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Abstract In this paper, we establish some strong laws of large numbers, which are for non-
independent random variables under the framework of sublinear expectations. One of our main
results is for blockwise m-dependent random variables, and another is for sub-orthogonal random
variables. Both extend the strong law of large numbers for independent random variables under
sublinear expectations to the non-independent case.
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1. Introduction

One of the most famous results in classical probability theory is Kolmogorov’s strong law of
large numbers, which means the sample mean converges to the population mean. This funda-
mental theorem is based on the assumption of independence and identical distribution of random
variables. However, due to the complexity of the real world, data can also be dependent and not
identically distributed in the observations. Thus, we need to consider the law of large numbers
with weaker independence conditions.

A kind of common dependence is m-dependence, which was proposed in Hoeffding and Rob-
bins’s paper [1] in 1948 to our knowledge. A sequence {X,},>1 of random variables is called
m-dependent if {X7,..., X, } is independent of { X, X¢y1,...} provided s — r > m, where m is
a fixed nonnegative integer. It is clear that 0-dependence is independence. Moricz [2] introduced
the definition of blockwise m-dependence and obtained a strong law of large numbers for the
dyadic block {X} : 2P~! < k < 2P}, p € N*. Later, Gaposhkin [3] and Zhang [4] generalized
the dyadic block to arbitrary blocks. In theoretical analysis and practice, it may be much easier
to check the orthogonality than independence. So it is reasonable to consider the law of large
numbers for orthogonal random variables. Moricz [2] also obtained a strong law of large numbers
for blockwise quasi-orthogonal sequences of random variables.

The sublinear expectation was introduced by Peng [5], under whose framework the expec-

tation is not additive anymore. Limit theorems and stochastic analysis can also be established
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under the framework of sublinear expectations. In recent years, there have been many papers
about the strong law of large numbers under sublinear expectations. However, the limit theo-
rems for the dependent random variables under sublinear expectations are rare. In the recent
work, a strong law of large numbers was established by Gu and Zhang [6] for m-dependent and
stationary random variables under sublinear expectations. In this paper, we establish strong
laws of large numbers for blockwise m-dependent random variables and sub-orthogonal random
variables, respectively.

The rest of this paper is arranged as follows. Some preliminaries for the sublinear expectations
are introduced in Section 2. In Section 3, some inequalities and properties needed in our proofs
are listed. We present our main theorems in Section 4, and the detailed proofs are presented in

Section 5.

2. Preliminaries

In this section, some basic concepts and notations for sublinear expectations and capacities
are presented. We use a similar framework of Guo and Li [7], and one can refer to [7, 8] for
more details. Let (2, F) be a measurable space and P be a set of probability measures on
(Q,F). H denotes a linear space of real-valued functions on (€, F). As the space of random
variables, H satifies that 14 € H,VA € F and Xq,...,X,, € H yields p(X1,...,X,) € H for all
¢ € Crrip(R™). CpLip(R™) denotes the linear space of functions ¢ satisfying

() —p(y)| < C(L+ [&|™ + |y[™)|z — y|, for z,y € R,
where the constant C' > 0 and m € N rely on ¢.

The space of all Lipschitz functions on R” is defined as Cri, (R™). The upper expectation with
respect to P is defined as follows:

E[X] 2 sup Ep|X], VX €.
PeP

Then E is a sublinear expectation which satisfies the following properties:

(i) Monotonicity: IE[X] < I’EE[Y]7 if X <Y;

(ii) Constant preserving: E[C] =c VeceR;

(i) Sub-additivity: for X,Y € H, E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of
the form +oo — 00 or —oo + 00;

(iv) Positive homogeneity: E[AX] = AE[X], VA > 0.

The triplet (€2, H, IAE) is called a sublinear expectation space. The conjugate expectation E of
E is defined by
E[X) 2 -E[-X], VX €H.

By the sub-additivity of I@, it can be checked that for XY € H with IAE[Y] being finite,
E[X —Y] > E[X]-E[Y], £[X] < E[X], E[X +c] = E[X]+c for ¢ € R, where the last one is called
cash translatability. E[X] is also called the lower expectation of X. We say X = (X1,...,X,) is

an n-dimensional random vector in (Q, H, IE) if each coordinate of X is in (Q, H, IE)
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Definition 2.1 Let (1, H1, El) and (Qa, Ho, Eg) be two sublinear expectation spaces. Let X4
and X2 be two n-dimensional random vectors in (1, H1, IAEl) and (Q2, Ha, IEQ), respectively. Xy
is said to be identically distributed with Xa, denoted by X1 4 X, if

E1[p(X1)] = Eafp(X2)], V¢ € Crip(R™).

We say a sequence of random variables {X,}n>1 is identically distributed if X; is identically
distributed with X4 for all i > 1.

Definition 2.2 Let (Q,"H,IE) be a sublinear expectation space. Let Y = (Yi,...,Y,) and
X = (X1,...,Xm) be two random vectors in (2, H, IE) We say Y is independent of X under E
if

~

E[p(X,Y)] = EE[¢o(@, Y)]lz=x],

for ¢ € CpLip(R™™) such that ¢(x) £ E[jo(z,Y)|] < oo for all z € R™, Elp(z, Y)]|la—x € H,
@(X) € H and E[$(X)] < oo.

It is important to observe that under the framework of sublinear expectation, Y is inde-
pendent of X does not mean that X is independent of Y, which is different from the classical
linear expectation. One can refer to [5, Example 1.3.15] for more details. We say a sequence of
random variables {X,,},>1 is independent if X, ; is independent of (Xy,...,X;) for all ¢ > 1.
It is easy to check that for an independent sequence {Xi,...,X,}, if E[Xi] <oo,i=1,...,nm,
then E[Y 1, X, = 320, E[X3).

Next, we introduce the definitions of m-dependence and blockwise m-dependence for se-

quences of random variables in sublinear expectation spaces.

Definition 2.3 ([6]) A sequence of random variables {X,;n > 1} in (0, H,E) is said to be m-
dependent if there exists a nonnegative integer m such that (X, ymy1,...,Xn+j) Is independent
of (X1,...,X,) for every n and every j > m + 1. In particular, m = 0 means {X,,;n > 1} is an

independent sequence.

Definition 2.4 Let {n;;i > 1} be a given strictly increasing sequence of natural numbers. A
sequence of random variables {X,,;;n > 1} in (Q, H, IE) is said to be blockwise m-dependent with
respect to {n;;i > 1} if { Xy, <n<n,y, } is m-dependent for each i > 1, i.e., either nj 1 —n; < m+1
ornit1 —n; >m~+1 and {Xp;8 <n < n;q1} is independent of {X,;n; <n <r}ifs—r>m.
For a given probability space (Q, F , 15), we know that two random variables X, Y € L? (Q, F , 15)
are orthogonal if EFx[XY] = 0. Under the framework of sublinear expectations, we introduce
the concept of sub-orthogonality, which is an extension of orthogonality under classical linear

expectation.

Definition 2.5 A sequence of random variables {X,;n > 1} in (Q,"H,IE) is said to be sub-
orthogonal if@[Xin] <0 for i # j.

Definition 2.6 A sequence of random variables { X,;n > 1} in (2, H, E) is said to be generalized
sub-orthogonal if there exists a nonnegative sequence {f(j) : j =0,1,...} with Z;‘io f(j) < o0
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such that E[Xle] < VIE[X%] IE[XIQ] - f(lk =1|) for all k,1 =1,2,.... In particular, if f(0) =1
and [ is zero on other values, then {X,;n > 1} is sub-orthogonal.
Next, we introduce the capacities corresponding to P under the framework of Guo and Li [7].
A function V : F — [0, 1] is called a capacity if V() =0, V(Q) =1and V(A) < V(B)if A C
B,A,Be F. If
V(AUB)<V(A)+V(B), VA BeF,

then we call V' is a sub-additive capacity.
A pair of capacities (V ]A)) corresponding to P is defined as follows:

V(A) 2 sup P(A), V(A) 2 inf P(4), VAe F.
PEP bep

V and V are called the upper probability and the lower probability, respectively. They are

conjugate to each other, which means
V(A) +V(A°) =1, VA e F.

The capacity V has the property that

~ A

E[f] <V(A) <Elg)if f<Ia<g fgeHand A€ F.

The Choquet integral Cy, is defined by

cwméAmszwa+/OWazw—uw

— 00
If X; and X5 are two random variables in (2, H, IE) with Xy 4 X, then we have
V(Xl >x+e) §V(X2 > ) §V(X1 >z —e¢), forall e >0 and z € R,

and
Cgl[Xa] = Cy[Xa].

As shown in [5, Theorem 6.1.4], V is countably sub-additive. Let (Q,7,E) be a sublinear
expectation space from Peng’s original sublinear expectation theory [5]. Another way to construct
a countably sub-additive capacity is by the outer extension of E (see [6,9-11]). Here, we say E
is regular if

E[X,] \0, for {X,},>1 CH when X, (w)\,0, YweQ.

A regular sublinear expectation E can be represented as an upper expectation [5, Theorem
1.2.2]. [8, Example 4.1] illustrates that there exists P such that the upper expectation E with
respect to P is irregular.

Throughout the whole paper, we denote zAy £ min{z, y}, zVy £ max{z,y}, 2zt £ 2v0,2~ £
(=) V0 for real numbers x and y. [x] means the maximum integer not exceeding x. N represents
all natural numbers and N* represents all non-zero natural numbers. C' > 0 is a constant that
may change from line to line. For X € H and ¢ > 0, X(© £ (—¢)V X Ac, B[X] 2 lim,_, o, E[X(9)]
if the limit exists, and £[X] £ —E[—X]. It is clear that E[X] = IE[X] if X is bounded.
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3. Some lemmas and inequalities

In this section, we shall present some important lemmas and the crucial inequalities used in

our proofs of main results. (i) and (ii) in the next lemma are from [10] and [6], respectively.

Lemma 3.1 Suppose X € H.
() ([10) i
E[lX]] < ColIX1); (3.1)
and for any ¢ € (0, 00), ‘
B[ X|Ad < /OCV(|X| > 2)da.

(i) ([6]) If Cy[|X|] < oo, then E[|X|] is well-defined. E is a sublinear expectation on
Hi2{X eH| lim E[(X|Ad—e))=0} 2 {X € H| CylIX]] < oo}
c,d—00
(iii) If Cy[|X|"] < oo for some r > 1, then Cy[| X ] < oco.

Proof The proof of (i) and (ii) can be found in [10] and [6], respectively. For (iii), we notice

that

+oo +oo )
Coll X = [ VX zde= [ V(x| 2

+oo R +oo
- / (X > mydm > [ V(X] > m)dm.
0 1
Hence, if Cy[|X|"] < oo, then Cy[|X|] < 00. O
The next lemma is about exponential inequalities and Kolmogorov’s maximal inequalities in
Gu and Zhang [6]. We use the latter to obtain a maximal inequality for m-dependent random

variables under sublinear expectations.

Lemma 3.2 ([6]) Assume that {X1,...,X,} is a sequence of independent random variables in
(Q,#,E). Set S, =321, X;, B2 =" | E[X2]. Then for allz > 0,0 <6 <1 andp>2,

V(r;gysk ~B[Si)) 2 z) (resp, v(r,ggag(sk ~ &S = )

n 2
=~ T
< Cpd PPy E[XP -—L
— ¥'p € Zzzl [ z]+eXp{ 2(1+5)B72L}
Further, by noting that xe=* < e~! when x > 0, we have Kolmogorov’s maximal inequalities as

follows:

¥ (max(si ~ Blsi) 2 ¢) < Ca~? g E[x?], (3.2)

V(max(Si — E[5:]) > @) < Ca™2 Y BIX?.

i=1
By (3.2), we can obtain a maximal inequality for m-dependent random variables, which plays

a crucial role in our proof of the strong law of large numbers for blockwise m-dependent random
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variables.

Lemma 3.3 Suppose that {X1,...,X,} is a sequence of m-dependent random variables in
(Q, ’H,I/[*i) with E[Xl] < oo fori=1,...,n. Then for all x > 0,
A k ~ n A~
V(I,ggg > (Xi —E[Xi) > x) < Ca? XQE[X?],
1=

i=1

where C = C,, is a constant only dependent on m.

Proof In the case of n < m + 1, we take Z; & X; — IE[Xi]. Then
k

Wy aze) -0 {Laz1)
)

ES
Il
—
-
Il
—

1=

k=1 1=1 k=1 1=1

n k k2
< N Sry2
<O Y BT (by (3:2))

k=1 1=1

n.on kQA n no
=CY Y SEX<CY K27 ) EX]]

i=1 k=1 k=1 =1

+ n

6

In the last inequality we use the truth that ZZ=1 k? = w and notice that n <m + 1.

In the case of n > m + 1, we take

~

i £ Xi(erl)Jrk - E[Xi(erl)Jrk]’ 1=0,..., [(n - k)/(m + 1)]

Then
k R m+1 J r
%7( X; - B[X)]) > )<§7( { Zi>—})
i < ( i) ze) < U 0§js[<n12%§{/(m+1>] Z M
i=1 k=1 i=0
m+1 J z
< V( max L > —)
T ogjﬁ[(wk)/(mﬂ)]; M mtl
m+1 o [(n—Fk)/(m+1)]
(m+1) oryv2
<C B Z E[X (mt1)+]
k=1 i=0
=C(m+1)? 272 Z E[X2].
i=1
In the third inequality we have used (3.2) because {Zj;,i = 0,...,[(n—k)/(m+1)]} is a sequence

of independent random variables.
The proof is completed. O
Next, we establish the Rademacher-Mensov inequality under the sublinear expectation, which

plays a crucial role in the proof of the strong law of large numbers for sub-orthogonal random
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variables. One can refer to [12] for the Rademacher-Mensov inequality in classical probability

theory.

Lemma 3.4 Suppose that {X1,...,X,} Is a sequence of sub-orthogonal random variables in
(0, H,E) with IE[XZQ] <1 forallie{l,...,n}. Let {c1,...,cn} be a sequence of nonnegative

real numbers. Then

[lrgggn (Zc] ) } (log, 4n)? ic . (3.3)

— =
Proof We first prove for the case of n = 2%, v € N*. Let
njéchl—f—---—i—chj, j=1,...,n,
Yap £ car1Xa+1 + - +csXp,
where a = - 2% B2 B(a) = (p+1)-28 k=0,1,...,0; u=0,1,...,2°7F — 1.

We consider the 7; as the sum of some 1,3 and put
= Z waiﬁi?
i

where 81 — a1 > B2 — ag > - -+, then the number of the members of the sum is less than v.

By the Cauchy inequality, for j = 1,...,n, we have
2
nj = (Z%iﬁi ' 1) S0 Y Whp SU- ) Wis
i i af
where Y op Means that @ and 8 = fB(«) run through all their possible values. Therefore,

2 2

Joax nj < v zﬂjwa,}. (34)
@

Taking the sublinear expectation on the both side of (3.4) and by the sub-additivity of IAE, we

have
~ o P
B[ max o] < v 3Bl

By the sub-orthogonality of {X1,..., X, }, we have

n
ZE%B (v+1) Z c.
Finally,

n n
& )2 2
E[lglﬂxjvnj}<v (v+1) E < (log, 2n) Elcj,

: ]:

and (3.3) holds for the case of n = 2, v € N*. As for the case of 2! < n < 2/*! for some | € N*,
we only need to take ¢,41 = 0,...,¢o+1 = 0 in the case of v = [ + 1, and then the proof is
completed. O

The next lemma is the Borel-Cantelli lemma for countably sub-additive capacities in Zhang
[9].
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Lemma 3.5 ([9]) Let {A,,n € N*} be in F, and let V be a countably sub-additive capacity on
F.IfY X | V(A,) < oo, then
V(An,i.0.) =0,

where {A,,i.0.} =, Uiz, As.

Lemma 3.6 (i) ([13]) Let {a,}n>1 be a sequence with a,, /* co. Then for any M > 1 there

exists a sequence {ng }r>1 with ny /0o such that
3
Mank S a’nk+1 S M Qpy+1-

(ii) Let a, >0, n € N* and Y., a, < co. Then there exists b, > 0, n € N* such that
D ome1 b < 00 and §= N\, 0 asn — oo.

Proof (i) is [13, Lemma 3.3]. For (ii), we only need to take by, £ /Y07 ar — /> pe iy Gk O

4. Main results

We often do not distinguish different sets with probability 1 in classical probability theory,
but it is worth noting that we need to distinguish different sets with capacity 1. This is because
capacities generally do not have the property: For A, B in F, %A’(A) = V(B) =1= %A’(AHB) =1.
For instance, let Q = [0,2], and for A € B([0,2]), Pi(A) = u(AN[i—1,4]), i = 1,2, where p is the
Lebesgue measure on [0, 2]. V(A) £ Py (A)VPy(A), VA € B(]0,2]). Then V([0,1]) = V([1,2]) = 1,
but V([0,1] N [1,2]) = V({1}) = 0. Hence, we need to overcome this crux when proving the law
of large numbers for capacities.

We first show that the independence condition of [6, Theorem 3.1] can be weakened to m-

dependence.

Theorem 4.1 Assume that {X,, },>1 is a sequence of m-dependent random variables in (2, H, IE)

Suppose {an }n>1 Is a sequence such that 1 < a,, /" oo and

o =
E[X2
[ 2”] < 00.
n=1 an
Then =N ~
. " (X; - E[X; (X - EX
V(Iimsup Lz X)) >0 or liminf 2z ( X)) < 0) =0. (4.1)
n—o00 Ap, n—0o0 G,

Remark 4.2 By the sub-additivity of V, we know that for A € F, V(A) = 0= V(4°¢) = 1. If
E[X;] = £[X,] =0, i > 1, then (4.1) means V(lim, s Z%iix =0)=1.
The next result shows a strong limit behavior of a sequence of blockwise m-dependent random

variables under the sublinear expectation.

Theorem 4.3 Let {n;};>1 be a given strictly increasing sequence of natural numbers. {Xp}n>1

is m-dependent with respect to {n;};>1 in the sublinear expectation space (2, H, IE) Denote

I 2 (0|25, 2" N [ng, i) # 0}, v = #1, k€ N7,
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[lkiarki) £ [2k; 2k+1) N [ni;ni+1)7 S Ik,

®(n) £ Jnax, v ifn € 28, 2M1), 8, 23 X
k=1

Assume

(i) There is a random variable Z in (Q,H,E) such that - 37" V(| Xe| > t) <CV(|1Z] > 1),
Vn € N*, Vt > 0, where C is a numarical constant;

(ii) Cy[|Z|"] < oo, for some r € [1,2), then

V(limsup Zk 1E[ d >0 or hmmf Zk 1 £ < 0) =0. (4.2)
Remark 4.4 By (i) and (ii) we have = 37" | Cq[|Xy|"] < Cy[|Z]"]. IFE[X] = E[Xx] =0, k> 1,

then (4.2) means v(limn_mo ls( ) = 0) = 1. Moreover, if {n;};>1 = {2'};,>1 and r = 1, then

(4.2) means V(lim,, o S;I = 0) = 1, which is the form of a common strong law of large numbers.
Define h(n) £ vy, if n € [2%,28F1). Then, h(n) can be estimated for some specific {n;};>1. For
example, h(n) = O(1) if {n;}i>1 = {[¢"]}i>1 with ¢ > 1; h(n) = O(n=) if {ni}is1 = {[i*}is1
with o > 1. One can refer to [3] and [4] for more examples.

Remark 4.5 Let {X,,},>1 be a sequence of i.i.d. random variables in the sublinear expectation
space (Q,H,E) and Cy[|X1|"] < oo for some r € [1,2). We can take {n;};>1 = {2'};>1 so that
{X,}n>1 is m-dependent with respect to {2},>1. Taking Z = X; and by (4.2) we can obtain

~ n — IF: X . . n - 3 X
V(limsupw >0 or hmmfw < 0) =0,
n—00 nr n—00 nr

which is [11, Theorem 3.4, Eq. (3.9)].
The next result is a strong law of large numbers for sub-orthogonal sequences of random

variables under the sublinear expectation.

Theorem 4.6 Let {X,}n>1 in (Q,H,E) be sub-orthogonal. Set o2 £ E[X2] < oo, S, £
ST Xpn> 1. If

(o] 0_2
Z k_k 1Og2 < 0,
k=1
then g
V( lim 2% = 0) =1 (4.3)
n—oo N

Actually, the requirement of sub-orthogonality in Theorem 4.6 can be weakened to generalized

sub-orthogonality.

Corollary 4.7 Let {X,,}n>1 in (€, ’H,I@) be generalized sub-orthogonal. Other conditions are
the same as in Theorem 4.6, then (4.3) still holds.

5. Proofs

In this section, we give the proofs of the results in Section 4.
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Proof of Theorem 4.1 By Lemma 3.6 (ii), there exists a sequence € N\, 0 such that

(i
= E[X
s

By Lemma 3.6 (i), for all M > 1, there exists a sequence ny * co such that

3
May, < anyypy < M an, 11

For ni +1 <n < nga,

n m-+1 L(n,j
> (X => Z Xoptj+im+1) — B[ X +jtioman)]),
i=np41 j=1 1=0

where L(n, ) £ [(n — ny — §)/(m + 1)].
We know that {X,, 4jtim+n)|l =0,...,L(n,7)} is a sequence of independent random vari-
ables for given j € {1,...,m + 1} by the m-dependence of {X,;n > 1}. And it is also clear

that
n m+1 L

max YXG-EXD <Y max > (Xagjisimen) — B[ Xn 4 jpiiman))-
J

np+l<n<n 0<L<L 1
ptlsnsnen, 0 —; 0sLs< (Nk41,7) =0

Hence,

n

{ max Z (Xi - E[Xz]) > €nkank+1}

nrp+1<n<ngi i
m—+1 L —
C { X iitim —IEXn S lm >M}.
= ],LZJI ong%?éﬂ,j);( writiimsn) = EXninienan]) 2 =025
By (3.2), we have
L €n,a
( X tmst) = Bl Xy jamyn]) = o)
OSLSIE%iJrlJ);( writimsn) = EXninienan]) 2 =025
L(ng41.4)
(m+1)? Sryv2
=Co - > EXZ i)
ng - ng+1 1=0
Then by the sub-additivity of V, we have
Y >
V(,, max D (X —EIX]) > ean,, )
1=ni+1
m-+1 L P
< 5 X .. _RIX. .. > M)
< ]22:1 V(OSLSI?%HJ)Z( netirim+1) — ElXn, ritiman]) > 1

m+1 L("k+la])

(m —|— 1)2
Co—a" . Z X 411

Nk nk+1 j=1

(m+1)? &K 2 NN ]E[XJQ]
Tk " Mh41 j=ng+1 j=ngp+1 77
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So we still have

iv( max zn: (X, — E[xi)) > enkankH) < o0,

np+1<n<n
k=1 B 1

and the rest of the proof is the same as the corresponding part in the proof of [6, Theorem 3.1]. O

Proof of Theorem 4.3 Let X, £ (—n+)V X, A (n7), Zn 2 (—n7)V Z A (n7), n € N*. We
show the proof in four steps.

Step 1. We show for the truncated random variables { X, },>1,

. 1 noo_ '
V(Qk/T(I)(TC) 2k§r2§}2(k+1 Z2k(XJ B E[XJ]) = G’Z'O'> =0, Ve>0. (5'1)
‘7:
Set Y; £ X, — E[X]. For any € > 0,
1

o0
;V(%/’“@@k 2’“<n<2’“+1 Z Y > 6)

o0
DRIIEEWD LU

S s, 5o 20

k=1 iel —lp;
0 R n 2]@/7“@(216)
YU max 3y 22
i=1ien, mSmSTR T Uk
-3 V¢ Ui S x
= Z €222k/r 2 (2k) Z [X;]
k=1i€l; J=lki
(o] 1 rkifl ~ o
<X Y g S EE
k=11i€l} 7=k
o0 1 ok+1_1 )
=C Z 92k/T Z ELX;]
k=1 j=2k

The second inequality follows from the sub-additivity of V and the third inequality follows from
Lemma 3.3. The fourth inequality is due to v7/®%(2%) < 1. By (3.1), we have

2k+1 1 2k+1 1 2k+1 1
Y EX < Y GIX= > / V(X[ > t)dt
=2k j=2Fk j=2Fk
ok+1 (2’“#)2 ok+1 (zkflf
< Z/ V(X2 > t)dt = Z/ V(X > Vi)dt
j=1"9 j=1"9

k41 2
T

@) L _
< / 2KV (|Z ki | > VE)dt = 28T C[| Zgrnn ).
0
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Then
s 1 2k+171’\—2 s 1 k k A 72k 2
- iz -
L _
o Dok
—022’“/0 2k/ \ > t) dt<022k/0t~V(‘2k—2/r|2t)dt
= Z
:C/ t- 2kv(|Z|22’f/’“t)dt=C/ £y 2RV (|57 = 2M)de
1 Z , 1 1
gc/ t-Cyl| =] ]dt:C~C’\~,[|Z|’”]~/ —dt < oo.
0 t o t"
Therefore,

o)
- 1
kX_:V(w 2k<n<2k+1 ; Y > 6) < 00, Ve >0. (52)

By Lemma 3.5, (5.2) yields (5.1).
Step 2. We show
V(X # X, i.0.) = 0. (5.3)

By Lemma 3.5, we only need to prove Y -, V(X1 # X1) < 0.

e’} e’} oo 2kt _1
ZV (Xn #Xp) =D V(IXe > k) <D > V(X > 287)
k=1 k=1 k=0 n=2Fk

<CY 2MV(12] > 2H) < C - Cgl|Z]"] < o0
k=0

Hence, (5.3) holds.
Step 3. We show

lim &= z =0. (5.4)

For 1 <r <2,

1 1
k=1 kx k=1 kx
[e%e) 1 oo 2kF1_1
Col(IXk] = k7)*] ’ [(|Xn] = 27)*]
<y 1 <> T
k=1 " k=0 n=2k 2x
i Z Qk/r (|X | > t)dt
o0
V(2] > t)d
k=0 2
) oo
= 022’“ : V(2| > 2¥/"m)dm

k=0 1
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+0000
70/
§C/ ‘—| dm
1

+oo 1
—C-Cyl1Z]7 - — .
C-CyllZ]"] /1 —dm < oo

}T > 2k)dm

Therefore, according to the Kronecker’s lemma, (5.4) holds.
Step 4. We show

: Sn = 3h_; B[X¢]

(i =
ITI;ILSOI;p nl/TCI)(n)

Let 28 < n < 21 ¢ > 0. For every w € {m MaXok <y, <oh+1 Z?:% (X; - E[X,]) >

€,1.0.}¢, there exists a positive integer ko(w) such that for every k > 2ko(w)

> e) —0, Ve> 0. (5.5)

1
__ P <
2k/T(I)(2k) 2k§r23}2(’“+1 % Y} > 6 (56)
j=
where V; £ X; — IUE[YJ]
On {m MAaXok <y, <oh+1 Zj ok (X —E[X;]) > €,i.0.}¢, we have
n b %
> i-1Y; < 23:11 Y maxoricorrr Dok Y
nt/rd(n) — nl/7®(n) nt/T®(n)
k, m+1 i
B 22 - 1Y + Zm ko 22 om -1 Y] + 2]{:/T¢(2k) . ma’XQkSi(Q]H’I Zj:Qk Y? (5 7)
T nl/rd(n) nl/7d(n) nl/7d(n) 2K/ P (2F) : :
The first term in (5.7) converges to zero when n — co. By w < 1 and (5.6), we have
/T d(n)

/T max ) 1> Y; . .
limsup,,_, ., 2;/:1;((2:)) : Qkﬁg,jffg(%z;”:zk < e for the third term in (5.7). As for the middle
term,

_ m+1
Z]:n 1k0 Z? Qm -1 Y ’“Zl 2m/rq) 2m . MaXgm < . gmt1 Z?:Qm Y;
W/ d(n = W 7d(n 2m /T (2m)
Rl 2m/’“<1>(2m) Som e 2T
<e ) <e
nl/r@(n) nl/r
m:k}o
1 . 9k/r
In(21/7)
Se- — < 3e,
where the fourth inequality follows from the truth that for av > 1, Zm g™ < . Hence, we
have limsup,,_, . 2 :;Lgff,’;)(;l;:)[XkD < 4e on {m MAXgk < 1y < 2h+1 Zj=2k Y; > e,z.o.} , which
implies
S (K - BX) R " L
V(hrrlrl_)solip "% (n) > 46) < V<W 2%%3?“1 22; Y > ¢, 2.0.) =0, Ve>D0.
‘7:

(5.8)
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It is clear that

— Sra B h (X — X) L 2 (K- E[X})) N >t (E[XK] — E[X])
nl/T<I>( ) n/T®(n) n/T®(n) nt/r®(n) '

which implies

. Sn— S E[X, —
{hmsup an/:TkCI;En)[ K] > e} C{Xy # Xi,i.0.}

n—oo
: S (K — E[X4))
{h;r;s;p /T (n) > e}, Ve > 0.

Therefore, by the sub-additivity of V, (5.3) and (5.8), we have (5.5).
So far, we have obtained (5.1), (5.3)—(5.5).
We notice that

%A’(limsup ~ Dk EI%[ d >O) (D {hmsup ~ Dk 11%[ d > l})

n— 00 nt/rd n— 00 UT(I)(

m=1

Hence, by the countable sub-additivity of ¥V and (5.5) we have

Ny Sn— S0 E[X]
V(1 k=1 >0)=0.
(timsup Aot )

Taking X by — X}, we have

(e e T <o) <o

Finally, by the sub-additivity of V, (4.2) is proved. O
Next, we show the proof of Theorem 4.6.

Proof of Theorem 4.6 By Lemma 3.6 (ii) there exists a sequence € ~\, 0 such that

Z 2k:2 (logy k)* < o0,
k=
then
~ E[(max2k+1< <ok+1 |Sn - Sgk|)2]
V( Sy — S| > .2k+1) < <n<
2k+1r£3}§(2k+1 |Sn 21| 2 et - €§k (2F+1)2
gk+1 = 2 ok+1
E X E[X?
< (logg 2k+2)2 Z 2k+k1+1[ ] (logg 2k+2)2 Z [2 ;]
Qk (2 ) j 2k+1 e]‘j
ok+1l = 2]
< Z 2 ; (2+10g2j)25
j:2k+1 J

where we use the Rademacher-Mensov inequality (3.3) in the second inequality. Hence,

2

(o]
_ > k+1) J
;V(M@QW'S Sor| > g -2 ]216532<2+10g23) 00,

and by Lemma 3.5 we have V(maX2k+1§n§2k+l ISy — Sor| > €ar - 281 i0.) = 0.
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For every w € {maxor 1<, <gk+1 [Sn — Sor| > €k - 2F+1 i.0.}¢, there exists a positive integer
Ko(w) such that for every k > Ko(w), maXor | j<p<ortt [Sp — Sor| < €gr - 2871, Let n > 2Ko(@)+1,
2F 41 <n <281 Ko(w) < ko < k. On {maxgr < <ort1 [Sp — Sor| > €egr - 251 i.0.}¢, we have

k
|Sn| <180 = Sax| + D[S — Saim1| + [Soo
i=ko+1
k
S €k * 2k+1 + Z €gi—1 21 + |52k0|
i=ko+1
k+1 1 1
< €grg + 2 (1+§+"'+2k k0)+|52k0|
S €okg * 2k+1 -2 4 |52k0 |
Then
S 2k+1 S 2k+1 S S
Sul _ PlSml B ISl (Sl
n n 2k n n
Hence
S
lim sup M < e .
n—00 n

Then letting kg — oo, we have lim,, 57” = 0, which means

I . Sn
{ max [Sp — Sar| > egn - 2 ,z.o.} C { lim = O}.

2k 41<n <2k +1
Therefore,

o k+1 ;€ S i On

1=V<{ max [Sp — Sar| > egn - 2 ,z.o.} ) SV( lim :0).
2k 41<n <2k +1

(4.3) is proved. O

Proof of Corollary 4.7 We just need to show that Rademacher-Mensov type inequality is still
valid for the generalized sub-orthogonal sequence of random variables {X,, },>1, and the rest of
the proof is the same as that of Theorem 4.6. By the definition of generalized sub-orthogonality
(see Definition 2.6) we know that there exists a nonnegative sequence {f(j):j =0,1,...} with
Z;io f(j) < oo such that IE[Xle] <opof(|k—1]) for all k,l =1,2,.... Forn > 2,

n n—1ln—j
lﬁ{(ZXkﬂ [ZXkHZZXkXW}
k=1 j=1 k=1
n n—1ln—j
<STEXE+230 Y ElXi Xiay]
k=1 7=1 k=1
n n—1ln—j
SZ iJrQZZUkUkﬂ
k=1 j=1 k=1
n n—1 n—j
<Y o+ fU (07 + 0s;)
k=1 j=1 k:l
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< (1423 1) Yot
j=1 k=1

Then manipulating the proof of Lemma 3.4 again, we have

IAELrgn%xn (in)Q} < (1+2if(j))(10g24”)2 _

= J

E[X2).
1

n

The proof is completed. O

Acknowledgements The author would like to sincerely thank Professor Yongsheng SONG for

the fruitful discussions and the referees for their time and the constructive and helpful comments.

Conflict of Interest The author declares no conflict of interest.

References

(1] W. HOEFFDING, H. ROBBINS. The central limit theorem for dependent random variables. Duke Math.
J., 1948, 15(3): 773-780.

[2] F. MORICZ. Strong limit theorems for blockwise m-dependent and blockwise quasiorthogonal sequences of
random variables. Proc. Amer. Math. Soc., 1987, 101(4): 709-715.

[3] V. F. GAPOSHKIN. On the strong law of large numbers for blockwise independent and blockwise orthogonal
random variables. Theory Probab. Appl., 1994, 39(4): 677-684.

[4] Bo ZHANG. Marcinkiewicz-Zygmund law for sequences of blockwise m-dependent random variables. Statist.
Probab. Lett., 1998, 38(1): 83-88.

[5] Shige PENG. Nonlinear Expectations and Stochastic Calculus under Uncertainty. Springer, Berlin, 2019.

[6] Wangyun GU, Lixin ZHANG. Strong law of large numbers for m-dependent and stationary random variables
under sub-linear expectations. Sci. Sin. Math., 2026, 56(1): 1-20. (in Chinese)

[7] Xiaofan GUO, Xingpeng LI. On the laws of large numbers for pseudo-independent random variables under
sublinear expectation. Statist. Probab. Lett., 2021, 172: Paper No. 109042, 8 pp.

[8] Xiaofan GUO, Shan LI, Xinpeng LI. On the laws of the iterated logarithm with mean-uncertainty under
sublinear expectations. Probab. Uncertain. Quant. Risk., 2022, 7(1): 1-12.

[9] Lixin ZHANG. Rosenthal’s inequalities for independent and negatively dependent random variables under
sub-linear expectations with applications. Sci. China Math., 2016, 59(4): 751-768.

[10] Lixin ZHANG. Exponential inequalities under the sub-linear expectations with applications to laws of the
iterated logarithm. Sci. China Math., 2016, 59(12): 2503-2526.

[11] Lixin ZHANG. The sufficient and necessary conditions of the strong law of large numbers under sub-linear
expectations. Acta Math. Sin. (Engl. Ser.), 2023, 39(12): 2283-2315.

[12] P. REVESZ. The Laws of Large Numbers. Academic Press, New York, 1968.
[13] R. WITTMANN. A general law of iterated logarithm. Z. Wahrsch. Verw. Gebiete., 1985, 68(4): 521-543.



	1. Introduction
	2. Preliminaries
	3. Some lemmas and inequalities
	4. Main results
	5. Proofs

