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Abstract Convex feasibility problems are widely used in image reconstruction, sparse signal

recovery, and other areas. This paper is devoted to considering a class of convex feasibility

problem arising from sparse signal recovery. We first derive the projection formulas for a vector

onto the feasible sets. The centralized circumcentered-reflection method is designed to solve

the convex feasibility problem. Some numerical experiments demonstrate the feasibility and

effectiveness of the proposed algorithm, showing superior performance compared to conventional

alternating projection methods.
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1. Introduction

Throughout this paper, we use Rm×n to represent the set of m×n real matrices. The symbol

‖ · ‖ denotes the induced norm. The symbols H+, HT and rank(H) are used to represent the

Moore-Penrose inverse, the transpose and the rank of the matrix H, respectively. The symbol

〈·, ·〉 stands for inner product and ‖x‖0 stands for the number of non-zero entries in vector x.

In signal processing, if an original signal x is sparse, it can be recovered from the measurement

vector y by using its sparsity and identifying the sparsest representation among all possible x

that satisfy y = Hx, as discussed in [1–4]. The sparse recovery problem can be formulated as

the following optimization problem

min ‖x‖0 s.t. y = Hx, (1.1)

where H ∈ Rm×n is a measurement matrix satisfying the Restricted Isometry Property (RIP)

(see Definition 2.2). If the original signal x is not sparse, it is necessary to find a set of bases

such that the signal x can be sparsely represented (i.e., x = ψα). In this case, the original signal

x can be reconstructed from the measurement vector y = Hψα. When the original signal x is
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sparse, ψ is typically set to the identity matrix. In the presence of noise, the observation becomes

y = Hx+ e, where e ∈ Rm denotes noise. Problem (1.1) is relaxed as

min ‖x‖0 s.t. ‖y −Hx‖ ≤ ε.

Unfortunately, the problem (1.1) as an l0-minimization problem, has been proven to be NP-

hard [5], due to its non-convex nature. However, in order to solve this problem, some researchers

have proposed convex relaxation of the problem (1.1). An effective way to solve this problem is

to replace the l0-norm in (1.1) with the l1-norm [6], i.e.,

min ‖x‖1 s.t. y = Hx. (1.2)

Candes and Tao [1] also explicitly demonstrated that when the sensing matrix H satisfies the

RIP with certain constant parameters, the l1-optimization problem can completely replace the

l0-optimization problem. Let

Ω1 = {x|y = Hx} and Ω2 = {x|‖x‖1 ≤ s},

where s is a predefined threshold that constrains the l1-norm of the solution. Then one can relax

the sparse recovery problem (1.2) into a convex feasibility problem. In other words, the problem

(1.2) is equivalent to finding a vector x ∈ Ω1 ∩ Ω2.

The convex feasibility problem is of great research significance because many mathematical

problems and practical application problems in real life can be reduced to a convex feasibility

problem. For example, optimization [7], sparse recovery, compressed sensing, approximation

theory [8], sensor network location problems [9–11], and image reconstruction [12]. Consequently,

there has been a steadily increasing interest in the development of both theoretical and numerical

methods for finding a solution to the convex feasibility problem. However, it is very difficult to

find a point in the intersection of convex sets directly. Projection algorithms, which originated

from the research work of Neumann in 1950 (see [13]) (for more details see [14]), are commonly

used to solve this problem but often converge slowly. To overcome this slow-convergence issue,

Censor proposed the relaxed projection algorithm in 1981 (see [15]). However, this method may

fail to guarantee complete convergence in incompatible problems. Subsequently, the parallel

projection algorithm was proposed [16]. To enhance the flexibility of the parallel projection

algorithm, Censor proposed the string averaging projection algorithm [17] and Dang proposed

the block subgradient projection algorithm [18]. The extrapolated relaxation method [19] and

subgradient projection method [20] were also proposed to overcome the above difficulties.

In general, the primary methods for solving convex feasibility problem are alternating projec-

tion algorithms [21,22] or simultaneous projection algorithms [23,24], with most other approach-

es being improvements based on these algorithms. For instance, the Douglas-Rachford (DR)

algorithm, an extension of the alternating projection method, iteratively applies the reflection

operator to approximate points within the intersection of convex sets. When the intersection is

non-empty, the DR algorithm generates a sequence that converges to points within the inter-

section set, exhibiting strong convergence properties [25]. However, in each iteration, the DR

algorithm requires the computation of exact projections, which results in high computational
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costs, particularly when the projection operations themselves are complex or computational-

ly expensive. To overcome this problem, Millan proposed the alternating conditional gradient

method [26] and approximate DR algorithm [27]. These methods used the conditional gradi-

ent method to compute approximate projections rather than exact projections, which reduces

computational cost while still being capable of handling large-scale problems. With the aid of s-

tochastic approximation techniques, both the minibatch stochastic subgradient-based projection

algorithm [28] and the stochastic block projection algorithms with extrapolation [29] have been

employed to solve large-scale convex feasibility problems. While these algorithms offer compu-

tational advantages, they are sensitive to the random selection of a fixed sample size, which can

impact their performance and reliability.

In this paper, we consider the l1-minimization problem (1.2) in the sparse signal recov-

ery. The projections PΩ1
(x) and PΩ2

(x) of x onto the Ω1 and Ω2 are given. The centralized

circumcentered-reflection method for solving the problem (1.2) is designed and its convergence

analysis is also given. We use numerical experiments to demonstrate that the new algorith-

m is feasible. Especially, it converges faster than the commonly used alternating projection

algorithms.

The organization of this paper is as follows. The centralized circumcentered-reflection method

is introduced in Section 2. In Section 3, we derive some projection formulas and design the

centralized circumcentered-reflection method to solve the problem (1.2). Finally, some numerical

experiments are used to illustrate the feasibility and efficiency of the new method.

2. Centralized circumcentered-reflection method

In this section, we introduce the circumcentered-reflection method and its convergence theo-

rem. Alternating projection and simultaneous projection algorithms are commonly used to find

a point in the intersection of some convex sets by using a sequence of projections onto the sets.

Assume A and B are closed convex sets in Rn, with PA and PB being the orthogonal projections

onto A and B, respectively. Then for any initial point x0 ∈ Rn, the iterative formula for the

alternating projection algorithm is given by

xk+1 = PBPA(xk), (2.1)

then according to Cegielski [23, Theorem 4.3.4], if A ∩ B 6= ∅, the sequence {xk} generated by

(2.1) converges to a point x∗ ∈ A ∩ B. The iteration formula of the simultaneous projection

algorithm is

xk+1 =
1

2
(PA(xk) + PB(xk)). (2.2)

If A ∩ B 6= ∅, by Pierro and Iusem [24, Corollary 3], the sequence {xk} generated by (2.2)

converges to a point x∗ ∈ A ∩B. See Figure 1 for more details.

Although the simultaneous projection method can be used to solve convex feasibility prob-

lems, its convergence rate is rather slow. To accelerate convergence, the parallel circumcentered-

reflection method was proposed. Starting from a point x0 ∈ Rn, the next iterate x1 is the
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circumcenter of the triangle of vertexes x0, RΩ1
(x0) and RΩ2

(x0). The iterative format of this

method is presented below

xk+1
pCRM = A(xk) = circumcenter{xk, RΩ1(xk), RΩ2(xk)},

where RΩ1 , RΩ2 are orthogonal reflection operators on the sets Ω1 and Ω2. These operators are

defined as RΩ1 = 2PΩ1 − Id, RΩ2 = 2PΩ2 − Id, where Id represents the identity operator, PΩ1

and PΩ2 are the orthogonal projections onto Ω1 and Ω2, respectively. However, this method

has a disadvantage, namely, starting from a given initial point, the next iterative point may

deviate from the solution set, as shown in Figure 2. To overcome this challenge, we attempt to

preprocess the point xk before iteration, that is, use the combination of alternating projection

points and simultaneous projection points of xk to obtain xkc = 1
2 (xAP + PΩ1(xAP )), where

xAP = PΩ2PΩ1(xk), and then use the parallel circumcenter reflection method for iteration.

This method is called the centralized circumcentered-reflection method (denoted by cCRM) and

iterative formula is presented below

xk+1
cCRM = A(xkc ) = circumcenter{xkc , RΩ1(xkc ), RΩ2(xkc )}. (2.3)

From Figure 2, we can intuitively see that starting from x0 to x1
cCRM is already better than

moving from x0 to x1
pCRM , i.e., x1

cCRM is closer to the solution.

Figure 1 First few iterations of simultaneous Figure 2 Characterization of pCRM and cCRM

projection algorithm

Interestingly, when Ω1 represents a half-space and Ω2 corresponds to an affine set with

nonempty intersection Ω1 ∩ Ω2. Using the centralized circumcentered-reflection method to find

the intersection point x ∈ Ω1 ∩ Ω2 can be achieved in just one step, i.e.,

PΩ1∩Ω2
(x) = circumcenter{x,RΩ1

(x), RΩ2
(x)},

which also shows the efficiency of this method. This is particularly challenging for alternating

projection methods, especially when the angle between the two sets is small. We also give

the corresponding lemma and convergence theorem of the centralized circumcentered-reflection
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method as follows.

Definition 2.1 ([30]) Suppose M is a real Hilbert space, C ⊆ M is a closed convex nonempty

set and {xn} is a sequence in M, we say that {xn} is Fejér monotone with regard to C, if

‖xn+1 − z‖ ≤ ‖xn − z‖,

for all z ∈ C and every n > 0.

Definition 2.2 ([4]) A matrix H ∈ Rm×n is said to satisfy the RIP with a restricted isometry

constant δs ∈ (0, 1) if for every s-sparse vector x ∈ Rn (i.e., ‖x‖0 ≤ s), the following inequality

holds

(1− δs)‖x‖22 ≤ ‖Hx‖22 ≤ (1 + δs)‖x‖22.

Theorem 2.3 ([31]) Let Ω1,Ω2 ∈ Rn be two closed convex sets with nonempty intersection.

Then for any initial point x0 ∈ Rn, the sequence {xk} generated by (2.3) is Fejér monotone with

regard to Ω1 ∩ Ω2, and converges to an element x∗ ∈ Ω1 ∩ Ω2.

3. Centralized circumcentered-reflection method for solving the prob-
lem (1.2)

In this section, we use the centralized circumcentered-reflection method (2.3) to solve the

convex feasibility problem (1.2) arising in sparse recovery.

The primary challenges in applying the circumcentered-reflection method to solve the problem

(1.2) have two-fold. Firstly, how to compute the projections PΩ1
(x) and PΩ2

(x) of x onto Ω1

and Ω2, respectively. Secondly, how to derive an explicit formula for the computation of the

circumcenter {x,RΩ1
(x), RΩ2

(x)}. These challenges are effectively addressed as follows.

Theorem 3.1 Assume H ∈ Rm×n, rank(H) = m and x1 ∈ Rn, then the projection PΩ1
(x1) of

x1 onto Ω1 is

PΩ1(x1) = x1 +H+(y −Hx1),

where H+ = HT (HHT )−1 is the pseudo-inverse.

Proof Let x ∈ Ω1, which implies y = Hx. For a given x1, we have

Hx1 − y = Hx1 −Hx = H(x1 − x).

Let r = x1 − x. We have Hx1 − y = Hr. Since the unique minimal Euclidean norm solution

of the linear system Hx = y is H+y, we can conclude that H+(Hx1 − y) is the solution of the

following optimization problem

min ‖r‖2 s.t. Hr = Hx1 − y.

Noting that r = x1 − x, then the best approximation in Ω1 to x1 is

PΩ1
(x1) = x1 −H+(Hx1 − y),
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which can be rewritten as

PΩ1(x1) = x1 +H+(y −Hx1).

This completes the proof. 2

Theorem 3.2 For a given vector x ∈ Rn and a positive number s, then the projection PΩ2(x)

of x onto Ω2 is as follows

PΩ2
(x) =

{
x, if ‖x‖1 ≤ s,

s
‖x‖1x, if ‖x‖1 > s.

(3.1)

Proof Let f(t) = ‖x − t‖1. From the properties of orthogonal projection on convex sets, we

know that the projection PΩ2
(x) is the unique solution of the minimization problem mint∈Ω2

f(t).

If ‖x‖1 ≤ s, the unique solution of mint∈Ω2
f(t) is x. If ‖x‖1 > s, for arbitrary t ∈ Ω2 (i.e.,

‖t‖1 < s) with ‖x‖1 > s, then

‖x‖1 = ‖x− t+ t‖1 ≤ ‖x− t‖1 + ‖t‖1,

which implies that

‖x− t‖1 ≥ ‖x‖1 − ‖t‖1 ≥ ‖x‖1 − s.

The above inequality indicates that for arbitrary t ∈ Ω2 with ‖x‖1 > s, we have

f(t) = ‖x− t‖1 ≥ ‖x‖1 − s =
1

‖x‖1
(‖x‖1 − s)‖x‖1

=
1

‖x‖1
‖‖x‖1x− sx‖1 = ‖x− s

‖x‖1
x‖1 = f(

s

‖x‖1
x),

which indicates that when t = s
‖x‖1x, f(t) attains its minimum. Therefore, we get the projection

formula of x on the convex set Ω2 as

PΩ2
(x) =

{
x, if ‖x‖1 ≤ s,

s
‖x‖1x, if ‖x‖1 > s.

The proof is completed. 2

Finally, we present the explicit computational formula for the circumcenter. Let x1, x2, . . . , xm

be vectors in real Hilbert space (M). Let C = {x1, . . . , xm}. Obviously,

circumcenter{x1} = x1

and

circumcenter{x1, x2} =
x1 + x2

2
.

Now let us assume m ≥ 3. The explicit computational formula is given by the following lemma.

Lemma 3.3 ([32]) Let x1, x2, . . . , xm be affinely independent. Then the circumcenter(C) ∈ M
is the unique point satisfying the following two conditions

(i) circumcenter(C) ∈ affine(C), and
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(ii) {‖circumcenter(C)− xi‖|xi ∈ C, i = 1, 2, . . . ,m} is a singleton.

Moreover,

circumcenter(C) = x1 +
1

2
(x2 − x1, . . . , xm − x1)G(x2 − x1, . . . , xm − x1)−1


||x2 − x1||2

...

||xm − x1||2

 ,

where G(x2 − x1, . . . , xm−1 − x1, xm − x1) is the Gram matrix

G(x2 − x1, . . . , xm−1 − x1, xm − x1)

=



||x2 − x1||2 〈x2 − x1, x3 − x1〉 . . . 〈x2 − x1, xm − x1〉
...

...
...

〈xm−1 − x1, x2 − x1〉 〈xm−1 − x1, x3 − x1〉 . . . 〈xm−1 − x1, xm − x1〉

〈xm − x1, x2 − x1〉 〈xm − x1, x3 − x1〉 . . . ||xm − x1||2


.

Algorithm 1 cCRM algorithm for solving the problem (1.2)

Input: Initial value x0 ∈ Rn, sensing matrix H ∈ Rm×n, measurement vector y ∈ Rm, positive

number s and the error tolerance ε

Output: the solution x∗ of the problem (1.2)

1: xk ← x0

2: while ek > ε do

3: Calculate centralized point xkc

3.1: PΩ1
= xk +H+(y −Hxk)

3.2: Calculate the projection xAP = PΩ2
PΩ1

by (3.1)

3.3: PΩ1
(xAP) = xAP +H+(y −HxAP)

3.4: xkc = 1
2 (xAP + PΩ1

(xAP))

4: Calculate the reflection RΩ1(xkc ) = 2PΩ1(xAP)− xkc on the set Ω1

5: Calculate the projection PΩ2
(xkc ) by (3.1)

6: Calculate the reflection RΩ2
(xkc ) = 2PΩ2

(xkc )− xkc on the set Ω2

7: Calculate xk+1 = circumcenter{xk, RΩ1
(xkc ), RΩ2

(xkc )} according to (3.2)

8: ek = ‖xk+1 − xk‖
9: end while

Making use of Lemma 3.3, we can also derive an explicit computational formula for the

circumcenter{x,RΩ1
(x), RΩ2

(x)} as follows

circumcenter{x,RΩ1(x), RΩ2(x)}

= x+
1

2
(RΩ1

− x,RΩ2
− x)G(RΩ1

− x,RΩ2
− x)−1

(
‖RΩ1

− x‖2

‖RΩ2
− x‖2

)
, (3.2)
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where

G(RΩ1
− x,RΩ2

− x) =

 ||RΩ1 − x||2 〈RΩ1 − x,RΩ2 − x〉

〈RΩ2
− x,RΩ1

− x〉 ||RΩ2
− x||2

 .

The centralized circumcentered-reflection method (2.3) to solve the problem (1.2) can be

summarized as in Algorithm 1. In terms of the calculation formula for the circumcenter of

the cCRM, computing the centralized point xc requires three orthogonal projections. Addi-

tionally, calculating circumcenter{xk, RΩ1
(xkc ), RΩ2

(xkc )} necessitates two orthogonal projections.

Therefore, completing one iteration of the cCRM entails a total of five orthogonal projection-

s. However, in Algorithm 1, only four orthogonal projections are provided. This is because

xc = 1
2 (xAP + PΩ1

(xAP)) indicates that xc lies between xAP and PΩ1
(xAP), which implies that

PΩ1
(xAP) = PΩ1

(xc). Now we will give the numerical analysis for Algorithm 1.

(1) Computational complexity

Algorithm 1 illustrates that Steps 3.1 to 3.4 are designed to obtain the centralized point.

Steps 4–6 are conducted to obtain the other two vertices of the triangle. Step 7 is aimed at

calculating the circumcenter of the triangle. The computational cost of each step is evaluated in

Tables 1 and 2.

Step Step 3.1 Step 3.2 Step 3.3 Step 3.4

Complexity m2n+mn+mn+ n n m2n+mn+mn+ n n

Table 1 Computational cost of Steps 3.1–3.4

Step Step 4 Step 5 Step 6 Step 7

Complexity n n n n

Table 2 Computational cost of Steps 4–7

The computational complexity of Algorithm 1 primarily arises from the calculation of H+,

with a complexity of O(m2n) + O(m3) + O(nm2). Since m < n, the complexity of calculating

H+ is O(m2n). Therefore, the total computational cost of Algorithm 1 is O(k(2nm2 + 4mn +

8n)), where k is the total number of iteration step. The computational cost of Algorithm 1 is

determined by O(k(nm2)).

(2) Initial value and stopping criteria

We choose x0 = HT ∗ y as the initial point and choose the ‖xk+1 − xk‖ < ε as the stopping

criteria, where ε is a small enough parameter.

Finally, we perform the convergence analysis of Algorithm 1 .

Theorem 3.4 If the convex feasibility problem (1.2) has a solution, then the sequence {xk}
generated by Algorithm 1 converges to an element x∗ ∈ Ω1 ∩ Ω2, which is the solution of the

problem (1.2).

Proof It is obvious that the set Ω1 involved in Algorithm 1 is an affine set and the set Ω2 is
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a closed convex set. If the problem (1.2) has a solution, that is to say, the intersection of sets

Ω1 and Ω2 is nonempty. Therefore, we can obtain from Theorem 2.3 that the sequence {xk}
generated by Algorithm 1 converges to an element x∗ ∈ Ω1 ∩ Ω2, which is the solution of the

problem (1.2). 2

4. Numerical experiments

In this section, we first present a simple numerical experiment to demonstrate the feasibility

of Algorithm 1 to solve the problem (1.2). Subsequently, we compare Algorithm 1 with other

commonly used algorithms for addressing the problem (1.2). Finally, we recover two-dimensional

natural images by using Algorithm 1. All codes are written by version of Matlab 2019a and

performed on a Windows 11 PC with Intel(R) Core(TM) i7-8550U CPU @ 1.80GHz 1.99 GHz

and 8GB of memory.

The performance of reconstruction algorithm is closely related to some properties of the

measurement matrix H. To accurately recover the original signal x from the observation vector

y, the observation matrix H must satisfy the RIP. In our experiments, we use the Gaussian

matrix as the measurement matrix.

Example 4.1 In signal processing, compressed sensing is a powerful technique for recovering

sparse signals from a limited number of measurements. Specifically, an n-sample original signal

x with k nonzero components can be accurately recovered from k � m < n measurements.

Recovering x from m measurements requires solving an underdeterminated system of linear

equations

y = Hx+ e,

where y ∈ Rm is the vector of noisy observations or measurements, x ∈ Rn with k non-zero

elements is that needs to be restored, and e denotes the noise, with each entry drawn from

the Gaussian distribution N(0, σ2). Since the sampling may be subject to errors in practical

situations, we add Gaussian white noise here to mimic this effect. Hence, the recovery of x can

be achieved by solving the problem (1.2).

In our experiment, we consider the problem (1.2) with the original signal x being generated

as x = sprandn(n, 1, k) and measurement matrix H is constructed as H = randn(m,n), and the

observed value y = Hx + e. We assess the quality of reconstruction by means of squared error

(MSE) to the original signal x, i.e.,

MSE =
1

n
‖x− x∗‖,

where x∗ denotes the recovery signal. The stopping criterion for Example 4.1 is ‖xk+1 − xk‖ <
10−6. For the experimental setup, we choose n = 2560, m = n

4 , k = 0.05n (k denotes sparsity

level). The experimental results are presented in Figure 3.

In Figure 3, the recovered signal is represented by red asterisks “∗” and the original signal

is denoted by blue circles “◦”. Despite the presence of noise, we can see that these two signals
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can match very well, with an MSE of only 0.0052897‰. It is shown that Algorithm 1 is really

feasible and can accurately recover the original signal.

Figure 3 The recovery results for Example 4.1

Example 4.2 We consider the problem (1.2) with measurement matrix H = randn(m,n). The

sampling rate is set to 25%, i.e., m = n
4 . The number of non-zero elements in the vector x is

k = 0.05n. The original signal x and the observation vector y are generated in the same manner

as in the previous example. We list MSE, CPU time and iterations among the alternating

projection algorithm (AP) [21], the simultaneous projection algorithm (SP) [24], the relaxed

alternating projection algorithm (RAP) [33] and Algorithm 1 in different dimensions n. This

comparison is motivated by the fact that AP, SP and RAP are widely used for solving convex

feasibility problem. The experiment is conducted in two scenarios, without noise and with the

addition of Gaussian noise. The stopping criterion for Example 4.2 are defined as follows{
‖xk+1 − xk‖ < 10−2, noise ,

‖xk+1 − xk‖ < 10−6, no-noise.

The experimental results are shown in Table 3 and Figure 4.

From Table 3, it is demonstrated that across various dimensions, Algorithm 1 and the other

three methods can effectively solve the problem (1.2). However, Algorithm 1 consistently ex-

hibits superior performance. Regardless of the presence or absence of added noise, Algorithm 1
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outperforms the other three algorithms in terms of the computing time, the number of iterations,

and the discrepancy between the recovered solution and the exact solution.

(a) n = 9000 (b) n = 9000

(c) n = 10000 (d) n = 10000

Figure 4 Comparative results for Example 4.2

To provide a more direct visualization of the superior convergence rate of our algorithm, we

present the relationship between the relative error of Algorithm 1 and AP, SP, RAP of the same

iteration type over time and the number of iterations. The dimensions of the tests are 9000 and

10000 respectively. The results are shown in Figure 4.

Figure 4 illustrates that Algorithm 1 converges to the solution more rapidly than the other

three algorithms.

From Table 3 and Figure 4, we can see that in the case of low dimensions, Algorithm 1

has a good performance. As the dimensionality of the recovered signal increases, the recovery

speed advantage of Algorithm 1 becomes more obvious. The most significant aspect is that as

the dimensionality of the problem increases, the computational time of Algorithm 1 grows at a

relatively slow rate. This characteristic makes Algorithm 1 particularly suitable for addressing

some larger scale problems in signal recovery.



130 Chunmei LI, Bangjun CHEN and Xuefeng DUAN

No-noise Noise

Dimension Tested method Iter CPU time MSE Iter CPU time MSE

1000 AP 197 0.125 3.2063e-09 104 0.0625 2.5479e-05

SP 801 0.70313 4.4347e-08 174 0.20313 0.0010279

RAP 116 0.0625 9.1181e-10 68 0.14063 6.8156e-06

Algorithm 1 34 0.0625 4.0708e-10 18 0.0625 3.6204e-06

2000 AP 183 0.92188 1.4654e-09 108 0.64063 1.3799e-05

SP 728 4.2344 2.1405e-08 293 1.8281 0.00043136

RAP 101 0.85938 3.9106e-10 66 0.39063 3.5751e-06

Algorithm 1 31 0.54688 2.5762e-10 18 0.21875 1.8114e-06

3000 AP 186 1.9063 9.6667e-10 94 1.0938 9.4811e-06

SP 794 8.2344 1.3097e-08 234 3.0469 0.00020858

RAP 101 1.375 2.9209e-10 57 0.85938 2.383e-06

Algorithm 1 29 0.71875 1.6165e-10 17 0.4375 1.4262e-06

4000 AP 185 4.3594 7.3698e-10 99 1.9844 5.7699e-06

SP 754 15.4063 9.4057e-09 283 5.7969 0.00020624

RAP 106 2.2188 1.8573e-10 59 1.3594 1.7161e-06

Algorithm 1 31 1.2969 1.4138e-10 18 0.9375 1.0842e-06

5000 AP 199 5.7188 6.0396e-10 105 2.9375 5.2399e-06

SP 720 21.0625 8.1544e-09 343 9.2656 0.00010738

RAP 111 3.2813 1.5663e-10 62 1.7500 1.415e-06

Algorithm 1 31 1.8594 1.0721e-10 18 1.0000 1.0063e-06

6000 AP 207 8.5781 5.2029e-10 114 4.625 4.6062e-06

SP 759 31.4219 6.9555e-09 302 11.6875 8.0981e-05

RAP 119 4.8906 1.4942e-10 68 2.6719 1.0889e-06

Algorithm 1 34 2.7813 8.2543e-11 18 1.375 9.0137e-07

7000 AP 188 10.4063 4.1429e-10 105 5.6406 3.4932e-06

SP 761 41.4375 5.8038e-09 303 15.5469 5.8159e-05

RAP 105 5.6719 1.0308e-10 63 3.1563 9.1602e-07

Algorithm 1 31 3.3906 5.8568e-11 19 2.0469 7.0292e-07

Table 3 Compare iteration, CPU time and MSE among AP, SP, RAP and Algorithm 1 in different

dimensions n

Example 4.3 We formulate the sparse image restoration problem as the problem (1.2), using

a measurement matrix H = randn(m,n), where the parameters m,n are determined by the

dimensions of the image to be restored. The two-dimensional natural images are chosen as the

original signal. We also compare Algorithm 1 with three other widely used image restoration

algorithms, including the orthogonal matching pursuit (OMP) [34], the alternating projection

algorithm (AP) [35], and the basis pursuit (BP) [36]. The size of image is set to 512× 512 and

Gaussian random matrix is utilized as the measurement matrix. To represent the sparse image,
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we apply the discrete wavelet transform (DWT). The parameters are set as n = 512, m = ρ · n
and σ = 0, where ρ denotes the sampling rate. The algorithms are executed with a stopping

criterion of ‖y −Hxk‖ ≤ 10−3.

Tested method Algorithm 1 OMP AP BP

CPU time 10.5781s 58.8281s 22.125s 219.1563s

SNR 48.2151dB 48.2128dB 48.2129dB 48.2151dB

Table 4 Compare CPU time and SNR among Algorithm 1, OMP, AP and BP in image recovery

Figure 5 Original signal, recovered signal by different algorithms under the

Gaussian sampling of 58.5%

To evaluate the reconstruction quality of the algorithms, we introduce the Signal-to-Noise

Ratio (denoted by SNR), calculated using the following formula

SNR = 10 log10

‖x‖22
‖x− x∗‖22

,

where x and x∗ denote the true signal and the recovered signal, respectively.

In the following experiment, we select the “circlesBrightDark” image (512× 512) as the test

image and conduct a comparison of Algorithm 1 with OMP, AP and BP in terms of computational

time and the relative error. The experimental results, presented in Figure 5 and Table 4, reveal

that Algorithm 1 and the other algorithms can accurately restore images, but Algorithm 1 is

slightly better. Furthermore, compared to the other three algorithms, Algorithm 1 takes the

least computing time. Therefore, Algorithm 1 converges faster than the other three algorithms.
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5. Conclusion

In this paper, we consider the convex feasibility problem (1.2), which arises in sparse signal

recovery and compressed sensing. However, the original compressed sensing or sparse recovery

problem does not conform to the standard convex feasibility framework. To bridge this gap, we

approximate the l0-norm with the l1-norm, thereby transforming the sparse recovery problem

into a convex feasibility problem. The centralized circumcentered-reflection method is designed

to solve this convex feasible problem. In comparison with other algorithms, Algorithm 1 achieves

faster convergence. Furthermore, in the context of sparse image restoration, Algorithm 1 exhibits

significant advantages in terms of computational efficiency.
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