs + Ca,0 B (0) — /th(T)w(T)dac-i-

[ @ = SV + 51900 + 5 [ u()ars

KL[w(T)|* = kL|w(0)]|?, (3.42)

B (0, ur, 7o), (v, 01, Co()) = —Con / / (IVul™ — [ Vo™ VoV, dzdr—
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/ / / (V)™ — ||VU||m)VUthdxdsdT—/ / ))wdzdr—

/ ||Vu|\m|\VwH2de/ /(||Vu|\mfHVva)Vvad:chJr

m/ // V|| Vg (V)2 dsdadr + 2 // | V|| Vs (Vw)2drde—

/ / wtd:chf/ / / ))wedadsdr+
/ / / (h1 — ho)widzdsdr + = / / [Vu(s)|™(Vw(s))*dedr+
C’27a/ /(h1 — ho)widzdr 4 2C5s ,CpCl, / /|w|p+1dxdr Pﬂ—i—
0o Jo 0o Jo
/ /(h1 — hy)wdzdr — —/ w(s)|?dr. (3.43)
o Jo 2 Jo

Since the process family {U,(¢,7)}, o € ¥ has a uniformly bounded absorbing set, for any
v > 0, choosing T large enough such that

%@ T o (3.44)

According to Lemma 2.4, it now suffices to prove that ® is a contraction function, that is,
®p(,-) € contr(By,X). Let the sequence (uy, Oztn, ny) be the solutions to the problems (1.11)—
(1.14) corresponding to the initial data (uf,uy,ny) € By. Since By is a bounded positively
invariant set obtained in Theorem 3.3, by Alaoglu’s theorem, without loss of generality, we
assume that

U, — u weak star in L(0,T; V), (3.45)
Dy, — Oyu weak star in L>(0,T; L?), ( )
u, — u strongly in L?(0,T; L?), (3.47)
U, — u strongly in LPT(0,T; LPTY), (3.48)

where Vo <3< LPT1. In the following we deal with each term of (3.43).

Firstly, by (3.45)—(3.48), it follows that

T
lim lim / / V™ (Vhttn) - (Vitn — Vtgn)2dardr = 0,
Q

n—o0 mMm—o0 0

T
lim lim / /(||Vun||m — [V ||™) - Vm (VOruy — VO, )dadr = 0,
Q

n—o0 m—roo 0

T
lim lim / /||Vun||m-(Vun—Vum)2dxdT:0,
Q

n—o0 m—o0 0

T
lim lim / /(||Vun||m — |V ||™) - Vtm (Vuy, — Vi, )dzdr = 0.
Q

n—o0 m—roo 0

Secondly, from (3.47) and (3.48), we deduce that

T 1
lim lim (/ / [t — un|p+1dzdr> .



Uniform attractors for the Kirchhoff type suspension bridge equation 85

Combining with (1.5), (1.6) and (3.46), it yields
T
lim lim / (g(un) — g(um)) - (Orty, — Optiyy, )dzdT = 0,
0o Jo

T
lim lim /0 Q(g(un) — g(um))(upn — U, )dazdr = 0.

From Proposition 3.5 and (3.48), we derive that

lim lim/ / - (Opty, — Opupy )daxdT = 0,

n—o0 mMm—o0

nhﬂngo n}gnm/ /(hn — h) (U, — Uy )dazdT =0,

lim lim / / / - (Opty, — Optiyy )dxdT = 0.
n—o00 Mm—0o0

Finally, for each fixed ¢, using the Lebesgue control convergence theorem, we obtain
T T
lim lim / / /(g(un) — g(um)) - (Orup, — Ortupy,)dadsdr
n—o0 m—oo
= / hm lim / / (un) — g(um)) - (Opun, — ﬁtum)dmds) dr =0.
0 n—o0 Mm—0o0

Analogously,

Jim hm/ / /||vu|\m—|\vu|\m VoVwdedsdr

n—r00 M—r00

:/ (hm hm/ / Vul|™ = | Vo||™) Vvatdxds)d =0,
0 n—o0 m—roo

lim lim / / /HVUHm L Vg (Vw)?dedsdr

n—00 M—00
= /0 (nh—{r;o n}gnoo/ / V||t - Vg (Vw) dxds)
In summary, @7 (-, ) € contr(Bp, ), which completes the proof. O
3.4. Existence of uniform attractors
In this subsection, we prove the existence of uniform attractors of problems (1.11)—(1.14).

Theorem 3.7 Assume that assumptions (1)—(5) hold and ¥ is defined by (3.4), then the
process family {U,(t,T)}, o € X corresponding to the problems (1.11)—(1.14) possesses a compact

uniform (w.r.t. o € ¥) attractor As.
Proof Theorems 3.3 and 3.6 imply the existence of a uniform attractor. O
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