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Abstract In this paper, we establish some strong laws of large numbers, which are for non-

independent random variables under the framework of sublinear expectations. One of our main

results is for blockwise m-dependent random variables, and another is for sub-orthogonal random

variables. Both extend the strong law of large numbers for independent random variables under

sublinear expectations to the non-independent case.
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1. Introduction

One of the most famous results in classical probability theory is Kolmogorov’s strong law of

large numbers, which means the sample mean converges to the population mean. This funda-

mental theorem is based on the assumption of independence and identical distribution of random

variables. However, due to the complexity of the real world, data can also be dependent and not

identically distributed in the observations. Thus, we need to consider the law of large numbers

with weaker independence conditions.

A kind of common dependence is m-dependence, which was proposed in Hoeffding and Rob-

bins’s paper [1] in 1948 to our knowledge. A sequence {Xn}n≥1 of random variables is called

m-dependent if {X1, . . . , Xr} is independent of {Xs, Xs+1, . . .} provided s− r > m, where m is

a fixed nonnegative integer. It is clear that 0-dependence is independence. Moricz [2] introduced

the definition of blockwise m-dependence and obtained a strong law of large numbers for the

dyadic block {Xk : 2p−1 < k ≤ 2p}, p ∈ N
∗. Later, Gaposhkin [3] and Zhang [4] generalized

the dyadic block to arbitrary blocks. In theoretical analysis and practice, it may be much easier

to check the orthogonality than independence. So it is reasonable to consider the law of large

numbers for orthogonal random variables. Moricz [2] also obtained a strong law of large numbers

for blockwise quasi-orthogonal sequences of random variables.

The sublinear expectation was introduced by Peng [5], under whose framework the expec-

tation is not additive anymore. Limit theorems and stochastic analysis can also be established
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under the framework of sublinear expectations. In recent years, there have been many papers

about the strong law of large numbers under sublinear expectations. However, the limit theo-

rems for the dependent random variables under sublinear expectations are rare. In the recent

work, a strong law of large numbers was established by Gu and Zhang [6] for m-dependent and

stationary random variables under sublinear expectations. In this paper, we establish strong

laws of large numbers for blockwise m-dependent random variables and sub-orthogonal random

variables, respectively.

The rest of this paper is arranged as follows. Some preliminaries for the sublinear expectations

are introduced in Section 2. In Section 3, some inequalities and properties needed in our proofs

are listed. We present our main theorems in Section 4, and the detailed proofs are presented in

Section 5.

2. Preliminaries

In this section, some basic concepts and notations for sublinear expectations and capacities

are presented. We use a similar framework of Guo and Li [7], and one can refer to [7, 8] for

more details. Let (Ω,F) be a measurable space and P be a set of probability measures on

(Ω,F). H denotes a linear space of real-valued functions on (Ω,F). As the space of random

variables, H satifies that 1A ∈ H, ∀A ∈ F and X1, . . . , Xn ∈ H yields ϕ(X1, . . . , Xn) ∈ H for all

ϕ ∈ Cl,Lip(R
n). Cl,Lip(R

n) denotes the linear space of functions ϕ satisfying

|ϕ(x)− ϕ(y)| ≤ C(1 + |x|m + |y|m)|x− y|, for x,y ∈ R
n,

where the constant C > 0 and m ∈ N rely on ϕ.

The space of all Lipschitz functions on R
n is defined as CLip(R

n). The upper expectation with

respect to P is defined as follows:

Ê[X ] , sup
P∈P

EP [X ], ∀X ∈ H.

Then Ê is a sublinear expectation which satisfies the following properties:

(i) Monotonicity: Ê[X ] ≤ Ê[Y ], if X ≤ Y ;

(ii) Constant preserving: Ê[c] = c, ∀ c ∈ R;

(iii) Sub-additivity: for X,Y ∈ H, Ê[X + Y ] ≤ Ê[X ] + Ê[Y ] whenever Ê[X ] + Ê[Y ] is not of

the form +∞−∞ or −∞+∞;

(iv) Positive homogeneity: Ê[λX ] = λÊ[X ], ∀λ ≥ 0.

The triplet (Ω,H, Ê) is called a sublinear expectation space. The conjugate expectation Ê of

Ê is defined by

Ê [X ] , −Ê[−X ], ∀X ∈ H.

By the sub-additivity of Ê, it can be checked that for X,Y ∈ H with Ê[Y ] being finite,

Ê[X−Y ] ≥ Ê[X ]− Ê[Y ], Ê [X ] ≤ Ê[X ], Ê[X+c] = Ê[X ]+c for c ∈ R, where the last one is called

cash translatability. Ê [X ] is also called the lower expectation of X . We say X = (X1, . . . , Xn) is

an n-dimensional random vector in (Ω,H, Ê) if each coordinate of X is in (Ω,H, Ê).
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Definition 2.1 Let (Ω1,H1, Ê1) and (Ω2,H2, Ê2) be two sublinear expectation spaces. Let X1

and X2 be two n-dimensional random vectors in (Ω1,H1, Ê1) and (Ω2,H2, Ê2), respectively. X1

is said to be identically distributed with X2, denoted by X1

d
= X2, if

Ê1[ϕ(X1)] = Ê2[ϕ(X2)], ∀ϕ ∈ CLip(R
n).

We say a sequence of random variables {Xn}n≥1 is identically distributed if Xi is identically

distributed with X1 for all i ≥ 1.

Definition 2.2 Let (Ω,H, Ê) be a sublinear expectation space. Let Y = (Y1, . . . , Yn) and

X = (X1, . . . , Xm) be two random vectors in (Ω,H, Ê). We say Y is independent of X under Ê

if

Ê[ϕ(X,Y )] = Ê[Ê[ϕ(x,Y )]|x=X ],

for ϕ ∈ Cl,Lip(R
m+n) such that ϕ̂(x) , Ê[|ϕ(x,Y )|] < ∞ for all x ∈ R

m, Ê[ϕ(x,Y )]|x=X ∈ H,

ϕ̂(X) ∈ H and Ê[ϕ̂(X)] <∞.

It is important to observe that under the framework of sublinear expectation, Y is inde-

pendent of X does not mean that X is independent of Y , which is different from the classical

linear expectation. One can refer to [5, Example 1.3.15] for more details. We say a sequence of

random variables {Xn}n≥1 is independent if Xi+1 is independent of (X1, . . . , Xi) for all i ≥ 1.

It is easy to check that for an independent sequence {X1, . . . , Xn}, if Ê[Xi] < ∞, i = 1, . . . , n,

then Ê[
∑n

i=1Xi] =
∑n

i=1 Ê[Xi].

Next, we introduce the definitions of m-dependence and blockwise m-dependence for se-

quences of random variables in sublinear expectation spaces.

Definition 2.3 ([6]) A sequence of random variables {Xn;n ≥ 1} in (Ω,H, Ê) is said to be m-

dependent if there exists a nonnegative integer m such that (Xn+m+1, . . . , Xn+j) is independent

of (X1, . . . , Xn) for every n and every j ≥ m+ 1. In particular, m = 0 means {Xn;n ≥ 1} is an

independent sequence.

Definition 2.4 Let {ni; i ≥ 1} be a given strictly increasing sequence of natural numbers. A

sequence of random variables {Xn;n ≥ 1} in (Ω,H, Ê) is said to be blockwise m-dependent with

respect to {ni; i ≥ 1} if {Xni≤n<ni+1
} is m-dependent for each i ≥ 1, i.e., either ni+1−ni ≤ m+1

or ni+1 − ni > m+ 1 and {Xn; s ≤ n < ni+1} is independent of {Xn;ni ≤ n ≤ r} if s− r > m.

For a given probability space (Ω̂, F̂ , P̂ ), we know that two random variablesX,Y ∈ L2(Ω̂, F̂ , P̂ )
are orthogonal if EP̂ [XY ] = 0. Under the framework of sublinear expectations, we introduce

the concept of sub-orthogonality, which is an extension of orthogonality under classical linear

expectation.

Definition 2.5 A sequence of random variables {Xn;n ≥ 1} in (Ω,H, Ê) is said to be sub-

orthogonal if Ê[XiXj ] ≤ 0 for i 6= j.

Definition 2.6 A sequence of random variables {Xn;n ≥ 1} in (Ω,H, Ê) is said to be generalized

sub-orthogonal if there exists a nonnegative sequence {f(j) : j = 0, 1, . . .} with
∑∞

j=0 f(j) < ∞
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such that Ê[XkXl] ≤
√
Ê[X2

k ]
√
Ê[X2

l ] · f(|k − l|) for all k, l = 1, 2, . . . . In particular, if f(0) = 1

and f is zero on other values, then {Xn;n ≥ 1} is sub-orthogonal.

Next, we introduce the capacities corresponding to P under the framework of Guo and Li [7].

A function V : F → [0, 1] is called a capacity if V (∅) = 0, V (Ω) = 1 and V (A) ≤ V (B) if A ⊂
B,A,B ∈ F . If

V (A ∪B) ≤ V (A) + V (B), ∀A,B ∈ F ,

then we call V is a sub-additive capacity.

A pair of capacities (V̂, V̂) corresponding to P is defined as follows:

V̂(A) , sup
P∈P

P (A), V̂(A) , inf
P∈P

P (A), ∀A ∈ F .

V̂ and V̂ are called the upper probability and the lower probability, respectively. They are

conjugate to each other, which means

V̂(A) + V̂(Ac) = 1, ∀A ∈ F .

The capacity V̂ has the property that

Ê[f ] ≤ V̂(A) ≤ Ê[g] if f ≤ IA ≤ g, f, g ∈ H and A ∈ F .

The Choquet integral C
V̂
is defined by

C
V̂
[X ] ,

∫ ∞

0

V̂(X ≥ t)dt+

∫ 0

−∞

[V̂(X ≥ t)− 1]dt.

If X1 and X2 are two random variables in (Ω,H, Ê) with X1
d
= X2, then we have

V̂(X1 ≥ x+ ǫ) ≤ V̂(X2 ≥ x) ≤ V̂(X1 ≥ x− ǫ), for all ǫ > 0 and x ∈ R,

and

C
V̂
[X1] = C

V̂
[X2].

As shown in [5, Theorem 6.1.4], V̂ is countably sub-additive. Let (Ω,H,E) be a sublinear

expectation space from Peng’s original sublinear expectation theory [5]. Another way to construct

a countably sub-additive capacity is by the outer extension of E (see [6, 9–11]). Here, we say E

is regular if

E[Xn] ց 0, for {Xn}n≥1 ⊂ H when Xn(ω) ց 0, ∀ω ∈ Ω.

A regular sublinear expectation E can be represented as an upper expectation [5, Theorem

1.2.2]. [8, Example 4.1] illustrates that there exists P such that the upper expectation Ê with

respect to P is irregular.

Throughout the whole paper, we denote x∧y , min{x, y}, x∨y , max{x, y}, x+ , x∨0, x− ,

(−x)∨0 for real numbers x and y. [x] means the maximum integer not exceeding x. N represents

all natural numbers and N
∗ represents all non-zero natural numbers. C > 0 is a constant that

may change from line to line. For X ∈ H and c > 0, X(c) , (−c)∨X∧c, Ĕ[X ] , limc→∞ Ê[X(c)]

if the limit exists, and Ĕ [X ] , −Ĕ[−X ]. It is clear that Ĕ[X ] = Ê[X ] if X is bounded.



SLLNs for sequences of blockwise m-dependent and sub-orthogonal r.v.s under sublinear expectations 107

3. Some lemmas and inequalities

In this section, we shall present some important lemmas and the crucial inequalities used in

our proofs of main results. (i) and (ii) in the next lemma are from [10] and [6], respectively.

Lemma 3.1 Suppose X ∈ H.

(i) ([10])

Ê[|X |] ≤ C
V̂
[|X |], (3.1)

and for any c ∈ (0,∞),

Ê[|X | ∧ c] ≤
∫ c

0

V̂(|X | > x)dx.

(ii) ([6]) If C
V̂
[|X |] <∞, then Ĕ[|X |] is well-defined. Ĕ is a sublinear expectation on

H1 , {X ∈ H| lim
c,d→∞

Ê[(|X | ∧ d− c)+] = 0} ⊇ {X ∈ H| C
V̂
[|X |] <∞}.

(iii) If C
V̂
[|X |r] <∞ for some r > 1, then C

V̂
[|X |] <∞.

Proof The proof of (i) and (ii) can be found in [10] and [6], respectively. For (iii), we notice

that

C
V̂
[|X |r] =

∫ +∞

0

V̂(|X |r ≥ t)dt =

∫ +∞

0

V̂(|X | ≥ t
1
r )dt

=

∫ +∞

0

rmr−1
V̂(|X | ≥ m)dm ≥

∫ +∞

1

V̂(|X | ≥ m)dm.

Hence, if C
V̂
[|X |r] <∞, then C

V̂
[|X |] <∞. 2

The next lemma is about exponential inequalities and Kolmogorov’s maximal inequalities in

Gu and Zhang [6]. We use the latter to obtain a maximal inequality for m-dependent random

variables under sublinear expectations.

Lemma 3.2 ([6]) Assume that {X1, . . . , Xn} is a sequence of independent random variables in

(Ω,H, Ê). Set Sn =
∑n

i=1Xi, B
2
n =

∑n
i=1 Ê[X

2
i ]. Then for all x > 0, 0 < δ ≤ 1 and p ≥ 2,

V̂

(
max
k≤n

(Sk − Ê[Sk]) ≥ x
) (

resp., V̂
(
max
k≤n

(Sk − Ê [Sk]) ≥ x
))

≤ Cpδ
−px−p

n∑

i=1

Ê[Xp
i ] + exp

{
− x2

2(1 + δ)B2
n

}
.

Further, by noting that xe−x ≤ e−1 when x ≥ 0, we have Kolmogorov’s maximal inequalities as

follows:

V̂

(
max
k≤n

(Sk − Ê[Sk]) ≥ x
)
≤ Cx−2

n∑

i=1

Ê[X2
i ], (3.2)

V̂
(
max
k≤n

(Sk − Ê [Sk]) ≥ x
)
≤ Cx−2

n∑

i=1

Ê[X2
i ].

By (3.2), we can obtain a maximal inequality for m-dependent random variables, which plays

a crucial role in our proof of the strong law of large numbers for blockwise m-dependent random
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variables.

Lemma 3.3 Suppose that {X1, . . . , Xn} is a sequence of m-dependent random variables in

(Ω,H, Ê) with Ê[Xi] <∞ for i = 1, . . . , n. Then for all x > 0,

V̂

(
max
k≤n

k∑

i=1

(Xi − Ê[Xi]) ≥ x
)
≤ Cx−2

n∑

i=1

Ê[X2
i ],

where C = Cm is a constant only dependent on m.

Proof In the case of n < m+ 1, we take Zi , Xi − Ê[Xi]. Then

V̂

(
max
k≤n

k∑

i=1

Zi ≥ x
)
= V̂

( n⋃

k=1

{ k∑

i=1

Zi ≥ x
})

≤
n∑

k=1

V̂

( k∑

i=1

Zi ≥ x
)

≤
n∑

k=1

V̂

( k⋃

i=1

{
Zi ≥

x

k

})
≤

n∑

k=1

k∑

i=1

V̂
(
Zi ≥

x

k

)

≤ C

n∑

k=1

k∑

i=1

k2

x2
Ê[X2

i ] (by (3.2))

= C

n∑

i=1

n∑

k=i

k2

x2
Ê[X2

i ] ≤ C

n∑

k=1

k2 · x−2 ·
n∑

i=1

Ê[X2
i ]

≤ C
(m+ 1)(m+ 2)(2m+ 3)

6
· x−2

n∑

i=1

Ê[X2
i ].

In the last inequality we use the truth that
∑n

k=1 k
2 = n(n+1)(2n+1)

6 and notice that n < m+ 1.

In the case of n ≥ m+ 1, we take

Zki , Xi(m+1)+k − Ê[Xi(m+1)+k], i = 0, . . . , [(n− k)/(m+ 1)].

Then

V̂

(
max
k≤n

k∑

i=1

(Xi − Ê[Xi]) ≥ x
)
≤ V̂

(m+1⋃

k=1

{
max

0≤j≤[(n−k)/(m+1)]

j∑

i=0

Zki ≥
x

m+ 1

})

≤
m+1∑

k=1

V̂

(
max

0≤j≤[(n−k)/(m+1)]

j∑

i=0

Zki ≥
x

m+ 1

)

≤ C

m+1∑

k=1

(m+ 1)2

x2

[(n−k)/(m+1)]∑

i=0

Ê[X2
i(m+1)+k]

= C(m+ 1)2 · x−2
n∑

i=1

Ê[X2
i ].

In the third inequality we have used (3.2) because {Zki, i = 0, . . . , [(n−k)/(m+1)]} is a sequence

of independent random variables.

The proof is completed. 2

Next, we establish the Rademacher-Mensov inequality under the sublinear expectation, which

plays a crucial role in the proof of the strong law of large numbers for sub-orthogonal random
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variables. One can refer to [12] for the Rademacher-Mensov inequality in classical probability

theory.

Lemma 3.4 Suppose that {X1, . . . , Xn} is a sequence of sub-orthogonal random variables in

(Ω,H, Ê) with Ê[X2
i ] ≤ 1 for all i ∈ {1, . . . , n}. Let {c1, . . . , cn} be a sequence of nonnegative

real numbers. Then

Ê

[
max

1≤k≤n

( k∑

j=1

cjXj

)2]
≤ (log2 4n)

2
n∑

j=1

c2j . (3.3)

Proof We first prove for the case of n = 2v, v ∈ N
∗. Let

ηj , c1X1 + · · ·+ cjXj , j = 1, . . . , n,

ψαβ , cα+1Xα+1 + · · ·+ cβXβ ,

where α , µ · 2k; β , β(α) , (µ+ 1) · 2k; k = 0, 1, . . . , v; µ = 0, 1, . . . , 2v−k − 1.

We consider the ηj as the sum of some ψαβ and put

ηj =
∑

i

ψαiβi ,

where β1 − α1 > β2 − α2 > · · · , then the number of the members of the sum is less than v.

By the Cauchy inequality, for j = 1, . . . , n, we have

η2j =
(∑

i

ψαiβi · 1
)2

≤ v ·
∑

i

ψ2
αiβi

≤ v ·
∑

αβ

ψ2
αβ ,

where
∑

αβ means that α and β = β(α) run through all their possible values. Therefore,

max
1≤j≤n

η2j ≤ v ·
∑

αβ

ψ2
αβ . (3.4)

Taking the sublinear expectation on the both side of (3.4) and by the sub-additivity of Ê, we

have

Ê

[
max

1≤j≤N
η2j

]
≤ v ·

∑

αβ

Ê[ψ2
αβ ].

By the sub-orthogonality of {X1, . . . , Xn}, we have

∑

αβ

Ê[ψ2
αβ ] ≤ (v + 1) ·

n∑

j=1

c2j .

Finally,

Ê

[
max

1≤j≤N
η2j

]
≤ v · (v + 1) ·

n∑

j=1

c2j ≤ (log2 2n)
2

n∑

j=1

c2j ,

and (3.3) holds for the case of n = 2v, v ∈ N
∗. As for the case of 2l < n < 2l+1 for some l ∈ N

∗,

we only need to take cn+1 = 0, . . . , c2l+1 = 0 in the case of v = l + 1, and then the proof is

completed. 2

The next lemma is the Borel-Cantelli lemma for countably sub-additive capacities in Zhang

[9].
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Lemma 3.5 ([9]) Let {An, n ∈ N
∗} be in F , and let V be a countably sub-additive capacity on

F . If
∑∞

n=1 V (An) <∞, then

V (An, i.o.) = 0,

where {An, i.o.} =
⋂∞

n=1

⋃∞

i=nAi.

Lemma 3.6 (i) ([13]) Let {an}n≥1 be a sequence with an ր ∞. Then for any M > 1 there

exists a sequence {nk}k≥1 with nk ր ∞ such that

Mank
≤ ank+1

≤M3ank+1.

(ii) Let an > 0, n ∈ N
∗ and

∑∞

n=1 an < ∞. Then there exists bn > 0, n ∈ N
∗ such that

∑∞

n=1 bn <∞ and an

bn
ց 0 as n→ ∞.

Proof (i) is [13, Lemma 3.3]. For (ii), we only need to take bn ,
√∑∞

k=n ak −
√∑∞

k=n+1 ak. 2

4. Main results

We often do not distinguish different sets with probability 1 in classical probability theory,

but it is worth noting that we need to distinguish different sets with capacity 1. This is because

capacities generally do not have the property: For A,B in F , V̂(A) = V̂(B) = 1 ⇒ V̂(A∩B) = 1.

For instance, let Ω = [0, 2], and for A ∈ B([0, 2]), Pi(A) , µ(A∩ [i−1, i]), i = 1, 2, where µ is the

Lebesgue measure on [0, 2]. V̂(A) , P1(A)∨P2(A), ∀A ∈ B([0, 2]). Then V̂([0, 1]) = V̂([1, 2]) = 1,

but V̂([0, 1] ∩ [1, 2]) = V̂({1}) = 0. Hence, we need to overcome this crux when proving the law

of large numbers for capacities.

We first show that the independence condition of [6, Theorem 3.1] can be weakened to m-

dependence.

Theorem 4.1 Assume that {Xn}n≥1 is a sequence ofm-dependent random variables in (Ω,H, Ê).
Suppose {an}n≥1 is a sequence such that 1 ≤ an ր ∞ and

∞∑

n=1

Ê[X2
n]

a2n
<∞.

Then

V̂

(
lim sup
n→∞

∑n
i=1(Xi − Ê[Xi])

an
> 0 or lim inf

n→∞

∑n
i=1(Xi − Ê [Xi])

an
< 0

)
= 0. (4.1)

Remark 4.2 By the sub-additivity of V̂, we know that for A ∈ F , V̂(A) = 0 ⇒ V̂(Ac) = 1. If

Ê[Xi] = Ê [Xi] = 0, i ≥ 1, then (4.1) means V̂(limn→∞

∑n
i=1

Xi

an
= 0) = 1.

The next result shows a strong limit behavior of a sequence of blockwisem-dependent random

variables under the sublinear expectation.

Theorem 4.3 Let {ni}i≥1 be a given strictly increasing sequence of natural numbers. {Xn}n≥1

is m-dependent with respect to {ni}i≥1 in the sublinear expectation space (Ω,H, Ê). Denote

Ik , {i|[2k, 2k+1) ∩ [ni, ni+1) 6= ∅}, vk , #Ik, k ∈ N
∗,
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[lki, rki) , [2k, 2k+1) ∩ [ni, ni+1), i ∈ Ik,

Φ(n) , max
0≤j≤k

vj if n ∈ [2k, 2k+1), Sn ,

n∑

k=1

Xk.

Assume

(i) There is a random variable Z in (Ω,H, Ê) such that 1
n

∑n
k=1 V̂(|Xk| > t) ≤ CV̂(|Z| > t),

∀n ∈ N
∗, ∀ t > 0, where C is a numarical constant;

(ii) C
V̂
[|Z|r] <∞, for some r ∈ [1, 2), then

V̂

(
lim sup
n→∞

Sn −∑n
k=1 Ĕ[Xk]

n
1
r Φ(n)

> 0 or lim inf
n→∞

Sn −∑n
k=1 Ĕ [Xk]

n
1
rΦ(n)

< 0
)
= 0. (4.2)

Remark 4.4 By (i) and (ii) we have 1
n

∑n
k=1 CV̂

[|Xk|r] ≤ C
V̂
[|Z|r]. If Ĕ[Xk] = Ĕ [Xk] = 0, k ≥ 1,

then (4.2) means V̂(limn→∞
Sn

n
1
r Φ(n)

= 0) = 1. Moreover, if {ni}i≥1 = {2i}i≥1 and r = 1, then

(4.2) means V̂(limn→∞
Sn

n = 0) = 1, which is the form of a common strong law of large numbers.

Define h(n) , vk if n ∈ [2k, 2k+1). Then, h(n) can be estimated for some specific {ni}i≥1. For

example, h(n) = O(1) if {ni}i≥1 = {[qi]}i≥1 with q > 1; h(n) = O(n
1
α ) if {ni}i≥1 = {[iα]}i≥1

with α ≥ 1. One can refer to [3] and [4] for more examples.

Remark 4.5 Let {Xn}n≥1 be a sequence of i.i.d. random variables in the sublinear expectation

space (Ω,H, Ê) and C
V̂
[|X1|r] < ∞ for some r ∈ [1, 2). We can take {ni}i≥1 = {2i}i≥1 so that

{Xn}n≥1 is m-dependent with respect to {2i}i≥1. Taking Z = X1 and by (4.2) we can obtain

V̂

(
lim sup
n→∞

Sn − nĔ[X1]

n
1
r

> 0 or lim inf
n→∞

Sn − nĔ [X1]

n
1
r

< 0
)
= 0,

which is [11, Theorem 3.4, Eq. (3.9)].

The next result is a strong law of large numbers for sub-orthogonal sequences of random

variables under the sublinear expectation.

Theorem 4.6 Let {Xn}n≥1 in (Ω,H, Ê) be sub-orthogonal. Set σ2
n , Ê[X2

n] < ∞, Sn ,
∑n

k=1Xk, n ≥ 1. If
∞∑

k=1

σ2
k

k2
(log2 k)

2 <∞,

then

V̂

(
lim
n→∞

Sn

n
= 0

)
= 1. (4.3)

Actually, the requirement of sub-orthogonality in Theorem 4.6 can be weakened to generalized

sub-orthogonality.

Corollary 4.7 Let {Xn}n≥1 in (Ω,H, Ê) be generalized sub-orthogonal. Other conditions are

the same as in Theorem 4.6, then (4.3) still holds.

5. Proofs

In this section, we give the proofs of the results in Section 4.
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Proof of Theorem 4.1 By Lemma 3.6 (ii), there exists a sequence ǫk ց 0 such that

∞∑

n=1

Ê[X2
n]

ǫ2na
2
n

<∞.

By Lemma 3.6 (i), for all M > 1, there exists a sequence nk ր ∞ such that

Mank
≤ ank+1

≤M3ank+1.

For nk + 1 ≤ n ≤ nk+1,

n∑

i=nk+1

(Xi − Ê[Xi]) =

m+1∑

j=1

L(n,j)∑

l=0

(Xnk+j+l(m+1) − Ê[Xnk+j+l(m+1)]),

where L(n, j) , [(n− nk − j)/(m+ 1)].

We know that {Xnk+j+l(m+1)|l = 0, . . . , L(n, j)} is a sequence of independent random vari-

ables for given j ∈ {1, . . . ,m + 1} by the m-dependence of {Xn;n ≥ 1}. And it is also clear

that

max
nk+1≤n≤nk+1

n∑

i=nk+1

(Xi − Ê[Xi]) ≤
m+1∑

j=1

max
0≤L≤L(nk+1,j)

L∑

l=0

(Xnk+j+l(m+1) − Ê[Xnk+j+l(m+1)]).

Hence,

{
max

nk+1≤n≤nk+1

n∑

i=nk+1

(Xi − Ê[Xi]) ≥ ǫnk
ank+1

}

⊆
m+1⋃

j=1

{
max

0≤L≤L(nk+1,j)

L∑

l=0

(Xnk+j+l(m+1) − Ê[Xnk+j+l(m+1)]) ≥
ǫnk

ank+1

m+ 1

}
.

By (3.2), we have

V̂

(
max

0≤L≤L(nk+1,j)

L∑

l=0

(Xnk+j+l(m+1) − Ê[Xnk+j+l(m+1)]) ≥
ǫnk

ank+1

m+ 1

)

≤ C
(m+ 1)2

ǫ2nk
a2nk+1

L(nk+1,j)∑

l=0

Ê[X2
nk+j+l(m+1)].

Then by the sub-additivity of V̂, we have

V̂

(
max

nk+1≤n≤nk+1

n∑

i=nk+1

(Xi − Ê[Xi]) ≥ ǫnk
ank+1

)

≤
m+1∑

j=1

V̂

(
max

0≤L≤L(nk+1,j)

L∑

l=0

(Xnk+j+l(m+1) − Ê[Xnk+j+l(m+1)]) ≥
ǫnk

ank+1

m+ 1

)

≤ C
(m+ 1)2

ǫ2nk
a2nk+1

m+1∑

j=1

L(nk+1,j)∑

l=0

Ê[X2
nk+j+l(m+1)]

= C
(m+ 1)2

ǫ2nk
a2nk+1

nk+1∑

j=nk+1

Ê[X2
j ] ≤ C(m+ 1)2

nk+1∑

j=nk+1

Ê[X2
j ]

ǫ2ja
2
j

.



SLLNs for sequences of blockwise m-dependent and sub-orthogonal r.v.s under sublinear expectations 113

So we still have

∞∑

k=1

V̂

(
max

nk+1≤n≤nk+1

n∑

i=nk+1

(Xi − Ê[Xi]) ≥ ǫnk
ank+1

)
<∞,

and the rest of the proof is the same as the corresponding part in the proof of [6, Theorem 3.1]. 2

Proof of Theorem 4.3 Let Xn , (−n 1
r ) ∨Xn ∧ (n

1
r ), Zn , (−n 1

r ) ∨ Z ∧ (n
1
r ), n ∈ N

∗. We

show the proof in four steps.

Step 1. We show for the truncated random variables {Xn}n≥1,

V̂

( 1

2k/rΦ(2k)
max

2k≤n<2k+1

n∑

j=2k

(Xj − Ĕ[Xj ]) > ǫ, i.o.
)
= 0, ∀ ǫ > 0. (5.1)

Set Yj , Xj − Ĕ[Xj ]. For any ǫ > 0,

∞∑

k=1

V̂

( 1

2k/rΦ(2k)
max

2k≤n<2k+1

n∑

j=2k

Yj > ǫ
)

=

∞∑

k=1

V̂

(
max

2k≤n<2k+1

n∑

j=2k

Yj > ǫ · 2k/rΦ(2k)
)

≤
∞∑

k=1

V̂

( ⋃

i∈Ik

{
max

lki≤n<rki

n∑

j=lki

Yj > ǫ · 2
k/rΦ(2k)

vk

})

≤
∞∑

k=1

∑

i∈Ik

V̂

(
max

lki≤n<rki

n∑

j=lki

Yj > ǫ · 2
k/rΦ(2k)

vk

)

≤
∞∑

k=1

∑

i∈Ik

C · v2k
ǫ222k/rΦ2(2k)

rki−1∑

j=lki

Ê[X
2

j ]

≤ C

∞∑

k=1

∑

i∈Ik

1

22k/r

rki−1∑

j=lki

Ê[X
2

j ]

= C ·
∞∑

k=1

1

22k/r

2k+1−1∑

j=2k

Ê[X
2

j ].

The second inequality follows from the sub-additivity of V̂ and the third inequality follows from

Lemma 3.3. The fourth inequality is due to v2k/Φ
2(2k) ≤ 1. By (3.1), we have

2k+1−1∑

j=2k

Ê[X
2

j ] ≤
2k+1−1∑

j=2k

C
V̂
[X

2

j ] =

2k+1−1∑

j=2k

∫ +∞

0

V̂(|Xj |2 ≥ t)dt

≤
2k+1∑

j=1

∫ (2
k+1
r )2

0

V̂(|Xj |2 ≥ t)dt =
2k+1∑

j=1

∫ (2
k+1
r )2

0

V̂(|Xj | >
√
t)dt

≤
∫ (2

k+1
r )2

0

2k+1
V̂(|Z2k+1 | >

√
t)dt = 2k+1C

V̂
[|Z2k+1 |2].
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Then

∞∑

k=1

1

22k/r

2k+1−1∑

j=2k

Ê[X
2

j ] ≤ C

∞∑

k=0

1

22k/r
2kC

V̂
[|Z2k |2] = C

∞∑

k=0

2k
∫ +∞

0

V̂
(∣∣Z2k

2k/r

∣∣2 ≥ t
)
dt

= C
∞∑

k=0

2k
∫ 1

0

V̂
(∣∣ Z2k

2k/r

∣∣2 ≥ t
)
dt ≤ C

∞∑

k=0

2k
∫ 1

0

t · V̂
(∣∣ Z2k

2k/r

∣∣ ≥ t
)
dt

= C

∫ 1

0

t ·
∞∑

k=0

2kV̂(|Z| ≥ 2k/rt)dt = C

∫ 1

0

t ·
∞∑

k=0

2kV̂
(∣∣Z
t

∣∣r ≥ 2k
)
dt

≤ C

∫ 1

0

t · C
V̂

[∣∣Z
t

∣∣r]dt = C · C
V̂
[|Z|r] ·

∫ 1

0

1

tr−1
dt <∞.

Therefore,
∞∑

k=1

V̂

( 1

2k/rΦ(2k)
max

2k≤n<2k+1

n∑

j=2k

Yj > ǫ
)
<∞, ∀ ǫ > 0. (5.2)

By Lemma 3.5, (5.2) yields (5.1).

Step 2. We show

V̂(Xk 6= Xk, i.o.) = 0. (5.3)

By Lemma 3.5, we only need to prove
∑∞

k=1 V̂(Xk 6= Xk) <∞.

∞∑

k=1

V̂(Xk 6= Xk) =

∞∑

k=1

V̂(|Xk| > k
1
r ) ≤

∞∑

k=0

2k+1−1∑

n=2k

V̂(|Xn| > 2k/r)

≤ C

∞∑

k=0

2kV̂(|Z| > 2k/r) ≤ C · C
V̂
[|Z|r] <∞.

Hence, (5.3) holds.

Step 3. We show

lim
n→∞

∑n
k=1(Ĕ[Xk]− Ĕ[Xk])

n
1
r

= 0. (5.4)

For 1 ≤ r < 2,

∣∣∣
n∑

k=1

(Ĕ[Xk]− Ĕ[Xk])

k
1
r

∣∣∣ ≤
n∑

k=1

Ĕ[(|Xk| − k
1
r )+]

k
1
r

≤
∞∑

k=1

C
V̂
[(|Xk| − k

1
r )+]

k
1
r

≤
∞∑

k=0

2k+1−1∑

n=2k

C
V̂
[(|Xn| − 2

k
r )+]

2
k
r

=

∞∑

k=0

2k+1−1∑

n=2k

∫ +∞

2k/r V̂(|Xn| > t)dt

2
k
r

≤ C

∞∑

k=0

2k ·
∫ +∞

2k/r V̂(|Z| > t)dt

2
k
r

= C

∞∑

k=0

2k ·
∫ +∞

1

V̂(|Z| > 2k/rm)dm
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= C

∫ +∞

1

∞∑

k=0

2k · V̂
(∣∣Z
m

∣∣r > 2k
)
dm

≤ C

∫ +∞

1

C
V̂

(∣∣Z
m

∣∣r)dm

= C · C
V̂
[|Z|r] ·

∫ +∞

1

1

mr
dm <∞.

Therefore, according to the Kronecker’s lemma, (5.4) holds.

Step 4. We show

V̂

(
lim sup
n→∞

Sn −∑n
k=1 Ĕ[Xk]

n1/rΦ(n)
> ǫ

)
= 0, ∀ ǫ > 0. (5.5)

Let 2k ≤ n < 2k+1, ǫ > 0. For every ω ∈ { 1
2k/rΦ(2k)

max2k≤n<2k+1

∑n
j=2k(Xj − Ĕ[Xj ]) >

ǫ, i.o.}c, there exists a positive integer k0(ω) such that for every k ≥ 2k0(ω),

1

2k/rΦ(2k)
max

2k≤n<2k+1

n∑

j=2k

Yj ≤ ǫ, (5.6)

where Yj , Xj − Ĕ[Xj ].

On { 1
2k/rΦ(2k)

max2k≤n<2k+1

∑n
j=2k(Xj − Ĕ[Xj ]) > ǫ, i.o.}c, we have

∑n
j=1 Yj

n1/rΦ(n)
≤

∑2k−1
j=1 Yj

n1/rΦ(n)
+

max2k≤i<2k+1

∑i
j=2k Yj

n1/rΦ(n)

=

∑2k0−1
j=1 Yj

n1/rΦ(n)
+

∑k−1
m=k0

∑2m+1−1
j=2m Yj

n1/rΦ(n)
+

2k/rΦ(2k)

n1/rΦ(n)
·
max2k≤i<2k+1

∑i
j=2k Yj

2k/rΦ(2k)
. (5.7)

The first term in (5.7) converges to zero when n → ∞. By 2k/rΦ(2k)
n1/rΦ(n)

≤ 1 and (5.6), we have

lim supn→∞
2k/rΦ(2k)
n1/rΦ(n)

· max
2k≤i<2k+1

∑i

j=2k
Yj

2k/rΦ(2k)
≤ ǫ for the third term in (5.7). As for the middle

term,

∑k−1
m=k0

∑2m+1−1
j=2m Yj

n1/rΦ(n)
≤

k−1∑

m=k0

2m/rΦ(2m)

n1/rΦ(n)
·
max2m≤n<2m+1

∑n
j=2m Yj

2m/rΦ(2m)

≤ ǫ ·
k−1∑

m=k0

2m/rΦ(2m)

n1/rΦ(n)
≤ ǫ ·

∑k−1
m=k0

2m/r

n1/r

≤ ǫ ·
1

ln(21/r)
· 2k/r

n1/r
≤ 3ǫ,

where the fourth inequality follows from the truth that for α > 1,
∑k−1

m=0 α
m ≤ αk

lnα . Hence, we

have lim supn→∞

∑n
k=1

(Xk−Ĕ[Xk])

n1/rΦ(n)
≤ 4ǫ on { 1

2k/rΦ(2k)
max2k≤n<2k+1

∑n
j=2k Yj > ǫ, i.o.}c, which

implies

V̂

(
lim sup
n→∞

∑n
k=1(Xk − Ĕ[Xk])

n1/rΦ(n)
> 4ǫ

)
≤ V̂

( 1

2k/rΦ(2k)
max

2k≤n<2k+1

n∑

j=2k

Yj > ǫ, i.o.
)
= 0, ∀ ǫ > 0.

(5.8)
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It is clear that

Sn −∑n
k=1 Ĕ[Xk]

n1/rΦ(n)
=

∑n
k=1(Xk −Xk)

n1/rΦ(n)
+

∑n
k=1(Xk − Ĕ[Xk])

n1/rΦ(n)
+

∑n
k=1(Ĕ[Xk]− Ĕ[Xk])

n1/rΦ(n)
,

which implies

{
lim sup
n→∞

Sn −∑n
k=1 Ĕ[Xk]

n1/rΦ(n)
> ǫ

}
⊆ {Xk 6= Xk, i.o.}

⋃{
lim sup
n→∞

∑n
k=1(Xk − Ĕ[Xk])

n1/rΦ(n)
> ǫ

}
, ∀ ǫ > 0.

Therefore, by the sub-additivity of V̂, (5.3) and (5.8), we have (5.5).

So far, we have obtained (5.1), (5.3)–(5.5).

We notice that

V̂

(
lim sup
n→∞

Sn −∑n
k=1 Ĕ[Xk]

n1/rΦ(n)
> 0

)
= V̂

( ∞⋃

m=1

{
lim sup
n→∞

Sn −∑n
k=1 Ĕ[Xk]

n1/rΦ(n)
>

1

m

})
.

Hence, by the countable sub-additivity of V̂ and (5.5) we have

V̂

(
lim sup
n→∞

Sn −∑n
k=1 Ĕ[Xk]

n1/rΦ(n)
> 0

)
= 0.

Taking Xk by −Xk, we have

V̂

(
lim inf
n→∞

Sn −∑n
k=1 Ĕ [Xk]

n1/rΦ(n)
< 0

)
= 0.

Finally, by the sub-additivity of V̂, (4.2) is proved. 2

Next, we show the proof of Theorem 4.6.

Proof of Theorem 4.6 By Lemma 3.6 (ii), there exists a sequence ǫk ց 0 such that

∞∑

k=1

σ2
k

ǫ2kk
2
(log2 k)

2 <∞,

then

V̂

(
max

2k+1≤n≤2k+1
|Sn − S2k | ≥ ǫ2k · 2k+1

)
≤ Ê[(max2k+1≤n≤2k+1 |Sn − S2k |)2]

ǫ2
2k
(2k+1)2

≤ (log2 2
k+2)2

∑2k+1

j=2k+1 Ê[X
2
j ]

ǫ2
2k
(2k+1)2

≤ (log2 2
k+2)2

2k+1∑

j=2k+1

Ê[X2
j ]

ǫ2jj
2

≤
2k+1∑

j=2k+1

Ê[X2
j ]

ǫ2jj
2
(2 + log2 j)

2,

where we use the Rademacher-Mensov inequality (3.3) in the second inequality. Hence,

∞∑

k=1

V̂

(
max

2k+1≤n≤2k+1
|Sn − S2k | ≥ ǫ2k · 2k+1

)
≤

∞∑

j=1

σ2
j

ǫ2jj
2
(2 + log2 j)

2 <∞,

and by Lemma 3.5 we have V̂(max2k+1≤n≤2k+1 |Sn − S2k | ≥ ǫ2k · 2k+1, i.o.) = 0.
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For every ω ∈ {max2k+1≤n≤2k+1 |Sn − S2k | ≥ ǫ2k · 2k+1, i.o.}c, there exists a positive integer

K0(ω) such that for every k ≥ K0(ω), max2k+1≤n≤2k+1 |Sn−S2k | < ǫ2k ·2k+1. Let n > 2K0(ω)+1,

2k +1 ≤ n ≤ 2k+1, K0(ω) ≤ k0 < k. On {max2k+1≤n≤2k+1 |Sn−S2k | ≥ ǫ2k · 2k+1, i.o.}c, we have

|Sn| ≤ |Sn − S2k |+
k∑

i=k0+1

|S2i − S2i−1 |+ |S2k0 |

≤ ǫ2k · 2k+1 +

k∑

i=k0+1

ǫ2i−12i + |S2k0 |

≤ ǫ2k0 · 2k+1(1 +
1

2
+ · · ·+ 1

2k−k0
) + |S2k0 |

≤ ǫ2k0 · 2k+1 · 2 + |S2k0 |.

Then
|Sn|
n

≤ ǫ2k0 · 2
k+1

n
· 2 + |S2k0 |

n
≤ ǫ2k0 · 2

k+1

2k
· 2 + |S2k0 |

n
= 4ǫ2k0 +

|S2k0 |
n

.

Hence

lim sup
n→∞

|Sn|
n

≤ 4ǫ2k0 .

Then letting k0 → ∞, we have limn→∞
Sn

n = 0, which means

{
max

2k+1≤n≤2k+1
|Sn − S2k | ≥ ǫ2k · 2k+1, i.o.

}c

⊆
{

lim
n→∞

Sn

n
= 0

}
.

Therefore,

1 = V̂

({
max

2k+1≤n≤2k+1
|Sn − S2k | ≥ ǫ2k · 2k+1, i.o.

}c)
≤ V̂

(
lim
n→∞

Sn

n
= 0

)
.

(4.3) is proved. 2

Proof of Corollary 4.7 We just need to show that Rademacher-Mensov type inequality is still

valid for the generalized sub-orthogonal sequence of random variables {Xn}n≥1, and the rest of

the proof is the same as that of Theorem 4.6. By the definition of generalized sub-orthogonality

(see Definition 2.6) we know that there exists a nonnegative sequence {f(j) : j = 0, 1, . . .} with
∑∞

j=0 f(j) <∞ such that Ê[XkXl] ≤ σkσlf(|k − l|) for all k, l = 1, 2, . . . . For n ≥ 2,

Ê

[( n∑

k=1

Xk

)2]
= Ê

[ n∑

k=1

X2
k + 2

n−1∑

j=1

n−j∑

k=1

XkXk+j

]

≤
n∑

k=1

Ê[X2
k ] + 2

n−1∑

j=1

n−j∑

k=1

Ê[XkXk+j ]

≤
n∑

k=1

σ2
k + 2

n−1∑

j=1

n−j∑

k=1

σkσk+jf(j)

≤
n∑

k=1

σ2
k +

n−1∑

j=1

f(j)

n−j∑

k=1

(σ2
k + σ2

k+j)
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≤
(
1 + 2

∞∑

j=1

f(j)
) n∑

k=1

σ2
k.

Then manipulating the proof of Lemma 3.4 again, we have

Ê

[
max

1≤k≤n

( k∑

j=1

Xj

)2]
≤

(
1 + 2

∞∑

j=1

f(j)
)
(log2 4n)

2
n∑

j=1

Ê[X2
j ].

The proof is completed. 2
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