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Abstract In this paper, we define for the trace operator, the solution of certain models of
vibrating plates standards with initial data in a strategic region spaces of weak regularities.
Indeed, we know that the notion of regional controllability is more adapted to systems described
by dynamic systems. Regional controllability results in a strategic area were established for
vibrating plates by the Hilbertian Uniqueness Method.
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1. Introduction

The mathematical study of plates has taken a meteoric rise with the spectacular development
of electronics and computing; and, the need to install detectors and sensors on both static and
dynamic devices and systems. The exact controllability of a dynamic system consists of bringing
it from one initial state to another by an external action (or criterion), in a given time 7.
For a reversible linear system, this amounts to bringing it to rest. This method suggests that a
vibrating elastic plate can be brought to rest by applying forces to it on the surface or inside. The
particularity and contribution of this work in control theory is the use of strategic actuators. In
addition, it has been proven that regional controllability (on strategic parts of the w C 2 domain)
is more suitable and more feasible.

Well-known control devices are those involving materials piezoelectrics for example, which
can be used both to detect the vibrations of the plate and to impose control forces on it. Indeed, a
dynamical system (.9) is said to be exactly regionally controllable (or even exactly w-controllable)
if for every yd (the desired state) given in L?(Q) (of course in L?(w)), there exists a control u € U

(realizable or admissible set or domain) such as y(.,T,u) = yd.
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The emphasis in this work was placed on regional controllability, which is more suited to
reality. In control theory, we know that local or regional controllability on so-called strategic
subdomains of the main domain is more realistic and more in line with reality. Indeed, this
type of control is achieved with minimal time and therefore at a lower cost. In this work, we
established an exact regional controllability result on a strategic part of the boundary for a two-
dimensional elastic plate. Consider 2 a regular open of R? and w C Q (not arbitrarily chosen
but small) of respective boundaries I' = 9Q,v = dw and T > 0. For 2° € R? a vector with
20 = (29,29), we define the function of multiplier m(z) = » — 2° and a geometric condition

partition of the boundaries: X7 =]0, T[x09Q and X, 7 =]0, T[x 0w in the following way
I¢ = {z € T/m@)v(z) > 0}, % = {x € 7/mlx)v(z) > 0},
Ly ={z eT/m(z).v(z) <0}, v ={z€v/m(z)v(z) <0}, Qr=]0,T[xw

and
Yo =)0, T[xTd, Yo =]0,T[x,

ES :]OaT[XFav Ea,w :]OaT[X’Y(T'
We also introduce the constants

o= (=) Ao =S et)’

k=1 k=

—_

where )g is the first eigenvalue of the spectral problem

{A?g =A%, in w,

( € Hi(w). b

We denote by v(z) the exterior unit normal at all « belonging to v, w a non-empty strategic part

of the set €. Let u be the solution to the following homogeneous equation

w' + A%u =0, in Qr =|0,T[xw,
ou
=5 on X, (1.2)

u(0) = up, v (0) = u.
We define for initial data ug and uy respectively in H3(w) and L?(w), the energy associated with
(1.2) by
1
Ey = 5 ([Auol 72y + lual72)) (1.3)
In Lions [1], the following direct and inverse inequalities were established and for all T > Ty,
there exists Cy > 0

T
/ / (Au)*dodt < CyEy, (1.4)
0 Xo,w

T
/ / (Au)*dodt > CFEy, (1.5)
O S,w
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where

4
Ch=—— .
T Row(T —To)

a generic positive constant which may depend on T and but not on 2 or w. Similarly, define the

unbounded operator A of L?(w) by
Dy ={uc H(w)/A% € L*(w)} and Au = A?u, for all u in Dy4.

In Lasiecka-Triggiani 2], for the solution u of (1.2) corresponding to the data ug € D 3 and

3
4

uy € DA 1, this inequality has been established
0Au ,
——1*dodt > C(T —Ty)E
[, et = o i)y,

where )
3 1
Es = §{||A4U0||%2(UJ) + HA“UIH%?(UJ)}H

and C' > 0.

In [1], Lions established the exact controllability of the vibrating plate equation with control
over the normal derivative of the system state. Lasiecka and Triggiani [2] established the exact
controllability of the vibrating plate equation for position control using (2.1). Finally Niane [3,4]
and Zuazua [5] showed, still for the same types of initial data, the exact controllability in an
arbitrarily small time. We generalize the estimate of yAu in L?*(0,7T;L?(¢,,)) established
in (1.4) to estimates in L2(0,T; H~2%(%y,,)) where 0 < # < 1. In the same vein, we make
even for 7% in (1.4) in estimates in LQ(O,T;H*g(EO,w)). These inequalities are obtained
by interpolation. Using these new estimates, we establish exact controllability results of the

vibrating plate equation for irregular data.

Remark 1.1 (1) The system (1.2) is not hyperbolic. It is a very ill-posed system in Petrovsky’s
sense [1].

(2) The system is not hyperbolic; however, we could still consider its exact controllability
within an arbitrarily small time. That said, establishing such controllability results will require
additional developments [5].

(3) The system (1.2) models the vibrations of a plate i C w in a very simplified way (see

Avalos [6] for the modeling and the exact controllability of some of these models).

2. Regional and strategic control on the normal derivative: preliminar-
ies and main result

To state the main result, we need to introduce an important definition relating to the notions

of regional controllability and strategic actuators.

Definition 2.1 We call an actuator any couple (w, go) where
(1) w C Q is the geometric support of the action;
(2) go € L*(w) is the spatial distribution of the action in w;
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(3) In the case of a point action exerted at b € ), we will have Qo = b and gy = db (Dirac
mass).

We say that an actuator is strategic (resp., w-strategic) if the system (1.2) it excites is weakly
controllable (resp., weakly w-controllable) [7].

In the sequel, let 0 < 6 < 1, ¥Y(po, 1) € D(w) x D(w) and pose

T
o0l = [ 18I, g 21)

(rs)
where @ is the solution of the homogeneous Eq. (1.2) corresponding to the initial data (g, ¢1).
We denote by Fy the complement of D(w) x D(w) for the norm ||||%,.

Theorem 2.2 (Main theorem) For all § € [0, 1], the solution ¢ of the homogeneous equation
(1.2), corresponding to the initial data (v, p1) € Fp checks the inequality

T
2 2 2
L sl g o dt > Kellleoligoag, + ol ) (22)
where K, is a strictly positive constant dependent only on w.
Proof Let (¢o, 1) € L?(w) x H=2(w). We consider the following problem

"+ Ap =0, 0(0) = ¢o, ¢'(0) = 1.
This problem admits a unique solution given by (¢(t), ¢’ (t)) = S1(t)(¢o, 1) where {S1(¢t) : t €
R} is the CP-unit group on L?(w) x H2(w) generated by A. Let ¢ = A7l 19 = A7 p; €
(HE(w)), Y1 = —pp € L?*(w). Then 1 satisfies

'+ Ay =0, 9'(0) =¥

Also this problem has a unique solution given by (¢(t), v’ (t)) = Sa(t) (%o, 1) where {Sa(t) : ¢ €
R} is the Cp-unitary group on Hj(w) x L?(w) generated by A.

For all T > 0, we apply inequality (1.4) to 1, which gives the estimate

(lpollZzw) + lrlfr-2() < CT/z [VAAT Y [Pdo. (2.3)
0,w

For e > 0 sufficiently small (such that T'— Ty > 2¢), we define the test function ¢, € D(R)
satisfying

(1) 0<pe <1

(2) supp(pe) CJ0, TT;

(3) 906|[6,T—e] =1
Multiplying by ¢, and integrating by part (Green formulas), we obtain

(leollZ2wy + lerlF-2() SCT/ [P (YAATI ) (VAAT 9)) + pe(YAAT Q") (vAAT p)]do

0,w

1 _ _
<Cr [ Ge'hAATR +prap) (84 0o,
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Using estimation (1.4) gives
/E P! VAAT oPdo <Cr(IAT P 320 + 1A 0111 2(0)
0,w

<Cr(lleollr—2 + ||901||%7j4)7

where D/, is the dual of D4 in L?(w). By applying Young’s inequality, we have, for any positive
0 >0,

1
-1 <o 2 —1 2
[ eanaantoe < CGINARIE, g ) + OB AR, )

but yA~lp = ’y%A_lgo = 0. So by the regularity theorem applied to the bilaplacian [6,9]

AT, o ot ey SCTIAMAT O R0 8 0y

<Crllel20.1:22()
<Cr(lleoll 22wy + 1 llzr-2(0))-
By choosing § small enough, we obtain
0l + 112y < Crlllioolr-s + lorlid) + IAGIE, g .
It now remains to show that

2

2 2
hpolB-2) + lnlid) < Crladgl?, g

Indeed assume that there exists (p,,) solution of

P+ Apn =0, ©n(0) = on, P = P1m,
where (005, p1.n) € L?(w) x H™2(w), satisfying

2

3 — 0.
L2(0,T;H™ 2 (To.w))

(leonlfr-2(y + lo1mlD,) =1, llvApnll

Then with (2.1), (90,0 (), ¢1,,(t)) is bounded in L?(w) x H%(w). Even if it means extracting
a subsequence, we have (9o 5, P1.n) — (9o, 1) weakly in L?(w) x H%(w) like the injection of
L?(w) x H~2(w) in H~2%(w) x D', being compact, (¢o.n, P1.n) — (i, ) strongly in H~2(w) x D/;.
So

lpollFi-2(w) + lenlpy, = 1. (2.4)
Let ¢ be the solution corresponding to ¢¢ and ¢;1. We have
2 —
AL oo 7ot 2 oy =
and ¢ is solution of
¢+ A% =0,
0
@:—“0:00112, Ap =0 on X.
v

Then by the classical uniqueness theorem ¢ = 0 on ¥ which contradicts (2.3). Thus there exists

a constant Ck such that

T
L Inael g = Chllenlay + lenlfr-se) (2.5)
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The inequalities (2.2) and (2.5) are given by interpolation, for all § € [0,1] and initial data
(@0, 1) € (HZ™?" x H=?%(w)). We have

[ el = Kol + el 0

3. Regional controllability result strategic border

We denote by Ar the Laplace Beltrami operator [8]. A consequence of equality (2.4) is the

following exact controllability theorem:

Theorem 3.1 There exists a time Ty such that if T > Ty, then for all § € [0,1] and any pair of
initial data (yo,11) € (HZ x H20=2(w)), there exists v € L2(0,T; H=3%(T'y,)) such that, if y is

the solution of
Yy’ + A%y =0, in |0, T[Xw,

vy =0, on v (20,
v = (~Ar+)"2%, on I,
y(0) = yo; ¥'(0) = w1,
then, at time T, y(T) = y'(T) = 0.
Proof We apply the HUM method from Lions [1]. We start from ¢, € HOQ*QG (W), 1 € H 2 (w).
Let ¢ € C(0,T; H2?%(w)) N (0, T; H2"(w)) be the only solution to the problem
¢+ A% =0, in Qr,
90(0) = Yo,
90/(0) = P1;
yp = 'ya‘P =0, in Xo.
Let € be the unique solution by transposition of the equation

€+ A2 =0, in ]0,T[xw

&(T) =0, in w,
&'(t) =0, in w,
~¢ =0, on 0, T[x 0w,
725 =z, on 10, T[x 0w,

where z € LQ(O,T;HO%G). By setting u = yAp and taking z = (—Ap)~ 3%, we have ¢ €
C(0, H2%(w)) N CY(0,T; H*~2%(w)) and £(0) € H?(w),£'(0) € H*~2(w). By virtue of Theorem
3.1, we have Fy C HZ™ % (w) x H2%(w) and so H?~2(w) x H3?(w) C F}. We define the following
operator
A: Fy— Fy
(0o, 1) = (£(0); =£(0)),
and, we verify that

((or ), (por oy = [ (D) H00) g,

dodt
27 (o) H 3%(To.)

o
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:Hvlli2(O i3 (T )
T 0,w))
and that A is an isomorphism. So for all T > Ty and for all (yo,y1) € Fy, there exists a

(po, 1) € Fy such that A(v,, 1) = (y1, —y0)-
Let ¢ and & be the functions defined previously with £, = yp and & = y;. Thanks to the
uniqueness of the solution, we have y = £. So y(T') = ¥/(T) = 0, which proves the theorem. O

4. Specific case of strategic position control

Let 0 <0 < 1. For all (g, ¢1) € D(w) x D(w), we pose

T
2 2
[CRE A / Al i,y 4

where ¢ is the solution of the homogeneous Eq. (1.1) corresponding to the initial state (¢o, ¢1).
We denote by Gy the complement of D(w) x D(w) for the norm |||z,

Proposition 4.1 For all § € [0, 1] and the initial state (g, 1) € Go we have, for all T > 0 and
ay, > 0, the following inequality (better known in control theory as the inverse inequality):
T
aAS@ 2 3_90 2 1_90 2
| IR g 8t 0T = T (AT 52 g + 1438 g )
Proof The proof is identical to that of Theorem 2.2. Let the initial state be (g, 1) € D
DA = and the problem

1 X
A1

¢"+ Ap =0, (0) = po, ¢'(0) = 1.
This problem has a unique solution given by (¢(t), ¢’ (t)) = S1(t)(vo, 1), where {S1(¢) : t € R}
is the Cp-unitary group on DA% X DA% generated by A.
Let us assume that ¢ = A=1¢/ g = A7 Lp; € HE(w), 1 = —po. Then 1 satisfies

U+ AY =0, $(0) = o €D 5, P(O) = pr1 €D,y

A1’
This problem has a unique solution given by (¢ (t),4'(t)) = Sa(t) (o, 1) where {S2(t) : t € R}
is a C unitary semi-group on DA% X DA%. For T > T, using the estimation (1.4), we have

. o
Ai 2 AT 2 <C/ _AA—l I2d.
1A% @ollz2(y + 1A @1llL2() < Cr " 3, ¢'|*do
Multiplying by ¢, and integrating by part, we obtain

1 2 = 2 Loy 0 —1,12 9 9 -1
14 olfac 147 il ) < Or [ [ P AT ocr g A g A7 e

Using estimation (1.3), we obtain
o . . -1
[ erhgeadTePdo < Cr(lAT ol + el )

3 in L?(w). By applying Young’s inequality and using the following

where D’ 5 is the dual of D
Al A

estimate

9 2 - 2
H,yaA(p”L%O,T;H%(Fo)) = CHAA 1('0||L2(07T;H2(F0,w))
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< H<P|\%2(0,T;L2(w))
< Cr([AT gl 7200y + 1A 101 117200)s

we have

1 1 1 0
1 2 T 2 —= 2 2 2
(1A%l + 1A F el < CrlllA™* ol +loale VG ARI, Ly )

By compactness reasoning (D 1 x D _1
A1 A" 1

and ¢; € D _1. The solution ¢ of problem (1.1) corresponding to these

C DA 1 X D;x 5 ) with injection compact, we have for
4

initial state ¢g € DA% e

data verifies

T
Ay o 2 L2 -1 2
dt > A A .
| IR 2t 2 CHAR ol + 4~ )
And we obtain by interpolation, for all # € [0,1] and initial state (o, ¢1) € (D :

the inequality

T
0Ap 3_0 1
| IR g e = CRUIAT Sl 43 2,

which leads to the following Theorem:

Theorem 4.2 Let T > Ty, yo € D;ri*%’ Y1 € DA*?;*% and 6 € [0,1]. There exists a border
control function v € L*(0,T; H-% (To,w)) such that, if y is the unique solution of the equation

Yy’ + A%y =0, in |0, T[Xw,
y(0) = yo; ¥'(0) = w1,
Yy = (7AF)7%1); on 23_7

0 *
Vay - 07 on 20;

then y(T) = y/'(T) = 0.

Proof We also apply the Hilbertian Uniqueness Method, see Lions [1]. O

5. Conclusion and perspectives

One of our objectives in this work was to establish a strong result of exact controllability
of the vibrating plate equation on a strategic area of the domain. The interest in regional
controllability lies in the fact that this notion is more adapted to systems described by partial
differential equations. Among these reasons:

- It is a concept closer to concrete concerns (for example maintains of a given temperature
in a region of placed or vibrating plates, ...);

- A regional transfer is lower cost compared to controlling the entire interior of the domain
or the entire border;

- Ultimately, regional control is more adapted and precise (with regard to the objective to
be achieved).

In the near future, we intend to study the minimum time for the exact (or approximate)

controllability of the equation of placed plates and the minimum cost to achieve it. This work
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has already been done [9-11] for the case of a parabolic equation of the heat type via a strategic

zone profile.
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